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1. INTRODUCTION

The study of metrics of positive scalar curvature on spin manifolds has been
traditionally related to the spectral properties of the Dirac operator.

The fact that the vanishing of polynomials in Pontrjagyin classes, or the non-
existence of harmonic spinors is a necessary condition for the existence of a metric
of positive scalar curvature is known since Lichnerovicz [24] and Bochner-Yano [41].

The emergence of the Atiyah-Singer Index Theorem and its cohomological for-
mulas in preliminary form led to Hitchin [20] to formulate the vanishing of the mod
2 index of the dirac operator, which finally led to formulations in terms of real
K-theory and Clifford-linear operators.

Given a smooth compact spin manifold M of even dimension and a choice of
a spin structure, there exists a polynomial in Pontryagin classes fl, such that the
index of the Dirac operator of M with respect to the spin structure satisfies the
equality

A(M) = Index(D).

Hitchin constructed an invariant taking values on the coefficients of real K-
Theory, viewed as the K-theory of modules over a Clifford algebra.
In symbols,

a(M) € KO,,.

Denoting the fundamental group of the spin manifold M by 7, the (spin) bordism
invariance of the index has as consequence that Hitchin’s construction defines a
natural transformation of homology theories between spin bordism and connective
real K-homology

D(M) : Q5P (Br) — ko, (Bm).

Gromov and Lawson [17] established the fact that the vanishing of the KO- Pon-
tryagin nubers of Anderson-Brown-Peterson [2] is a necesary condition for the exis-
tence of a metric of positive scalar curvature on a spin manifold. Trough the surgery
theorem in loc.cit [I7], and [18], they established that the question of whether a
spin manifold of positive scalar curvature of dimension greater or equal than 5 is a
problem of the spin bordism class of the given spin manifold.

They also conjectured that the vanishing of the a-invariant described above is
sufficient for the manifold with fundamental group 7 to admit a metric of positive
scalar curvature.

Rosenberg in [33] elaborated on these results to construct a refinement of the a-
invariant and he formulated the following Conjecture which will be the main topic
of this note.
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Conjecture 1.1 (Gromov-Lawson-Rosenberg ). Let M be a smooth, compact spin
manifold of dimension n > 5, and fundamental group w. Then, M admits a metric
of positive scalar curvature if and only if the invariant Ind(M) = Aopero D taking
values on the real K theory of the reduced real group C*- algebra KO, (C}(r))
vanishes.

The invariant ind(M) is defined as follows. The first map in the composition is
the map D, which associates to the cycle for spin bordism (M, f), the image of the
ko-theoretical fundamental class f.(D(M)). The map f : M — B is the classifying
map for the fundamental group, and the periodicity map per from connective to
periodic real K- theory followed by the Baum-Connes assembly map A. In symbols

Q8P (Brr) B ko, (Br) %3 KO, (Br) & KO,(Cx(m)).

S. Stolz in [36] proved the conjecture in the simply-connected case, using his
previous result in [37] which contains an identification trough computations with
the Adams spectral sequence of the kernel of the a-invariant. In slightly more detail,
the kernel of the a-invariant is generated by manifolds which are fiber bundles with
fiber HP? and structural group PSp(3).

The conjecture has been proved for several groups, including groups with periodic
cohomology [6], the semidihedral group of order 16 [25], and several torsionfree
groups for which the Baum-Connes assembly map is injective. This includes notably
Fuchsian groups [I1], surface groups, and free groups. On the other hand, there
exists a reduced number of infinite groups containing torsion [2I], [10] for which
the conjecture is known to hold as a consequence of computations of connective
ko-homology.

The conjecture is known to be false for the group Z3 x Z/4 [34], and several
torsionfree groups [14] but the question whether the conjecture is valid for finite
groups remains open.

We will prove in this text the following result

Theorem 1.2 (Main Result). The Gromov-Lawson-Rosenberg Conjecture is true
for the group Z./4 x 7./4.

Theorem [I.2)includes substancial previous work of the Ph. D. theses of Christian
Siegemeyer [35] and Raphael Reinauer [31], defended at the University of Miinster
under the supervision of Michael Joachim.

The method we employ will consist of first establishing in [3| the structure of the
integral and mod 2 cohomology of Z/4 x Z /4 as a module over the Steenrod Algebra
and the subalgebras A; and E(1). Ingredients here are, besides from the actual
cohomology computation, the splitting theorem [3.2]

Moreover, we will produce a minimal resolution of all relevant modules over the
Steenrod algebra.

In section [2| we use the previous information as input for the determination of
the connective ko-Theory groups of the group Z/4 x Z/4 by the Adams spectral
sequence.

We need to determine differentials of the Adams Spectral sequence; we will do
this in section[6] We do so by comparing to the Atiyah-Hirzebuch spectral sequence
in the n-c-r exact sequence 5.1} and obtain differentials in Adams degree up to four.

We will prove that there are no higher differentials, and after analyzing hidden
Adams extensions, the computation of the connective ko-theory of the classifying
space for Z/4 x 7Z./4 is achieved.

In the final section, [6] we guarantee that the subgroup of spin bordism classes of
manifolds with positive scalar curvature exhausts the kernel of the a-invariant by
constructing explicitely the manifolds representing the kernel of the alpha invariant.
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We use two distinct methods for the even and odd dimensional case. In the even
dimensional case, we introduce homological considerations, and the odd dimensional
argument follows closely previous constructions using n-invariants.

1.1. Aknowledgements. The first author thanks suport of DGAPA-UNAM grant
IN101423. The first two authors aknowledge support of CONAHCYT Grant CF-
2019 217392. The first and third author thank Michael Joachim for the generous
introduction to the topic, and several discussions along the years.

2. THE ADAMS SPECTRAL SEQUENCE AND THE ATIYAH-HIRZEBRUCH SPECTRAL
SEQUENCES

We will introduce now the mod 2 -Adams spectral sequence.

Definition 2.1. The mod 2 Steenrod algebra A is the Fs- algebra of stable coho-
mology operations in mod 2 cohomology. It can be defined in terms of the following
axioms.

(i) The algebra A is generated by elements
{Sq' | i e NU{0}}

called Steenrod squares.
(ii) S¢° = 1.
la/2]
(iii) (Adem relation) Sq® o Sq® = > (*- %) Sq*+*=Sqe.

