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We use a spectral sequence to compute twisted equivariant K -Theory groups for
the classifying space of proper actions of discrete groups. We study a form of
Poincaré Duality for twisted equivariant K -theory studied by Echterhoff, Emerson
and Kim in the context of the Baum-Connes Conjecture with coefficients and verify
it for the Group SiZ.

In this work, we examine computational aspects relevant to the computation of twisted
equivariant K-theory and K-homology groups for proper actions of discrete groups.

Twisted K-theory was introduced by Donovan and Karoubi [DK70] assigning to a
torsion element o € H>(X,Z) abelian groups “K*(X) defined on a space by using
finite dimensional matrix bundles. After the growing interest by physicists in the
1990s and 2000s, Atiyah and Segal [AS04] introduced a notion of twisted equivariant
K -theory for actions of compact Lie Groups. In another direction, orbifold versions of
twisted K -theory were introduced by Adem and Ruan [ARO03], and progress was made
to develop computational tools for Twisted Equivariant K -Theory with the construction
of a spectral sequence in [BEUV13].

The paper [BEJU12] introduces Twisted equivariant K -theory for proper actions, al-
lowing a more general class of twists, classified by the third integral Borel cohomology
group H*(X x¢ EG, 7).

We concentrate in the case of twistings given by discrete torsion, which is given by
cocycles
a € ZX(G,Sh

representing classes in the image of the projection map
H2(G, S S H¥BG,Z) — H>(XxGEG, 7).

Under this assumption on the twist, a version of Bredon cohomology with coefficients
in twisted representations can be used to approximate twisted equivariant K-Theory,
by means of a spectral sequence studied in [BEUV13] and [Dwy0S].


http://www.ams.org/mathscinet/search/mscdoc.html?code=\@secclass 
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The Bredon (co)-homology groups relevant to the computation of twisted equivariant
K- theory, and its homological version, twisted equivariant K-homology satisfy a
Universal Coefficient Theorem, 1.13. We state it more generally for a pair of coefficient
systems satisfying conditions 1.12.

Theorem (Universal Coefficient Theorem) Let X be a proper, finite G-CW complex.
Let M’ and M- be a pair of functors satisfying Conditions 1.12. Then, there exists a
short exact sequence of abelian groups

0 — Extz(HS [(X,M>),Z) — HLX,M") — Homz(H®(X,M>),Z) — 0

The main application for the cohomological methods described in this note are com-
putations verifying a form of Poincaré Duality in twisted equivariant K-Theory for
discrete groups, as studied by Echterhoff, Emerson and Kim [EEKO08] in the context
of the Baum-Connes Conjecture with coefficients.

Given a G-C*-algebra A, the Baum-Connes conjecture with coefficients in A for G
predicts that an analytical assembly map

KY(EG,A) = KKG(Co(EG),A) — K.(A x G)
is an isomorphism, where A x G is the crossed product C*-algebra.

A discrete torsion twist defines an action of G on the C* - algebra of compact operators
on I*(G), which only depends on the cohomology class of w and not on particular
representing cocycles. We will denote this G-C*-algebra by K,,. Given a discrete
torsion twist w, there exist analytic versions of twisted equivariant K-homology and
K -theory groups, K;(X,w), KS(X,w), which are defined in terms of the equivariant
Kasparov KK-theory groups KK (Co(X),K,,), respectively KK (K., Co(X)). See
[EEKO08] for more details.

Our computational methods describe a duality relation, corollary 7.3 between these
groups as follows:

Corollary (Duality for twisted equivariant K-theory) Let G be a discrete group with
a finite model for EG. Let w € Z*(G,S'). Assume that the Bredon cohomology
groups Hy(X,R™%) relevant to the computation of the twisted equivariant K-theory
are all free abelian and are concentrated in degree 0 and 1. Then, there exists a duality
isomorphism

KE(EG,K—) — KK, EG)
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The family of groups G satisfying the previous asummptions on both the twist and the
classifying space EG includes several examples. We pay attention to S/37Z.

We use the computation of the cohomology of S/3Z due to Soulé [Sou78], previous
work by Sanchez-Garcia [SG08], as well as the theory of projective representations
of finite groups to compute the twisted equivariant K -theory on the classifying space
ESI;7., by computing the Bredon cohomology group associated to a specific torsion
twist. Using the spectral sequence we verify that the computation of twisted equivariant
K -theory reduces to Bredon cohomology in Theorem 6.3.

Theorem (Calculation of twisted equivariant K-homology of Si3Z) The equivariant
K-homology groups of SI3Z with coefficients in the SI3Z-C* algebra K, are given
as follows:

KSBP(ESBZ, Kuy) =0 podd,  K5P(ESBZ, Ky,) = Z°" p even
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1 Bredon cohomology

We recall briefly some definitions relevant to Bredon homology and cohomology, see
[MVO03] for more details. Let G be a discrete group. A G-CW-complex is a CW-
complex with a G-action permuting the cells and such that if a cell is sent to itself, this
is done by the identity map. We call the G-action proper if all cell stabilizers are finite
subgroups of G.

Definition 1.1 A model for £EG is a proper G-CW-complex X such that for any proper
G-CW-complex Y there is a unique G-map Y — X, up to G-homotopy equivalence.
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One can prove that a proper G-CW-complex X is a model of EG if and only if the
subcomplex of fixed points X! is contractible for each finite subgroup H C G. It
can be shown that classifying spaces for proper actions always exist. They are clearly
unique up to G-homotopy equivalence.

Let Og be the orbit category of G; a category with one object G/H for each subgroup
H C G and where morphisms are given by G-equivariant maps. There exists a
morphism ¢ : G/H — G/K if and only if H is conjugate in G to a subgroup of K.