Recall the following well-known cohomological properties of Steenrod squares.
The multiplicative structure refers to the usual cup product in ordinary cohomology.
See [28], [1] for more details.

e The elements Sq’ correspond to cohomology operations
Sq': H*( ) — H*'( ).

Moreover, this defines a structure of graded module over the mod 2-Steenrod
algebra on the cohomology of a fixed space H*(X).

Sq' is the mod 2-Bockstein homomorphism.

If € H*(X), and i > deg(x), then Sq'(x) = 0.

If x is of cohomological degree n, then Sq"(x) = 2.
For the connecting homomorphism for the lang exact sequence in coho-
mology §*, the equality S¢’ o §* = §* o Sq* holds.

e The cartan formula holds: Sq™(xy) = > Sq¢'(z)Sq¢’(y).

i+g=n

The following subalgebras of the mod 2 Steenrod algebra will be important for
the determination of the E5 terms of the Adams spectral sequences.

Definition 2.2. We introduce the following subalgebras of the mod2 Steenrod
algebra.

e The subalgebra A; is defined as the subalgebra generated by Sq' and Sq2.
In terms of generators and relations , it is the quotient
(Sq',S¢* | Sq'Sq*Sq* = Sq*Sq?).
e The subalgebra E(1) is the exterior algebra generated by Qy = Sq' and
Q1= QuSq® — S¢°Qo.
We will consider (graded) modules over the algebras A, A, and E(1). We recall

briefly the relevant definitions, which appear for instance in [40], [26].
Let T" be an algebra over a field K with augmentation

e:K—T,
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and unit
n:I' > K

Definition 2.3. Given two graded modules M and N over I', a K- homomorphism
f:M — N is of degree t, where ¢ is a natural number if it satisfies f (M) C Ngys.
Denote the K- vector space of homomorphisms of degree ¢t between graded modules
M, and N as

hom'(M, N).

Definition 2.4. The suspension functor ¥ : I' — MODULES — I' — MODULES is
defined on a graded I'- module M as

M, = Mp41.
The iterated suspension functor X" is defined inductively as
YW =1, 2l =poxkt

Definition 2.5. Let M, and N be a pair of graded I'-modules, and let P,(M) be a
projective resolution of the I'-module M, s > 0, and t € Z. The Ext- groups Extl‘i’t
are defined as

Ext*(M,N) = H*(hom'(P,(M)), N).

As it is usual in homological algebra, the definition does not depend on the
particular resolution.
Recall the existence of the Yoneda product

Ext2 (L, M) ® Ext} " (M,N) — Ext3™ " (L, N).

The following result concerns the construction and convergence of the Adams
spectral sequence, and it is proved in [I], chapter 15 in page 316.
See [1], chapter 15 and [29], Chapter 2 for proofs of the following result.

Theorem 2.6. Let X, and Y be connective CW -spectra for which the mod 2-
homology of X if is finitely generated in every degree, and for which Y 1is finite.
Then, there exists a spectral sequence with Eo term

Ext%' (H*(X), H*(Y)).
It converges to the 2-adical completion of the stable homotopy groups of classes

of maps between X and Y .
Ws_t[X, Y]Q

Remark 2.7. For further reference, let us unravel the gradings of differentials for
the classical Adams spectral sequence. The differentials d, have the Adams grading,

. st s+rt+r—1
d, : Bt — B .

Denote by ko the connective real K- theory spectrum.

Similarly, denote by ku the connective complex K- theory spectrum.

The following result, atributed to Stong [38] simplifies substantially the E5 terms
of the Adams spectral sequences converging to the real and complex connective K-
homology groups.

Theorem 2.8. The following Fs-algebras are isomorphic.
(i) H*(ko,Fs) and A® 4, Fs.
(Z’L) H*(ku,Fg) and A ®E(1) FQ.
(iii) H*(HZ) and E(0) = A®4, A1/{Sq").
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The existence of the Adams spectral sequence together with the previous theorem
has as consequence the following corollary.

Corollary 2.9. Let G be a finite 2-group.

e The Ey term of the Adams spectral sequence converging to ko.(BG) can
be identified as
Ext (H*(BG),Fs).
It converges to koi—s(BG).
e The Ey term of the Adams spectral sequence converging to ku,(BG) can
be identified as

s,t
ExtE(l)

It converges to kui_s(BG).

(H"(BG),F2).

Section [3| will discuss explicit resolutions of the group cohomology as a module
over the Algebras A;, and E(1).

We introduce now notation which will allow us to understand periodicity phe-
nomenae on the Fy-term of the Adams spectral sequence and the ko, respectively
ku-homology of finite groups.

Recall that the homotopy groups of real connective K-Theory are as follows

Z/2 i=1,2
m(ko)=97 20
0 else

As a graded algebra, the coefficients
@ 7. (ko)
are the truncated algebra
Z[n7 «, ﬂ}/ngv 27)5 O‘ﬂa Oéz - 463
where 7 is of degree 1, w is of degree 4, and p is of degree 8.

Lemma 2.10. The Adams spectral sequence converging to the coefficients of kos
has as Ey term

Fg[hm h17 a, b]
h0h1, h“;', h1a,, a? — hob
The element ho has degree (1,1), hy has degree (1,2), a has degree (3,7), and b has
degree (4,12). It collapses and it is depicted in picture .

Lemma 2.11. The Adams spectral sequence converging to the coefficients of kus
has as Eo term

Fg[ho,v},
with hg of degree (1,1), and v of degree (1,3). It collapses and it is depicted in

picture [2.3

Besides from the Yoneda product, we will need the cap product structure for the
spectral sequences converging to ko and ku.
Theorem 2.12. Let E be a connected ring spectrum, and let X be the suspension
spectrum of a pointed space. Then, there exists a cap pairing

N:ES(X) ® By (X) = Ey(X)
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FIGURE 2.1. Adams spectral sequence converging to m, (ko).

FIGURE 2.2. Adams spectral sequence converging to m,(kus).

Proof. The pairing is given by assigning to representatives

a:X°7%(X)—> E e E°(X),
and

B:ST 5 EAX € By (X)
the composition

(T/\l)i(>1/\A) pAl

St g AEAX EASTAXAX VM EAEAX M X,

O

Remark 2.13 (Cap pairing for the Adams Hirzebruch spectral sequence). We will
need both the cap pairing and the external smash product for the Adams spectral
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sequence converging to ko and ku. In a second stage, we will need these algebraic
structures for the Ext- terms obtained for modules over A; and E(1). The following
result has as objective the external spash product.

Theorem 2.14. Let E be a connected ring spectrum such that H.(E) is of finite
type, and let X be the suspension spectra of a finite CW complex. Then, there exists
a pairing
Ef’t ®E7141,,v N E;/,Jrs,vft

of the Adams spectral sequences ESt = ESTH(X), where

” s,—t * *

B3t = Ext’(H*(E), H* (X)),
and

EY’ = Eu40(X),
for
EMY = Extx’(H*(E) ® H*(X),Fq).

This product is compatible with the cap product pairing of definition[2.13

Since we will be dealing with the Hopf subalgebras E(1), and A; of the Steenrod
algebra, we will need the following results and definitions.

Definition 2.15. A Hopf algebra over Fy is a tuple (4, V,u, A€, S) consisting of
(i) A connected and graded Fy algebra (A, V,u).

(ii) A connected and graded Fo-coalgebra (A, A, e).

(iii) An Fy- linear map x : A — A, called conjugation such that the alge-
bra structure is compatible with the coalgebra structure: V and wu are
coalgebra homomorphisms, A and € are algebra homomorphisms, and the
following diagram commutes:

AgA— X2 4w A

d A
RN A

ARA— AR A
id®x

€

A Fy A

Definition 2.16. Let A be a Hopf algebra over Fs.
A Hopf ideal is an Fa-algebra which is an ideal when restricting to the algebra
structure of A such that

AN CI®A+ASI.

(i) The subset I(A) := ker(e) is an ideal, called the augmentation ideal.
(ii) A subalgebra B C A is a Hopf subalgebra if it is a subcoalgebra and
x(B) C B.
(iii) A subalgebra B is called normal if

AI(B) = I(B)A,

where I(B) is the aumentation ideal of B.
(iv) An Fa-vector space together with a structure of a left A-module is called
a left module of A.

Remark 2.17. Given a Hopf algebra A, the coaction defines a natural A-module
structure on a tensor product M ® N of left A- modules by

ARMN) VB A9 A M N "I A M@ A N ™3™ M@ N,
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where 7 interchanges the factors A and M, and Ay, Ay denote the homomorphisms
given by the module structures of M and N.

The following lemma is proved in [38], [27].

Lemma 2.18. The Steenrod Algebra A is a Hopf algebra. Both Ay and E(1) are
normal subalgebras of the Steenrod Algebra A.

Lemma 2.19. For a normal subalgebra B C A, J := AI(B) is a 2-sided ideal, and
Al/B:=A/J

inherits the structure of a Hopf algebra. There exists an isomorphism of Hopf
algebras

A//B= A®p .
Theorem 2.20. Let A be a Hopf algebra, and let B be a subalgebra. For an A-
module M with module structure

AN AQM — M,
we denote the underlying B-module M by | M |. Then

o There is an isomorphism of A-modules
(2.21) A®p | M |2 A//B® M.

where we denote by ® the tensor product over Fo. The algebra A acts on
the left hand side only on the A-factor.
e On the right hand side of[2.21}, the module structure over the algebra A is
defined by
ARA//BRM — A//BM

a®cRmi— Z(a;c) ® (a;/m),

where

Aa) = Za; ®ay.

Theorem has the following consequence for the subalgebras A;, and E(1)

33
Corollary 2.22. Let X be a spectrum. Then, there exist isomorphisms of A-
modules

o 04, : A®a, H*(X;F2) = (A®u4, F2) ® H*(X;F3).

e Opa)  A®pn) H*(X;F) = (A®pq) F2) @ H*(X;F2)

e The isomorphisms 6 induce isomorphisms

EXtZT(H*(X);FQ) =~ Exty (H* (ko) ® H*(X),Fa).

Extga)(H*(X);Fz) =~ Bxt’y"(H*(ku) @ H*(X),F2)

Lemma 2.23. Let X and Y be connected spectra such that H.(X) and H*(Y) are
of finite type. Let P, — H*(X) and Q. — H*(Y) be free A- resolutions. Then
P, Q. — H*(X NY) is a free A- resolution. The pairing
hom 4 (H*(X),F2) ® (hom4(H*(Y),Fs)) — hom4 (P ® Q.,F2)
given by
(Ps = E'F2) @ (Qu — £F2) — (Ps ® Q — X'TVFy).
induces a pairing of Ext- groups
Ext® (H*(X),Fy) @ Ext™“"(H*(Y),Fy).
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Theorem 2.24. Let A be the Steenrod algebra, and let B be a subalgebra of A.
Let X andY be connected spectra of finite type, and let E be a ring spectrum with
H*(E) = A//B and multiplication p: ENE — E. Then, the smash pairing of Ext
groups

Ext’ (H*(E) ® H*(X),F2) ® Ext'{"(H*(E) ® H*(Y),Fy)

|

Eth+u,t+v(H*(E) ®H*(E) ®H*(X) ®H*(Y)7]F2)

|

ExtsTwttv (H* (E) ® H* (X) ® H* (Y), IF2)

is compatible via the change of rings isomorphism with the cap product pairing of
Ext groups for B-modules

Ext™(H"(X),F2) ® Ext"" (H*(Y),F2) — Ext™ ™" (H"(X) ® H*(Y),Fa).

Here, the first morphism denotes the tensor product on the Ext groups introduced
n|2.25. The second morphism s induced by .

We will use the smash product structure of the Adams spectral sequence to
define a cap product.

Let X be the suspension spectrum of a pointed C'W-complex. Denote the
Spanier-Whitehead dual of X by D(X). Consider the duality morphism

u:S = DX)ANX.
The functional spectrum is denoted by
F(X,E).
Notice the weak equivalence
D(X) ~ F(X,S).

A general reference for Spanier Whitehead duality in the category of spectra is [30].
We will need the following two results for the construction of the cap structure.