Definition 1.2 (Cellular Chain complex associated to a G-CW complex) Let X be
a G-CW-complex. The contravariant functor C,(X) : Og — Z — CHCOM assigns
to every object G/H the cellular Z-chain complex of the H-fixed point complex
C, (XHy =~ C«(Map;(G/H, X)) with respect to the cellular boundary maps 0, .

We will use homological algebra to define Bredon homology and cohomology functors.
A contravariant coefficient system is a contravariant functor

M: Og — Z — MODULES
Given a contravariant coefficient system M, the Bredon cochain complex

Ci(X; M) is defined as the abelian group of natural transformations of functors defined
on the orbit category C,(X) — M. In symbols,

c(X; M) = Homo, (C,(X), M)
Where Fg is a family containing the isotropy groups of X.

Given a set {ey} of orbit representatives of the n-cells of the G-CW complex X, and
isotropy subgroups S of the cells ey, the abelian groups C{,(X, M) satisfy:

&(X, M) = D Homy(Zlex), M(G/S)))
A

with one summand for each orbit representative e). They afford a differential §" :
CLX, M) — CZ*I(X, M) determined by 0, and maps M(¢) : M(G/S,,) — M(G/S))
for morphisms ¢ : G/S\ — G/S,,.

Definition 1.3 (Bredon cohomology) The Bredon cohomology groups with coeffi-
cients in M, denoted by H;,(X, M) are the cohomology groups of the cochain complex
(CEX, M), 6%).
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Dually to the cohomological situation, given a covariant functor
N:0Og — Z — MODULES,

the chain complex
C7 = C'X) @ N = (PZIeal © N(G/S)
G
A

admits differentials 0, = 0, ® N(¢) for morphisms ¢ : G/Sy — G/S,, in Og.

Definition 1.4 (Bredon homology) The Bredon homology groups with coefficients
in N , denoted by HY(X, N). are defined as the homology groups of the chain complex
(CZ(X,N), 6.)

Remark 1.5 (Determination of Bredon (co)-homology in practice) The coefficient
systems considered in this note yield chain complexes, respectively cochain complexes
of free abelian groups with preferred bases to compute both Bredon homology and
cohomology.

Notice that if we have a complex of free abelian groups
o gen Lygem & gek

with f and g represented by matrices A and B for some fixed basis, then the homology
at Z%" is
ker(g)/im(f) = Z/d\Z & - - - ® L/d,Z & ZI"m=S7"),

where r = rank(B) and dj, . . ., d; are the elementary divisors of A.

Given a discrete group G, the complex representation ring defines two functors defined
on the subcategory generated by objects G/H with H finite.

R’ R,

For every object G/H, the groups R’(G/H),R:(G/H) agree with the Grothendieck
group of isomorphism classes of complex representations Rc(H) of the finite subgroup
H.

The contravariant functor R’ assigns to a G-map ¢ : G/H — G/K the restriction
map Rc(K) — Re(gHg 1) = Rc(H) to the subgroup gKg™! of H determined by the
morphism ¢ : G/H — G/K, where g € G is such that ¢p(eH) = gK.
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The covariant functor R assigns the the morphism ¢ the induction map Rc(H) =
Re(gHg™") — Re(K).

Given a finite group H the group Rc(H) is free abelian, isomorphic to the free abelian

group generated by the set py, ..., py of irreducible characters. For any representation
p, there exists a unique expression p = njpy,...,ngps, where n; = (p | p;), and
(| ) is the scalar product of characters.

Recall that due to Frobenius reciprocity, given a subgroup K of H, a representation 7
of K and a representation p of H, the equation (7 1| p)y = (7 | p })k holds, where |
denotes restriction and 1 denotes induction.

1.1 Bredon (co)-homology with coefficients in twisted representations.

Definition 1.6 Let H be a finite group and V be a complex vector space. Given a
cocycle o : Hx H — st representing a class in H*(H,S") = H3(H,7), an a-twisted
representation is a function P : H — GI(V) satisfying:

Pe)=1

P(xX)P(y) = a(x, y)P(xy)

The isomorphism type of an «-twisted representation only depends on the cohomology
class in H*(H, S").

Definition 1.7 Let H be a finite group and o : H x H — S' be a cocycle representing
aclass in H*(H,S") = H3(H, 7). The a-twisted representation group of H, denoted
by “R(H) is the Grothendieck group of isomorphism classes of complex, a-twisted
representations with direct sum as binary operation.

Let H be a finite group. Given a cocycle a € H>(H,S') representing a torsion class of
order n, the normalization procedure gives a cocycle 3 cohomologous to a such that
B : H x H — S! takes values in the subgroup Z/n C S' generated by a primitive n-th
rooth of unity 7. Associated to a normalized cocycle, there exists a central extension

1 —»Z/n—H —H—1

with the property that any twisted representation of H is a linear representation of H*,
with the additional property that Z/n acts by multiplication with n. Such a group is
called a Schur covering group for H.
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Definition 1.8 Let p : H — GI(V) be an a-twisted representation. The character of
p is the map H — C given by x(h) = trace(p(h)).

Given a cocycle «, an element &7 € H is said to be a-regular if a(h, x) = a(x, h) for
all x € H. For a choice of representatives of conjugacy classes of a-regular elements,
{x1,...,x} in H, an a-character table gives the values of the character of irreducible
a-twisted representations by evaluating x(x;). An «-character is not constant in
conjugacy classes of elements in H; it depends on the choice of representatives of the
conjugacy classes of «-regular elements. The following result shows the relation to
different choices of a set of representatives by comparing it to the linear characters of
a Schur covering group H*. It is proven in Theorem 1.1, Part i Chapter 5, page 205 in
[Kar94].

Theorem 1.9 (Rectification procedure for characters of a Schur Covering group) Let

1—>A— H* i> H — 1 be a finite central group extension and let pn : H — H* be a
fixed section of f . For any given { € Hom(A,C*), let o = a¢ € Z?(H,C*) be defined

by

a(x,y) = E(ux)puy)pxy) ") for all x,y € H

Then if X}, ..., \, are all distinct irreducible C-characters of H* whose restriction to
A has & as an irreducible constituent and if \; : H — C is defined by

Ai(g) := N/ () for all g € H

then \i,..., )\, are all distinct irreducible «-characters of H. Moreover, if p is a
conjugation preserving section, then each ); is a class function.