Lemma 2.25. The duality morphism induces
o An A-linear pairing
u*: H"(DX) ®p, H*(X) — Fs.
o An isomorphism of A-algebras
H*(DX) = homy, (H*(X),Fq).
Proposition 2.26. Let E be a spectrum and let X be the suspension spectrum of
a finite CW complex. Then there is a natural isomorphism
homy(H*(E A D(X)),Fa) 2 homy(H*(E), H* (X)).
Proof. Let {e,} be an Fo- basis of H*(X), and let {e*} be the corresponding dual

basis of H*(D(X)) with respect to the nondegenerate pairing v* : H*(D(X)) ®r,
H*(X) — Fq. Furthermore, let {fg} be a basis of H*(E). We will define maps

¢
homy(H*(E A D(X)),Fs)) % homy(H*(E), H*(X)).

For T € hom4(H*(E A D(X)),F3), we define ¢(T) to be the composite
far > e @eq v3 Y TE(ea),
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where T :=T(fp ® ).
For an element

S € homy(H*(E), H* (X)),

we define 1(S) to be the composite

foe® 35788 e @e i S5,
a/

where S§ = u* o (S ® 1)(fs ® eq). -

Theorem 2.27. Let X be the suspension spectrum of a finite pointed CW -complez.
Let E be a connected spectrum such that H,(E) is of finite type. Then, the Adams
spectral sequence

Ext® (H*(F(X,E)),Fs) = [S, F(X, E)]5 = [X, Els.
Is naturally isomorphic to the Adams spectral sequence
Ext®(H*(E), H*(X)) = [X, Els.

Proof. Given an Adams resolution of F

F2 Fl E) — E )
Ky K, Ky

we smash with D(X) to obtain an Adams resolution for E A D(X).

.— P, AD(X) —— Fy AD(X) —— Fy AD(X) —— E A D(X) .

| | |

Ky AD(X) K1 AD(X) Ko AD(X)
Due to proposition we obtain an isomorphism
hom’y (H*(2*K, A D(X)),Fy) = hom!y (H*(X°K,), H* (X)),
which induces after taking homology an isomorphism

Exti{t(H*(ESKS A D(X)),Fp)) — Ext®™ (H*(2°K,), H*(X)))
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Definition 2.28. The cap product is defined as the composition

Ext% "(H*(E), H*(X)) ® Ext'{"(H*(E) ® H*(X),Fs)

Ext’ "(H*(E) ® H*(D(X)) ® Ext'y"(H*(E) @ H*(X),Fy)

Ext,"*"""(H*(E) ® H*(E) ® H*(D(X)) ® H*(X),F)
(I®AXx),
Exty"" " (H*(E) © H*(E) ® H*(D(X)) ® H*(X) ® H*(X),F,)

Extjd*(/t*@ev*@l)

Ext“t"~'(H*(F) @ H*(X),Fy),

where i : EAE — FE is the product in F, and ev : D(X)A X — S is the evaluation
map.

Corollary together with definition has as consequence the following
result, which is the cap structure that we will need in sections 4 and

Theorem 2.29 (Cap Pairing for sub-hopf algebras). Let A be the Steenrod algebra
H*(H), and let B be a subalgebra of A. Furthermore, let X be a pointed finite CW
complex, and let E be a ring spectrum with H*(E) = A//B. Then, the cap product
pairing of Ext groups over the algebra A is compatible via the change of rings
isomorphism with the cap pairing

Exty "(Fe, H*(X)) ® Exty' (H*(X),Fo) — Extj ™" "(H*(X),Fa).

Proof. Since the cap structure[2.14]is induced by the smash product, it is compatible
with the change of rings isomorphism from Corollary O

2.1. The Atiyah-Hirzebruch Spectral Sequence. Given a generalized coho-
mology theory H* represented by a spectrum FE, there exist spectral sequences
converging to H* (of cohomological type )and to H. (of homological type). The
differentials of the spectral sequence of cohomological type are natural transfor-
mations of cohomology theories, and their description will be needed to deduce
differentials of the Adams spectral sequence in section [4] and

Theorem 2.30. Let E be a spectrum, and denote by H* and H. the cohomology,

respectively homology theories associated to E. There exist spectral sequences

EyT = HP (X, mq(E)),

E;iq = H:D(X’ ﬂ-q(E))’

of cohomological, respectively homological grading, which converge to the cohomology
theory H*, respectively H.

The construction of the Postnikov System for the spectrum KO, and hence for
the connective version ko has as consequence the following result:

Lemma 2.31. The primary differentials in the cohomological Atiyah-Hirzebruch
Spectral sequence for ko are as follows:
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o HP(X kosy) B HPY2(X, koggss) is Sq® or : HP(X,Z) — HPY2(X,Fy),
where T is the reduction.
o HP(X, kosqi1) 3 HPY2(X, kosgya) is Sq° - HP(X,Fa) — HP*?(X,Fy).
o HP(X kosgr1) B HP3(X, koggio) is Sq® = Sq' o Sq* + HP(X,Fy) —
HP3(X, 7).
o HP(X kosga) 3 HPY3(X kosgys) is Sq° = Sq' o Sq*or : HP(X,Z) —
HPTS(X,7Z), where r is the reduction.
For the homological Atiyah-Hirzebruch spectral sequence, we have the following re-
sult:

Lemma 2.32. The primary differentials in the homological Atiyah-Hirzebruch spec-
tral sequence for ko are as follows:

2
o Hy(X, koss) & Hy_o(X, kosg1) is Sqzor : Hy(X,Z) — H,_o(X,Fy),
where r is the rezduction.
o Hy(X, kosqe1) S Hy_o(X, kosgra) is Sqo : Hy(X,Fa) = Hy_o(X,Fy).
3
o Hy(X, koggr1) & Hy_3(X, kosgys) is Sqs = Squ o Sq : HP(X,Fy) —
HP3(X, 7).
d ‘
o H,(X, koggra) =3 Hp_5(X, kosg+s) is Sqs = Sq1 0 Squor : Hy(X,Z) —
H, 5(X,Z), where r is the reduction.
2.2. The n-c-R sequence. We will recall an exact sequence which relates connec-
tive complex and real k- theory.

Recall that the element 7 : S! : ko defined above fits into a cofiber sequence of
spectra maps

Yko -5 ko - C(n) — S2ko,

where Cn ~ S? denotes the cone of multiplication by 1. We will examinate in
section [5] the behaviour of the 7-c-R on both the Adams and the Atiyah-Hirzebruch
spectral sequences.

3. SPLITTINGS, GROUP COHOMOLOGY AND MINIMAL RESOLUTIONS.
Let X and Y be CW-complexes.

Lemma 3.1. Let X and Y be suspension spectra.
There exists a stable splitting for spaces X and'Y

XXxY~XVYVXAY,
inducing a weak homotopy equivalence
BZ/4 x BZ/4 ~ (BZ/4)V (BZ/4) A\ (BZ/4 N BZ/4).
Theorem 3.2. For the group Z/4 x Z/4, there exist isomorphisms

ku,(BZ/4) ® ku.(BZ/4) ® ku.(BZ/4 N BZ/4),
as well as

ko, (BZ/4) & ko,(BZ/4) & ko,(BZ/A A BZ/4).

The determination of the orders of the ko-homology groups of BZ/4 was origi-
nally done by Bottvinik-Gilkey-Stolz using the Atiyah-Hirzebruch spectral sequence
together with the proof of the Gromov-Lawson-Rosenberg conjecture in [6].

Here we will need the differentials of the Adams spectral sequence of the Z/4
summand as input for the determination of the differentials in the Adams spectral
sequence of the ku-homology groups of the smash product factor in section [4]

We begin by introducing two modules over the Steenrod algebra
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FIGURE 3.1. The Module Mg

FIGURE 3.2. The graded Module Ext 4, (Mp,F2)

Definition 3.3. The module Mp, called "bow”, consists of the following data:

e Elements wq, of degree 0, ws of degree 2.
e The action of the algebra A; is determined by the fact that Sq'(wg) = 0,
Sq*(w1) = 0, and Sq*(wo) = wy.

The Ext term is depicted in [3:2]

Lemma 3.4. The Ext’;"(Fa, Fa)-module Ext’;" (Mp,F2) is generated by classes wo,
wa, wg, we of (t — s,s)-degree

| Wo |: (070)’ | w2 |: (271)’ | Wy |: (472)’ | We |: (673)
with the relations
nw; =0
fori1=0,2,4,6.
VW2i = W2(3+1)
ww; = hoWiya,
HW; = Wit8-

Definition 3.5. Let Mgp denote the A;- module
Fa(do) ® Fa(da o) ® Fa(da,1) ® Falds),
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FiGURE 3.3. The module Mgp.

generated by elements dy of degree 0, dog and ds; of degree 2, and d4 of degree four,
and the relations Sq*(do) = dag + da1, S¢*(dao) = S¢*(da1) = du.

See picture for the graphical depiction of the module Mgp.

Lemma 3.6. The following holds for the Aj-module Mgp.
o The graded group
Ext;’f(MSB,IE‘Q)
is freely generated as a module over Fa[ho] by elements ag ;, a2, of bidegree
(2i,1), respectively (2i + 2,i) for alli =0,1,....
o They satisfy the relations

h2a0,i = h0a0,1'+2, h202,¢ = h0a2,i+27

h3ao; = agi+4, h3ao; = a2 iya.
o After restricting to E(1), Mgp splits as a direct sum of trivial E(1)- mod-
ules Fs.
e The graded group

Extg1)(Msg, F2)
is freely generated as a Fa[ho)- module by the elements by ; of degree (2i,1),
boo,i, ba1,i of degree (21 + 2,1), and by; of degree (2i+ 4,7).
e Under the complexification map
c: Eth{r(MSB,]FQ) — EXtE(l)(MSB,]FQ),
vtagy corresponds to bao.,i, and viagy corresponds to b21,;. The image of
c: Ext’"(Msp, F2) — Extpn)(Msp, F2) is generated as an Fa[hg]-module
by
bo,24, b21,; + hob2o i,
and
boo,i + b21,i,  b20,2i41 + 21,5 + hoba ;.
Lemma 3.7. As Fy-algebras, the mod 2 cohomology of the summands BZ/4 are

generated by

o Elements vg € H'(BZ/4) such that 23 = 0 and Ty € H*(BZ/4) corre-
sponding to one factor.

o Elements v1 € HY(BZ/4) such that x2 = 0 and Ty € H*(BZ/4) corre-
sponding to the second factor.

Lemma 3.8. The minimal Adams resolution for BZ/4 is given as follows:
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H*(BZ/4) = ©'F, & @¥* Mp @ £27 Mp.
d>0
The Extx‘ (Fo,Fy)-module Ext’;{f(MB, F3) is generated by classes wg, wa,
wy, we of (t —s,s)-degree

| wo [=(0,0), [ws [=(2,1), [wa |= (4,2), | we |= (6,3).
with the relations nw; =0 for i =0,2,4,6.
ww; = howiya
o The Extg(1)(Fa, F2)-module ExtE(l)(ﬁ*(BZM, 7)) is freely generated by

classes
2F of degree (2k,0),
Proof. e A generating set as A;- module for H*(X) is given by the set
{x, 224+ 2224+1} where 7 is the generator in degree 1, and z s in degree

2. The element z generates an A;- module isomorphic to Mp, and the
classes 22?1 generate modules isomorphic to Mp. The result of the
lemma, follows then from [3.41
o The result is described in [§], Theorem 2.2.1 in page 34.
O

Lemma 3.9. The mod 2- cohomology ring }NI*(BZ/4) x BZ/4,F3) has the following
descomposition as Aj-module,

H*(BG) = S'F2 ¢ 22(F2 @ M3) @ 23M3
D" (Mg & Mép) © M, © S (ME & Mip) © S My
k>1
has generators
e In degree 4k, xoxlTl%fl and moxlTo%fl, generating a copy of Mg, and
T()21'~'1T12(k_l)_1 for1l=0,...k, which generate a copy of Msp.
e In degree 4k + 1, xnglHTf(k_l)_l, xOTm“Tf(k_l)_l forl=0,...k—1,
generating a copy of Mgp.
e In degree 4k + 2, TO%+1 and Tka, generating a copy of Mp, and
x0x1T§l+1T12(k7l)71, generating a copy of Mgp.
o In degree 4k + 3, xoToQkH, xOTl%H, a:lTOQ]c+1 and J]1T12k+1 generating a
copy of Mp.
Proof. With the relation of the classes xg, z1, Ty, Ti we have that Sq! is zero for
each word. On the other hand we have the following relations

Lo 2
0 (4,7) = (0,0)
o Titl i, 7) = (1,0
SQQ(TOTf) = 2 j+11 ( J) 2 ( )
5Ty (4,7) =(0,1)

2

T + T (i.4) = (1,1)
Hence the classes zp, 1 and xgx; generate a copy of Fo. The classes TO%H,
Tka, a:OTO%'H, xlTO%'H, J;OTka, $1T12k+1 and xoxlekH generate a copy of
Mp. And the classes TngTf(k_l)_l, :EOTOQlHTf(k_l)_l, aclTOQH'lTIQ(k_l)_1 and

xomngl+1T12(k7l)71 generate a copy of Mgp.
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O

Lemma 3.10. As a graded module over Exty ) (Fa2,F2), Extp"(1)H*(BZ/4 A
BZ/4,7Z) is freely generated by classes

o TETL, of degree (14 2k + 21,0) with k+1> 1,

TEx TV, of degree (1 + 2k +21,0), with k+1> 1,

TETE of degree (2k + 21,0) with k +1 > 2, and

zoTFx1 T} of degree (2 + 2k + 21,0).