We can define contravariant and covariant coefficient systems for the family Fg =
FIN of finite subgroups agreeing on objects by using the a-twisted representation
group functor R,( ).

Definition 1.10 Let G be a discrete group and let o € Z*(G, S') be a cocycle. Define
R on objects by
Rao(G/H) = R(G/H) =" R(H)

where i : H — G is the inclusion.

And induction of a-twisted, representations for the covariant, part R, respectively
restriction of -representations for the contravariant part R’,.
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Orthogonality relations between irreducible «-characters and Frobenius reciprocity go
over the the setting of «-twisted representations, compare Proposition 11.7 in [Kar94],
page 73 and Theorem 11.8 in page 73.

Definition 1.11 Let G be a discrete group, let X be a proper G-CW complex, and
let @ € Z*(G,S") be a cocycle. The a-twisted Bredon cohomology, respectively
a-twisted homology groups of X are the Bredon cohomology, respectively homology
groups with respect to the functors described in definition 1.10.

We will consider coefficient systems which consist of abelian groups with preferred
bases. This condition produces a convenient duality situation, and produces based
(co)-chain complexes as input for the computation of Bredon (co)-homology groups.

Conditions 1.12 Let G be a discrete group, Let M> and M be covariant, respectively
contravariant functors defined on a subcategory Og of the orbit category O agreeing
on objects. Suppose that

e There exists for every object G/H a choice of a finite basis {5} expressing
M»(G/H) = M’(G/H) as the finitely generated, free abelian group on {3}
and isomorphisms ay : M’ (G/H) 3 ZI{Bmn}] bl My(G/H) : by.

e For the covariant functor M := HomzM’( ),7), the dual basis {B\,H} of
Homz(Z[{ P}, Z) and the isomorphisms ay and by, the following diagram is
commutative:

My(GJH) 2 2L B} 2 2 B} — BUG )
M?(@J \W»
My(G/K) —— LB} — = ZI{ B }] —— M(G/K)

Where Dy, Dk are the duality isomorphisms associated to the bases and ¢ :
G/H — G/K is a morphism in the orbit category.

Conditions 1.12 are satisfied in some cases:

e Constant coefficients Z.

e The complex representation ring functors defined on the family FZN of finite
subgroups, R’, R». A computation using characters as bases and Frobenius
reciprocity yields conditions 1.12.
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e Consider a discrete group G and a normalized torsion cocycle
a € ZX(G,Sh,

take the - and a~! twisted representation ring functors R _,, R’ defined
on the objects G/H, where H belongs to the family FZN of finite subgroups.
Consider for every object G/H the cocycles i} (), where iy : H — G is
the inclusion, and assume without loss of generality that they are normalized
and correspond to a family of Schur covering groups in central extensions
1 —=Z/ng — H" — H— 1.

We select the set {8y} given as the set of characters of irreducible represen-
tations of H* where Z/ny acts by multiplication with a primitive ng-th root
of unity. Given a choice of sections for the quotient maps H* — H, one can
construct isomorphisms " YR(G/H) = ZI{Br}]. The orthogonality relations
and Frobenius reciprocity for their twisted characters guarantee that conditions
1.12 yield.

Theorem 1.13 Let X be a proper, finite G-CW complex. Let M’ and M, be a pair
of functors satisfying conditions 1.12. Then, there exists a short exact sequence of
abelian groups

0 — Extz(HS ((X,M>),Z) — HLX,M") — Homz(H®(X,M>),7Z) — 0

Proof The proof consists of two steps:
e Construction of chain homotopy equivalences
(CS(X,M>),8,) — (CS(X, M), o)
(CEX,M"),8") — ((Homz(CS(X, M), Z); Homz(6,, Z))
e Construction of an exact sequence
0 — kerh — HLX, M") % Homy(HC (X, M), Z) — 0
and identification of the kernel as Eth(Hff_1 X,M>), 7).

For the first chain homotopy equivalence, notice that given a set {e) } of orbit represen-
tatives of the n-cells of the G-CW complex X, and isotropy subgroups S, of the cells
ey, the chain complex for computing the n-th Bredon homology with coefficients in
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M, is given by PZ[e ] @ M(G/S)). Condition 1.12 gives for every A an isomorphism
A
of free abelian groups M»(G/S)) — M (G/S») which gives a chain map

CI(X, My) = (PZler] @ Mo(G/S)) — EPZIeal @ M(G/Sy) = CF(X, M)
A A
giving a chain homotopy equivalence and subsequently an isomorphism in homology

groups HO(X, My) = HS(X, M) .
For the second isomorphism, consider the chain map

A CL(X,M") = Homz(CS(X, M), Z)

A : Homz (P Zlexl, M'(G/Sy)) — Homz (P Zlex] ® M(G/S)), Z)
A A

assigning to ¢ € C;(X, M ?) the homomorphism v defined on basis elements [e)]® ESA

as B,-SA (¢([ex])) € Z. A chain homotopy inverse for this map is given by the chain
map

B : Homz ((PZlex] ® M(G/Sy), Z) — Homz (D Zlex], M'(G/S)))
A A

assigning to a homomorphism v € Homyz (EBZ[@\] ® 1\7I(G/S ,\),Z) the homomor-
X

phism defined on the basis [e)] as ¥([ex]) = ZY([ea] ® @Sk )/B"Sx'

For the second part, consider the cochain complex given in degree n by

cOGMY) = (Homzy(C,(X), M), 8")
and the chain complex CY(X, 1\7[) = (Q"(X) ((98; 1\//\1, 5n). Denote by Z" = kerd”,
B" = imé" ! and Z, = ker 6, B, = im Ont1-