We will compute with the Adams spectral sequence the complex and real connec-
tive k- homology of the classifing space BZ/4. This is needed for the computations
for the smash factor performed later.

Recall that there exist a spherical fibration

St — 1°(4) & cp,
Where L>(4) = colimy, S*~1/Z/4 is a model for BZ/4.
Lemma 3.11. Let y be the Euler class of the tautological complex line bundle over
CPe.
o There exist unique classes ; € Hoi(CP>) with the property that
(V7 B, v'yk) = 6,@6;.
o For the pushforward map in compler K- homology, the following sequence
18 exact:

0 — ktzn (CP®) 28 Kugy o (CP™) 25 kugn_1 (L°°(4)) — 0.

Definition 3.12. The Hashimoto generators for kug,_1(L°°(4)) are the n — 1
elements

B, = vnisil(p!(ﬁs))a
fors=0,...,n— 1.
We will need another set of generator and relations for the solution of extension

problems in the Adams spectral sequence.
Consider the abelian group of generators

Mg =7Z(By,...Bn_1),
The abelian group

Mg ={(Ro,...,Rn_1),
and the group homomorphism

Rj — i (T) Bj,i,
=0

adopting the convention that B; = 0 for negative 1.
The homomorphism can be written as a matrix
ARG
0 (7) (%)

A=lo o}

By the Smith normal form, the cokernel of the matrix A is isomorphic to an
abelian group
Z/d1@Z/d2€B....

The numbers d; are called the elementary divisors of I;:\ﬁgn,l(BZ/él).
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We have the following result of [I9], Theorem 3.1, which gives the additive
structure of ku,(BZ/4) by determining the elementary divisors described above.
The work of Hashimoto relies on previous work of Fujii, Kobayashi, Shimomura,
and Sugawara [15]

Theorem 3.13. Let N := min{n,2? — 1}. The elementary divisor t;, for i =
1,2,...,N of kus,—1(BZ/4) are given as follows: Let i = 2° +d with 0 < d < 2°
and n —2°+1 = as,2° + by, such that 0 < by, < 2%, i.e., the leading digit of i in
the 2—adic representation is of order s. Moreover, define

oty = {asn t 1 A <be,
a=ann) = As.n 'Lfdzbe,n

Then we have
ti — 21—S+E

and a basis for the elementary divisor is given by

. . 21::1 (ZI;S)ankfd Z‘fd = bs,n -1
B(i) = B(i,n) = {st_l (Zfzo 23;1(_1)2:& _j2(2f'71)a(2;) (jz-;‘t)) Byn_i_a,  otherwise.

Hence we have

N
ka1 (BZ/4) = ZZ/MB(Z'».

The advantage of the basis { B;} over the basis B(%) is that for B; € ktgn_1 (BZ/4),
’UBz' is Bi+1 € 23\{1,2”+1(BZ/4)

We have the following consequence for the differentials of the Adams spectral
sequence which computes complex connective k-homology of BZ/4.

Theorem 3.14. The only non-zero differential in the Atiyah-Hirzebruch spectral
sequence for ku.(BZ/4) is da. It is given by the formula

da(2F) = h2(x2"1) 4 hova2h2,

da(2) = hiz,

dy(x2*) = 0.
Proof. According to theorem 2.2.1 in page 34 of [§], the i-th Adams filtration quo-
tient in terms of the Hashimoto generators [3.12]is

(2'B,,2""'B,_1,...)/(2""'B,,2'B,,_1,...).
This is Fo(2'B,,, ... B,_;) for i < 2, and
Fo(2%B,,,...,Bn_2)/(2°B,, + 2B, _1)

for i = 2.
The reason is that the 2-adical valuation of (‘f) is 3 — i for i = 1,2, and the

2-adical valuation of (}) is larger than 5 — i for i = 3, 4.
Hence, there are no relations between generators in

(2'B,,2" 'B,_1,...) /(27 B, _1,...)
for ¢ < 2, and there is a unique relation in
(2'B,, 27 B, _1...)/(2"'B,,,...),

namely
22B, + 2°B,,_1 = 0.
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o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

FIGURE 3.4. The E5 term of the Adams spectral sequence for ko.(BZ/4).

Since the differential is hg and v- linear, the formula follows. Moreover, there can
not be any higher differentials, since there are no elements at the third page in even
(t — s) degree.

|

We obtain from the n-c- R exact sequence the following differentials for the Adams
spectral sequence computing the real connective K-homology:

Theorem 3.15. The differentials in the Adams spectral sequence for ko.(BZ/4)
are all zero except for do. It is given for k > 0 by

2 hix

22kt hovzz
P . P L Y e g
vz — hirz,

vez?k 0

2k—1

The F5 page is depicted with the differentials in figure There are no further
differentials, and the orders of the ko.-groups are depicted in the following result.
The computation of the orders is stated in the following result.

Theorem 3.16. For n > 1, the orders of the groups %n(BZM) are follows:

18
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log, (| Fon(BZ/4) |

n = 8d 0
n=8d+1 (2d+1)+1
n=8d+2 1
n=28d+3 2d + 2
n=8d+4 0
n=8d+5 2d 4+ 1
n=28d+6 0
n=8d+7 2d + 2

More specifically, the groups are as follows:

Theorem 3.17. The ko-homology groups of BZ/4 for d > 1 are as follows:

0 k=20,4,6
Z)2* o 7/2 k=1
kOngrk(BZ/él) = Z/2 k=2

Z/24d+3 e Z/22d+1 k=23
Z/24d+5 o) Z/22d+1 k=17

3.1. Hidden Extensions in /;:\{LG+1(BZ/4). In the group kus,11(BZ/4), the
Adams filtration F; is given by

(2'B,,,2"" Y By_1,...) C kuani1(BZ/4),
hence the filtration quotients are:
Qi = (2'B,,2"" 'B,_1,...)/(2""'B,,,2'B,,_1,...)

Definition 3.18. Let F; = Fikug,+1(BZ/4) be the i-th filtration subgroup in the
Adams Spectral sequence, and let Q; = F;/F;11 be the i-th filtration quotient.
There exists a hidden extension between z; € @); and x; € @Q); if there is a natural
number r with 2"z = z; in Q;, and 2"z = z; in Q;, with j > i+ 1.

The following result shows that the extensions between consecutive filtration
quotients are not hidden in the sense of definition [3.18|

Lemma 3.19. Let x; € F;/F;11 with 2x; € Fi11/F;12, then hox; = T;41.

Proof. Let x; € Q;, and let € ku(BZ/4) be a lift. Then, it is possible to write
x = x; + higher filtration terms, we will write x; + h.o.t.. Then 2z; + h.o.t is a lift
of hoz, and hence [22;] = hoz € Q;

O

However, there exist hidden extensions in the complex K-homology of BZ/4
which we will study in connection with the ones for BZ/4 A BZ /4.

Example 3.20. Consider the group E{L7(BZ/4), and the group element x = 2B3 +
Bs. 1t is 4-torsion, 2x = 4B3 + 2B # 0. The element z is detected in the Adams
spectral sequence, but the relation = 2z cannot be detected in the Adams spectral
sequence, because 2x = 0 in Q2 = Fy/F3. Since 2z = 0 in @3, the element 2z is in
F3. This can be seen from the relation

2x = 4B3 +2B3 = —(632 + 4B, + BO) + 232) = —4By — 4B, + By.

We will need in sections [4] and [] the following description of the complex con-
nective K-homology groups in terms of representation theory:
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Theorem 3.21. Let Rc(Z/4) be the complex representation ring of Z./4, and let
R(Z/4) be the augmentation ideal. Denote by o the standard complex one dimen-
sional representation. Then, the group homomorphism

i m n+1
2B B2} /(3 (1) Bimi) — RUNE/)/ (RUNE/)
i=1
given by _
Bj — (Oé — 1)”7‘7
is an isomorphism.
4. COMPLEX CONNECTIVE K- THEORY COMPUTATIONS ON THE SMASH
SUMMAND
We turn now our attention to the smash factor.
Lemma 4.1. The mod 2 cohomology of BZ/4 N BZ/4,
H*(BZ/A N BZ/A,Fs).

Has as an Fy-vector space basis the elements xoxy, xoTT, 1T, xox1TY, xox1TY,
x0Ty TV and 1 T5'TyY. The modules over Ay which they generate are as follows

Degree ‘ Generators of suspended Mp ‘ Generators of suspended Mgp
4k wory T2 TRl

4k +1 T2 g 2D =01, k-1

4k 42 w2 2D

4k + 3 wo T T2 gy

Let us recall the Universal Coefficient Theorem for integral coefficients in ordi-
nary cohomology from [39], Theorem 13.10 in page 240.

Theorem 4.2. Let X be a CW-complex of finite type. Then, there exists a natural
short exact sequence of the form

—ag+1 — —
0 — Ext(HZ" (X),Z) — HZ,(X) — Hom(HZ"(X),Z). — 0.
This theorem suggests the following notation

Definition 4.3. The generators in even degree 2n of HZ,(BZ/4N\BZ/4) are tensor
products. They are denoted by

-1 ,—2 -2 -1
2o QT w1, 20T T QT "z, ..., 2Ty~ ® 1.

The class o ® Tp' @ T"'~' @ z; is mapped to the class zoT¢T" 'z, under the

reduction modulo 2, where the homological class xoTéTlnflflxl is the Fo- vector

space dual class to the mod 2-cohomology class zoT¢T" '~ a;.

Remark 4.4. To avoid clumsy notation, we will denote the classes
moTéTflilil"El

by
ZL'()T(l)Tlnilill'l .

Recall the definintion of matrix Toda Brackets.

Definition 4.5. Let R be a commutative ring, and let M be an R-module. Assume
given a matrix A € M, x,(R), and R-module morphisms ¢ : R* — M, and ¢q :
R™ — M with the property that

Aoq:O,Aoq/:O.
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A Toda bracket is a triple, denoted by (9|A|w), consisting of vectors v € R",
w € R"™ with the property that ¢ (5*A) = 0 and ¢(w) = 0.

Definition 4.6. The classes in H,.(BZ/4 A BZ/4) for odd degree * = 2n 4+ 1 are
all torsion classes, denoted by

2 n—1
To«T7, Ty « 177, ..., Ty =17,

where T} TP~ is the Toda bracket (T¢[1|T7 7).
The reduction mod 2 of the classes T} * TI”'H_Z is xoTé_lTln-H—l + TéJthn_l.

We will need later the following remarks concerning the induced homomorphisms
from the subgroup Z/4.

Lemma 4.7. Let k and | be natural numbers. Given the group homomorphism
indg; : Z/4 — Z/4 x Z/4 defined by sending the generator 1 to the element (k,l),
we will denote the induced homomorphism in odd homology degree by

indy, : H,(Z/4,7) — H,(Z/4 x 7./4,7,).

For the generators discussed above, the following correspondence determines the
homomorphism :
VA Y 0 E %
gty =i
Lemma 4.8. Denote by (ag,...,ar) the coefficient vector for an element x =
n . .
DT+ Tfl The images of the induction homomorphisms are as follows:
i=1
o For the homomorphism 1 — (1,1), the coefficients of ind; 1 (z) are (1,1,...,1).
e For the homomorphism 1+ (1, 1), the coefficients of ind(;,_1y(x) are
(1,-1,...,1,-1).
o For the homomorphism 1 — (1,2), the coefficients of ind; o(z) are (2,0,...,0).
e For the homomorphism 1 — (2, 1), the coefficients of inds 1 (z) are (0,0, ...,2).