A class in H,?(X, ]\A/I) is represented by a homomorphism ¢ : C,(,;(X, A7I) — 7Z such
that Homy(9,,7Z)(¢) = 0, that means ¢ | B, = 0. Then if oy = ¢ | Z, we have
a map defined in the quotient @, : Z,/B, — Z, or in others words an element of
HomZ(H,? X, M ), Z). We have defined a map

h : HE(X, M) — Homz(HS(X, M), 7).
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This map is surjective. Now we proceed to identify ker(h).
As we have a projective resolution of HY(X, M)
0 — B, — Z, — HI(X, M),

the group Ext(HS(X, M , 7)) can be calculated using the exact sequence

(1.14) Homgy(Z,,7) — Homy(B,,Z) — Ext(HS (X, M,Z) — 0.
On the other hand, we have the following long exact sequences

(1.15) 0—Z, — COX, M) > By =0

(1.16) 0 — HOX, M) — CO(X,M)/B, > By_y — 0

The sequences 1.15 and 1.16 are split because B, is free abelian.

We can decompose J as the map
(1.17) 0 — CSX, M)
— CO(X, M) /B, — CO(X, M)/ Z, —>
B,.1CZ, C CnG—l(X)M)

We have the following diagram of exact sequences (here H, = H,? X, ]\Al) and C, =
CY(X, M)).

Homz(H,,7Z)

Homz(By,, Z) «—— Homy(C,, Z) «——— Homy(C,/B,,7) ——— 0

|

0+ Ext(H,,Z) «—— Homy(B,_1,Z) «—— Homy(Z,_,7)

|

0 Homz(C,_1,7Z)

(1.18)
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The right vertical sequence is exact because 1.15 splits, the left vertical sequence is
split exact because 1.16 is. The upper horizontal sequence is obtained from applying
Hom to the projective resolution of HY(X, M) and the lower horizontal sequence is
1.14.

Analyzing the diagram 1.1 and decomposition 1.17 we obtain

7" =2 Homz(Co(X, M) /By, ),

on the other hand
B" = im(Homz(Zy—1, Z) — Homz(Cy(X, M) /By, 7).

Then
n(X,M") = coker(Homy(Z,_1,7) — Homz(Cn(X, M)/B,, 7).

The maps Homy(Z,—1,7) — Homz(B,—1,7Z) — HomZ(Cn(X,AA/I)/Bn, Z) together
with the section Homz(C,(X,M)/B,, Z) — Homz(B,_1,Z) induce an exact sequence
of cokernels identifying ker 4 with Eth(Hf_1 X, M»), 7).

2 Spectral sequences for Twisted Equivariant K-Theory.

Twisted equivariant K-theory for proper and discrete actions has been defined in a
variety of ways. For a torsion cocycle o € Z*(G, S'), it is possible to define twisted
equivariant K -theory in terms of finite dimensional, so called a-twisted vector bundles,
an a-twisted equivariant K -theory for proper actions of discrete groups on finite, proper
G-CW complexes.

Definition 2.1 Let o € Z*(G,S') be a normalized torsion cocycle of order n for
the discrete group G, with associated central extension 0 — Z/n — G, — G. An
a-twisted vector bundle is a finite dimensional G,, - equivariant complex vector bundle
such that Z /n acts by multiplication with a primitive root of unity. The groups O‘K%a X)
are defined as the Grothendieck groups of the isomorphism classes of «-twisted vector
bundles over X.
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Given a proper G-CW complex X, define the a-twisted equivariant K -theory groups
“K;"(X) as the kernel of the induced map

“KY (X x 57" KY (x)

The a-twisted twisted equivariant K -theory catches relevant information to the class
of twistings coming from the torsion part of the group cohomology of the group, in the
sense that the K-groups trivialize for cocycles representing non-torsion classes.

As noted in [BEUV13], there is a spectral sequence connecting the a-twisted Bredon
cohomology and the «-twisted equivariant K-theory of finite proper G-CW complexes.
When the twisting is discrete this spectral sequence is a special case of the Atiyah-
Hirzebruch spectral sequence for untwisted G-cohomology theories constructed by
Davis and Liick [DL98]. In particular, it collapses rationally.

Theorem 2.2 Let X be a finite proper G-CW complex for a discrete group G, and let
a € Z*(G, S") be a normalized torsion cocycle. Then there is a spectral sequence with

i HY(X,R}) ifqiseven
2 0 if g is odd

so that EX = “K%H(X).

In [BEJU12], a definition for twisted equivariant K -Theory is proposed, where the class
of twistings is extended to include arbitrary elements in the third Borel cohomology
group with integer coefficients H3(XxGEG, 7). Extending the work by [Dwy08], this
theory gives non trivial twisted equivariant K -theory groups for cocycles which are
non torsion. In the work [BEUV13], a spectral sequence is developed to compute
the twisted equivariant K-theory under these conditions, in terms of generalizations
of Bredon cohomology which capture more general twisting data. Specializing to
the trivial group {e}, the spectral sequence of [BEUV13] yields explicit descriptions
of both the E; term and the differentials of the non-equivariant Atiyah-Hirzebruch
spectral sequence described in [ASO6]. In contrast to the spectral sequence constructed
in [DwyO08], the spectral sequence in [BEUV13] does not collapse rationally in general.

3 Cohomology of S/5Z and twists

We concentrate now in the example of the group Si3Z. This group is particularly
accessible due to the existence of a convenient model for the classifying space of proper
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actions and the fact that the group cohomology relevant to the twists is completely
determined by finite subgroups.

3.1 Twist Data

We will describe the twist data, which reduce completely to torsion classes. After the
work of Soulé, Theorem 4, page 14 in [Sou78] the integral cohomology of S/37Z only
consists of 2 and 3-torsion. The 3-primary part is isomorphic to the graded algebra

Zx1,x2] | 3x1 =3x, =0
with both generators in degree 4.
The two-primary component is isomorphic to the graded algebra
Zluy, ..., u7]

with respective degrees 3,3,4, 4,5, 6,6, subject to the relations

2uy = 2uz = 4uz = 4uy = 2us = 2ug = 2u7 =0

Ugl| = Uqly = Uqlls = Uqllg = Uslls = UyUg = 0

ui + u7u% = Uzlly + UjUs = Uzlg + Uz = uzltg + u% =0
Uyt + ugus = ulug + uf = usug + usui =0

The twists in equivariant K -theory are given by the classes in H>(S7Z,Z). For this
reason we shall restrict to the two-primary component in the integral cohomology.
In order to have a local description of these classes, we describe the cohomology of

some finite subgroups inside SI37Z. Again Theorem 4 in page 14 of [Sou78], gives the
following result: There exists an exact sequence of abelian groups (n € N)

n n n n 6 n n
0 — H'(SI37Z)) % H (S4)2) © H"(S4)2) © H"(S4)2) — H"(D4) ® H"(Z») — 0

where ¢ and § (see Corollary 2.1.b in page 9 of [Sou78]) are determined by the system
of inclusions

SI7Z

Sy Sy Sy
A N A
Dy G
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Denote R = i](H*(S4))Ni5(H*(S4)). Then, the image of the morphism ¢ : H*(SI3Z)2) —
H*(S4)2) © (iT)_l(R), is the set of elements (y,z) such that j5(y) = jj(z). From
Soulé’s work, we know that H*(S4)(2) = Z[y1,y2,y3], with 2y; = 2y, = 4y; =
¥ + ¥3y1 + y3y7 = 0, and, if R is as above, then (i})"'(R) = Z[z1,22,23], with
271 = 4z, = 223 = 73 + 2377 = 0. Furthermore j5(y1) = 1, j5(y2) = 0, j3(v3) = 12,
Ji@) =0, j1 () = 2, and Ji(z3) = 0. Then the elements u; = y», u» = zi,
uy = Y2+, ug = y2 +y3, Us = y1y2, g = y1y3 +y; and u7 = z3 generate
H*(SBZ) ).

In H3() the above discussion can be summarized in the following diagram

(3.1
<I/t1, Lt2> = HS(SZ3Z)
(z1) C H3(S4) (z1) C H*(S4) (v2) € H3(S4) (y2) C H3 (D)
i5 b
(x3) € H3(Dy) 0 (y2) € H (Dy)

|

(x3) € H*(Dy)

There are four twists up to cohomology, namely 0, uy, uy, u; + uz, we will work with
up.

3.2 A model for the classifying space of proper actions

We recall the model for the classifying space for proper actions of S/37Z, as described
in [Sou78], but also in [SG08]. Let Q be the space of real, positive definite 3 x 3-
square matrices. Multiplication by positive scalars gives an action whose quotient
space Q/R™ is homotopy equivalent to SI3Z/ESI;Z..

We describe its orbit space. Let C be the truncated cube of R? with centre (0,0, 0) and
side length 2, truncated at the vertices (1,1, —1), (1, —1,1),(—1,1,1)and (—1, -1, —1),
trough the mid-points of the corresponding sides. As stated in [Sou78], every matrix
A admits a representative of the form
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LS NI
N = <

2
Z
y

which may be identified with the corresponding point (x, y, z) inside the truncated cube.
We introduce the following notation for the vertices of the cube:

0 = (0,0,0) 0 =(1,0,0)

M=(1,1,1) N=(,1,1/2)

M =(1,1,0) N =(1,1/2,-1/2)
P=(2/3,2/3,-2/3)

Figure 1: Triangulation for the fundamental region.

Note that the elements of SI3Z

1 0 O -1 0 O
g=10 0 —-1]gp=10 1 1
01 1 0 0 -1

send the triangle (M, N, Q) to the triangle (M ' ,N '0) and the quadrilateral
(N, N , M/, 0) to (N’ ,N, M', Q). Thus, the following identification must be performed

in the quotient: M =M, N=N, OM = OM', ON = QON', MN = M'N = M'N
and QMN = QM'N =~ QM'N’.
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Following [SG08] we now describe the orbits of cells and corresponding stabilizers.
This can be found also in Theorem 2 of Soulé’s article [Sou78] (although we use a
cellular structure instead of a simplicial one). We have changed the chosen generators
so that they agree with the presentations on section 4. We summarize the information
on Table 1. We use the following notations: {1} denotes the trivial group, C, the cyclic
group of n elements, D, the dihedral group with 2n elements and S, the Symmetric
group of permutations on n objects.

vertices 2-cells
VI 0O £, S4 I3 ooM 82 &)
V2 QO 4.8 Dg 15} OM'N g1 {1}
V3 M g, g7 S4 13 MN'P  gi2,814 Cyx
V4 N g6 83 Dy Iy OQN'P 8gs &)
Vs P g5.89 S4 ts OMM'P  gs C,

edges 3-cells

e 00 g,8 CxC T, g1 {1}

e OM g6, 810 Ds
e3 OP g6, 85 D;
ey oM 82 G
es ON' gs G
€6 MN  ge, 811 Cr X (G
e M'P g6, 212 D,
es N'P  gs,813 Dy

The first column is an enumeration of equivalence classes of cells; the second lists
a representative of each class; the third column gives generating elements for the
stabilizer of the given representative; and the last one is the isomorphism type of the
stabilizer. The generating elements referred to above are

1 00 -1 0 O 0 01
g1=10 10 =10 0 -1 gz3=|10 1 0
0 0 1 0o -1 0 -1 0 0
-1 0 0 -1 0 0 0 -1 0
ga=10 1 1 gs=10 0 1 ge=1|—-1 0 O
0 0 —1 0 10 0o 0 -1
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0O 0 -1 -1 0 0 0O 0 -1
e7=|-1 0 o a=10 1 o0 go=|-1 0 -1
1 1 1 0o -1 -1 0O 1 1
0 0 -1 -1 0 O 0o -1 -1
go=|(0 -1 0 gn=(0 —-10 gn=|(0 -1 0
-1 0 0 1 1 1 -1 1 0
01 1 -1 0 0
gn=|(1 0 1 gu=\|-1 0 -1
0 0 -1 1 -1 O

Finally we describe the cells coboundary, we fix an orientation; namely, the ordering
of the vertices O < Q < M < M’ < N < N’ < P induces an orientation in E and also
in BSI37Z = E/ =. We resume this in Figure 1.

4 Representation theoretical input

4.1 Cyclic group C,

The cyclic group has no third dimensional integer cohomology, hence the twisted
representation ring coincides with the usual one. The character table is as follows:

G 1 g
pr 1 -1
,p 1 1

4.2 Dihedral group D, = (g;, &) = (81,8 | & = & = (gig)" = 1)

The dihedral group of order six has only the trivial class in 3 dimensional integer
cohomology. Thus the projective representations do agree with the linear ones. In the
even case, the subgroups inside SI3Z are C, x Cy = D, and Dy.

The following is the linear character table for D,;:
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D, (g8  (gigig)")

&1 1 1
& 1 —1
53 _1k _1k
é4 _1k 1kt
¢p 2cos(2mpk/n) 0

where 0 < k < n — 1, p varies from 1 to (n/2) — 1 ( n even) or (n — 1)/2 ( n odd)
and the hat denotes a representation which only appears in the case n even. Most of
the information is taken from [Kar94], Chapter 5 Section 7, specially Theorem 7.1 and
Corollary 7.2 in pages 258-261. The group H*(D,,S") is isomorphic to Z/2 if n is
even and O if n is odd. From now on we concentrate in the case n even. For simplicity
consider the following presentation

D, = {a,b|d" =1,b*=1,bab~" =a™')

Given a primitive nth root of unity ¢ € S', one can normalize a nontrivial cocycle
a: D, xD, — S'to one satisfying ad,db’) = 1 and a(a’b,db*) = €. For
re{l,2...,n/2} let

and
0 1
Br_(l O>

Then, the irreducible a-twisted representations of D,, are given by pr(aibj) = A’,B],
fori e {0,...,n—1} j=0,1,and r € {1,...,n/2}. The projective representations
pj for j € {1,...,5} are nonequivalent irreducible projective representations.

Consider the group

D; = <h1,]’l3,Z>
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which is isomorphic to the quaternions. A linear character table is given by

Dy 1z {h,h'y {hs,hy'Y {hs, (b)) 7'}
m 1 1 1 1 1
m o1 1 1 —1 —1
mo 11 —1 1 —1
mo 11 -1 —1 1
ns 2 —2 0 0 0

The linear character table for a Schur covering group of Dg is

D 1 z a za a? za* a b ab
v 1 1 1 1 1 1 1 1 1
v 1 1 1 1 1 1 1 -1 1
v 1 1 —1 —1 1 1 -1 1 -1
v 1 1 -1 —1 1 1 -1 -1 1
5 2 2 —1 —1 —1 -1 -2 0 0
v 2 2 —1 —1 —1 -1 2 0 0
vo2 =2 3+£\/§ _ 3+£\/§ H_éﬁ _ 1—1—&\/5 0 0 0
v 2 =2 0 0 —1-i/3 1+i/3 0 0 0
v 2 =2 — 3+£\/§ 3+£'\/§ 1+£'\/§ _ Hé\/g 0 0 0

4.3 Symmetric group S,

The projective representation theory of the Symmetric groups goes back to the foun-
dational work of Schur [Sch11]. The information concerning the representation theory
of the Symmetric group in four letters is taken from [HH92], p. 46 and [Kar94], pages
215-243 . Recall that the conjugacy classes inside the group S are determined by their
cycle type. The cycle type of a permutation 7 is a sequence (1,29 ... k%), where
the cycle factorization of 7 contains a;-cycles of length i.

The symmetric group admits the presentation

Sy =(g1,82,8 | & = (gigi+1)’ = (grg)* = 1)

1<i<2,j=1,k<I-2

where g; is the transposition given by (i — 1, i).
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The linear character table of S4 is as follows:
Se (1H 2,1 3, b @)

0 1 1 1 1 1
6, 1 -1 1 -1 1
03 2 0 -1 0 2
0y 3 1 o -1 -1
0s 3 -1 0 1 -1

The representations #; and 6, are induced from the 1 dimensional trivial, respectively
the sign representation. 63 is obtained from the 2-dimensional representation of the
quotient group S3 the character 6,4 is given as the £ — 01, where £ is induced from
the S3-trivial representation, and the character s is the character assigned to the
representation g — 6>(g)Va(g), where Vy is the irreducible representation associated
with the character ¢4. The linear character table of a Schur covering group Sj is
obtained in page 254 of [Kar94] by considering the group with the presentation

Si = (h,ho b3,z | b} = (hihg1)® = (h)* = 2,2 = [z,hi] = 1)
1<i<3,j=1k<I[-2
and the central extension
1@ =8t hs =1

given by f(h;) = g, as well as the choice of representatives of regular conjugacy
classes as below.

S;oah 1Yy @1 @» 3. G @ @

e 1 1 1 1 1 1 1 1
e 1 1 —1 1 1 1 -1 -1
e 2 2 0 2 -1 -1 0 0
e 3 3 1 -1 0 0 -1 -1
e 3 3 -1 -1 0 0 1 1
€6 2 =2 0 0 1 -1 V2 =2
e 2 =2 0 0 1 -1 V2 V2
g 4 —4 0 0 -1 1 0 0

where the first five lines are characters associated to Sy, €¢ is the Spin representation.

S Untwisted Equivariant K-Theory.

In this section we use the Atiyah-Hirzebruch spectral sequence to calculate the equiv-
ariant K-theory groups Ky, ;(ES/3Z). The cochain complex associated to the SI3Z-
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CW-complex structure of ES/3Z described in section 3 is:

5 8 5
0 — @D Restab(v)) 2 @ Restable;)) 72 €D Ristab(i)) = R(stab(T)) — 0.
k=1 j=1 i=1

Where the ®; is the coboundary given by restriction over representations rings.
Frobenius reciprocity implies that if H’ is a subgroup of H and
M. R(H') — R(H)
is represented by a matrix A (in the basis given by irreducible representations), then
M. R(H) — R(H")

is represented by the transpose matrix A’ (in the same basis). Given A; are the matrix
representing the morphism for K-homology calculated in [SG08], one has that A are
the matrices representing the morphism ®;.

We calculate the elementary divisors of the matrices representing the morphism ®;.
Using that we obtain

HP(ESLZ,R) = 0,if p > 0, and

HY(ESKZ, R) = 7°8.

As the Bredon cohomology concentrates at low degree, using the same argument that
in [SGO8] we conclude that

K9, (ESKZ) = 798,

K§,,2(BSKZ) = 0.

This agrees with the result predicted by Theorem 1.13
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6 Twisted Equivariant K-Theory.
In this section we use the spectral described in Theorem 2.2 to calculate the equivariant

twisted K-theory groups “' K¢, 7(ESI3Z).

The cochain complex associated to the Sl3Z-CW-complex structure of ESI37Z described
in section 3 is:

5
0 — @D Ru, (stab(vi))

k=1

5
% @ R, (stablep)) 22 @D Ru, (stab(1)

]:1 i=1

B35 Ruy(stab(T)) — 0

As the class u; restricts to O at the level of 2-cells and 3-cells, we have the following
result

Proposition 6.1 For x = 3, we have a natural isomorphism

H*(ESBZ; Ry,) = H*(ESBZ; R).

We only have to determine ®; and ®,, because ®3 was determined in section 5.

6.1 Determination of ®,

We know from section 3 that the class u#; comes from the the subgroup stab(v)) =
(g2,83) = S4. We have an inclusion
stab(ey) L> stab(vy)
(82,85) — (82,83)
82— 82
g5 838285 ' 8283,

consider the central extension associated to a representing cocycle the unique non-
trivial 3-cohomology class in S4 (say u;|) and its restriction to C; X C2
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0 - 7o VSX S4 > (0

0 ‘ZQ - G —— Cy x

0
To evaluate the morphism i* : Ru” (S4) — Ru” (Cy x () is equivalent to determine the
morphism j* : R(S;) — R(G").

We have a description of S in terms of generators and relations given in section 4. In
terms of these generators the group G* can be described as follows

D; = (hi,h3,2)
and the homomorphism j : D5 — S is the inclusion.
Using the character tables from section 4, the following fact is straightforward
Jie) = m,
J(e2) = na,
J(e3) = m +ma,
Jiea) =m +m +m,
7 (es) = m +m3 + 4,

j*(66) =15,
7 (e7) = s,
Jj*(eg) = 2ns.

The matrix corresponding to the morphism i* : Ru1| (stab(v1)) — Ry, | (stab(ey)) is given
by

O OO == O =
O OO = = O OO
S OO == O O O
S OO = O = = O
o = = O O O O
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As the class u; restricts non-trivially to stab(e;), we have to determine the morphism
i*: Ru” (stab(1,)) — Rull(stab(el)).

Using the above character table one has:

*(y) =m,
i*(72) = 4,
i*(73) = 3,
i*(ya) =,

i*(ys) = m + M3,
i*(v%6) = M1 + N4,

i*(y7) =15,
i*(8) = 15
i*(y9) = 1s.

The matrix corresponding to the morphism i* : Ru1| (stab(v2)) — Ry, ‘ (stab(ey)) is given
by

S O O = O O O O -
el eNelBeol =l el
S OO O = O —= O O
S OO = O OO = O
——_= —= 0 O O O O O

Now, we have to determine the morphisms
R, (stab(v1)) — R, |(stab(e;))
with i = 2,3, note that R, |(stab(e;)) = R(stab(e;)) because H3(Ds;Z) is trivial.

The inclusion stab(e;) — stab(vy) is given by

(g6, 810) — (82,83)
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—1
86 > 838285

g1o 82838283_]-

This map induces a map i : stab(ey)™ — stab(vy)*, where G* denotes the inverse
image of G C S by the covering map S; — S4. Is easy to see that i(gs) ~ g2,
i(g10) ~ zg> and i(geg10) ~ zg283. Note that Sy has three non isomorphic irreducible
projective characters, namely €6, €; and eg. We have that

i*(es)(1) = 2,i"(e6)(g6) = 0, and i*(e6)(g6g10) = —1,
and then i*(e¢) = A3. In the same way we obtain i*(e7) = A3. On the other hand
i*(eg)(1) = 4, " (es)(g6) = 0, and i*(es)(gsg10) = 1,

and then i*(eg) = A\ + A2 + A3. Combining the above results with the obtained in
[SGO8] for linear characters we obtain that the matrix corresponding to the morphism

Ry, |(stab(v1 )) — R(stab(es))

is given by

—_ o O O = O O =
—_ o O = O O = O
— e = e = = OO

Now we determine the morphism

iR, (stab(v1)) — R(stab(e3))

The inclusion stab(ez) — stab(vy) is given by

(86, 85) — (82,83)
g6 — gsgzggl

g5 > 838285 ' 8283

this map induces a map i : stab(ez)* — stab(vi)*. Is easy to see that i(gg) ~ g2, and
i(g6gs5) ~ 78283, we have that

i"(e)(1) = 2,1"(e6)(86) = 0, and i*(€6)(8685) = —1,
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and then i*(eg) = A3. In the same way we obtain i*(e7) = A3. On the other hand

i"(eg)(1) = 4, 1" (eg)(g6) = 0, and i*(e)(geg10) = 1,

and then i*(eg) = A\ + A2 + A3. Combining the above results with the obtained in
[SGO8] for linear characters we obtain that the matrix corresponding to the morphism

R,,|(stab(vy)) — R(stab(e3))

is given by

—_ o O O = O O =
—_ o O = O O = O
— e e ek e e OO

We have to determine now the morphism
R, |(stab(v2)) — R(stab(e;)),
for i = 4,5, note that R, |(stab(e;)) = R(stab(e;)) because H3(C»; 7) is trivial.
The inclusion stab(es) — stab(v,) is given by
(g6) — (84,8s)

86— 85(8485)°

this map induces a map i : stab(eq)* — stab(v)*. It is clear that i(gg) ~ ab , in the
notation used for character table of D,

i*(y7)(1) = 2 and i* (7v7)(ge) = 0,

and then i*(y7) = p; + p2, in the same way we obtain i*(7g) = p; + p2 and i*(y) =
p1 + p2. Combining the above results with the obtained in [SGO8] for linear characters
we obtain that the matrix corresponding to the morphism

Rul|(stab(vz)) — R(stab(ey))

is given by
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—_— e = = e = OO
[ VI G S e T T S

The inclusion stab(es) — stab(v,) is given by
(85) — (84,85)

85 &5

this map induces a map i : stab(es)* — stab(v,)*. Again in the notation used for the
character table of Dy, i(g5) ~ b. We have that

i"(y7)(1) = 2 and i*(y7)(g5) = 0,

and then i*(y7) = p1 + p2, in the same way we obtain i*(7g) = p; + p2 and i*(y) =
p1 + p2. Combining the above results with the obtained in [SGO8] for linear characters
we obtain that the matrix corresponding to the morphism

Ry, |(stab(vz)) — R(stab(ey))

is given by

—_— = = = = O = O
—_ e e e e e O = O

The elementary divisors of the matrix representing the morphism ¢ are 1, 1,1, 1, 1, 1,
1,1,1,1,1,1,1,1, 1, 1, 1, 1, 1. The rank of this matrix is 19.
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6.2 Determination of ®,

In order to determine ®; notice that the unique morphisms that differ from the untwisted
case are i* : R, |(stab(e1)) — R,,|(stab(t1)) and i R, |(stab(e1)) — R, |(stab(ts)) in
both cases we have that i*(ns) = p; + p2. We obtain that the elementary divisors of the
matrix representing the morphism ¢ are 1, 1, 1, 1, 1, 1, 1, 1. The rank of this matrix is
10.

As the cochain complexes involved are free, the computation of ranks and elementary

divisors yield

Theorem 6.2 The Bredon cohomology with coefficients in twisted representations
satisfies
HP(ESLZ,R,) =0 ifp >0, HYESKZ,R,,) =75,

Since the Bredon cohomology concentrates at low degree, the spectral sequence de-
scribed in section 2.2 collapses at level 2 and we conclude

Theorem 6.3
"'K2132(E5132) >~ 7813

“K§,z(ESRZ) = 0.

7 Twisted equivariant K -Homology and relation to the Baum-
Connes Conjecture with coefficients

The Baum-Connes Conjecture [BCH94], [MVO03] predicts for a discrete group G the
existence of an isomorphism

pi : KC(EG) — K(C(G))

given by the (analytical) assembly map, where C;:(G) is the reduced C*-algebra of the
group G.

More generally, given any G-Cx-Algebra, the Baum-Connes conjecture with coeffi-
cients predicts that a map

pi : KF(EG,A) — Ki(A x G))



30 Noé Bdrcenas and Mario Veldsquez
Where KC(EG, A) is defined in terms of equivariant and bivariant KK -groups ,

K9(EG,A) =  colim  KK,(Cy(X),A)
G—compactXCEG

and A x G denotes the crossed product C*-algebra. See [CEO1], [EchO8] for more

details.

The class of twists considered in the example of S/3Z let define a particular choice of
coefficients for this assembly map.

Definition 7.1 Let G be a discrete group. Given a cocycle w € Z*(G,S'), an w-
representation on a Hilbert space H is amap V : G — U(H) satistying v(s)V(¢) =
w(s, HV(st).

Composing with the quotient map U(H) — PU(H) = U(H)/S", together with the
identification of the group PU(H) as the automorphisms of the C*-algebra of compact
operators on H, denoted by K gives an action of G on K. This algebra is denoted as
K. Theorem 1.13 together with the Atiyah-Hirzebruch spectral sequence yield:

Corollary 7.2 Let G be a discrete group with a finite model for EG. Let w €
7*(G,S"). Assume that the Bredon homology groups H%(X, R~%) are all free abelian
and are concentrated in degree 0 and 1. Then there exists a duality isomorphism

KG(Co(EG), K—yy) — Ki(Ku, Co(EG))

Related duality isomorphisms have been deduced for almost connected groups by
Echterhoff [Ech08] using methods from equivariant Kasparov KK -theory (particularly
the Dirac-Dual Dirac method) and positive results for the Baum-Connes Conjecture
with coefficients [EEKO08].

As a consequence of Theorem 1.13, and Theorem 6.2, the « - twisted Bredon homology
of ESI3Z is given by

H,(ESKLZ,R,,) = 0,if p >0, Hy(ESLKZ,R,,) = 7",
A spectral sequence argument and the particular shape of the twists let us conclude that

these groups agree with the equivariant K-homology groups with coefficients in /C;, ,
appearing in the left hand side of the conjecture with coefficients.

Corollary 7.3 The equivariant K -homology groups of SlsZ with coefficients in the
SKZ-C* algebra K, are given as follows:

KSBP(ESBZ, Kiy) =0 podd, K5P*(ESBZ,K,,) = Z®" p even
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