Corollary 4.9. FEvery class in odd homological degree in HZ,(BZ N BZ/4) is
induced by a group homomorphism. ¢ : Z/4 — 7/4 X Z/4. In particular, the class
in homological degree 2n + 1 defined by

x0Ty + Toa TPt 4 2 ToT ™ + To'ay

is in the image of the Fa- vector space homomorphism induced by the group homo-
morphism ¢ : 7)4 — /4 x L4 given by 1+ (1,1).

Another ingredient is the result of the Kiinneth spectral sequence for ku-homology.

in [32].
Theorem 4.10. There exists a short exact sequence

0 — kty(BZ/4) @pu. ku,(BZ/4) —

ku.(BZ/4 A BZ/4) —>
Tor},_(ku.(BZ/4), ku,(BZ/4)) — 0

Proof. By the main theorem in page 173 of [32], there exists a natural Kiinneth
spectral sequence such that the edge homorphism is the external product.

First notice that while the coefficient ring ku, = Z[v] on the Bott generator
has homological dimension two, the ku, module ku.(BZ/4) is of flat dimension
1 as a ku,-module, and the complex connective K-theory groups are zero in even
degree by lemma 1.4 in [19], p.767. Thus, there is no place for the possible non-zero
differential producing potential Tor? terms, and the spectral sequence degenerates
to the exact sequence above.
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The ku-homology of the smash product BZ/4 A BZ/4 is computed in table

H degree ku.(BZ/4A N BZ/4) total degree H
2 (Z]2%)T 2
3 (z)2°)1 2
4 (z/2") & (Z/2%)? 5
5 (z/2Y)Y? @ (2/2%)! 5
6 (Z]2" @ (2]2%)? 9
7 (Z/2Y @ (Z/2%)! 9
8 VAPREE) (Z/22) @ (z/23)! 14
9 Z2Y) @ (Z)2%)° @ (Z/2°)? 14
10 Z]2Y @ (2]2%)® © (Z)2°)? 19
11 (Z]2Y? @ (Z]22)° & (2)25)" 19
12 (Z/2Y? @ (Z/22)% @ (2/22)3 24
13 /2N & (/22 @ (Z]2%)? @ (2)27)" 24
14 Z/2Hr & (Z/2%)3 @ (Z/23)* 29
15 (Z]2%)3 @ (Z]23)° & (Z]2%)* 29
16 Z/2HB & (z/2%)? @ (Z/23)° 34
17 (Z]2%H)?! (2/23) ® (2/2M)? & (2/2°)" 34
18 (z/2H)1 (2/22) D (Z2/2%)8 39
19 (z]22)? (2/24) (2/210)1 39
20 (z/21 )17 (z]2?)% @ (2.]2%)7 44
21 (Z/23)r & (Z)2%) @ (2/25)2 @ (Z/2™)! 44
22 (Z/)2YHY? & (2/2%)° @ (2/23)8 49
23 (Z]23 @ (Z)2°)° @ (2)2"2)! 49
24 Z/)2YhY @ (2/2%)° @ (2/23)° 54
8d (Z/21)8d+3 ) (Z/22)3 e (Z/23)4d+3 20d-6
8d+1 (Z/22d72)1 o (Z/22d71)5 D (Z/22d)2 o (Z/24d+1)1 20d-6
8d+2 (22T & (2]22)% @ (2./23)%4-3 20d-1
8d+3 (Z]22F 1 @ (2)227)° @ (2)2°)% T 20d-1
8d+4 (22" T (2]2%)% & (2/2%)% 1 20d+4
8d+5 (Z/22"N) & (Z/2°T)5 & (Z/22TH1)? @ (7/2%9F3)! 20d+4
8d+6 (z]21)34F3 @ (7./2%)3 @ (2./2°)* 20d+9
8d+7 (Z]227) @ (7./2%4FT)5 @ (223751 20d+9
TABLE 1. Connective ku- homology according to UCT.

O

‘We will use this information to deduce information about the differentials in the

Atiyah-Hirzebruch spectral sequence for ku,(BZ/4).

definition, analogous to [3.12

Definition 4.11. Given the Hashimoto generators B;(see Definition[3.12)) form the

elements

Let us recall the following

Bi,j =B, ® Bj S kUQi+1(BZ/4) X kUQj+1 (BZ/4) C kUQ(i+j)+2(BZ/4 A\ BZ/4),

and extend the definition by v-periodicity by setting
B;j(d) := v By
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Lemma 4.12. In the Atiyah-Hirzebruch spectral sequence for computing ku. (BZ/4N
BZ/4),
e For all i,j,d,e such that i +j = e, 1 < d < 4, 2B; j(d+e) = 0, but
B j(d+e) # 0.
e For alli,j,d,e such that i+ j =¢, 5 <d <10, 2°B; ;(d+¢) = 0, but
2Bi7j(d + 6) 7é 0.
Proof. Take i, j,d, e without the contitions on d. Since there are hidden extensions,
the relation 2°B; ;(d + e) might hold in the d — th filtration quotient. Consider for
this the quotient

(4.13) ku,(BZ/4 A BZ/4)/F4_1(ku,(BZ/4 A BZ/4))

In degree 2(d+e)+2, this is generated by the elements B; ;j(d+e) with i+j < d+e.
Since the elements B; ;(d + e) with ¢ + j < d generate the subgroup

Fdfl(//fa*(BZ/‘l) Ok, ];\{L*(BZ/4)))2(d+e)+27
we get the relations B; ;(d + e) = 0 with ¢ + j < d, and the binomial relations
producing now, 2°B; j(d+e) = 0 in 4.13] and hence also in
(4.14) Fy(ku.(BZ/4 N BZ/4))/Fi_1(kus(BZ/4 N BZ/4))
in degree 2(d + ¢) + 2.
Now, we distinguish the two cases:
e For 1 < d <4, by capping with ToT1, we obtain 2B g(e) = 0.
e For 5 < d < 10, By capping the element 2?B; ;(d+e) with T¢T? to obtain
Boﬁo(e) 75 0
O

Corollary 4.15. The E2¢+2%24 term of the Atiyah-Hirzebruch spectral sequence for
computing ku.(BZ/4 N BZ/4) is

o 7/2¢Tt for 1 < d < 4.

e 0 for5 <d<10.

The following result is an immediate consequence. Similar results have been
studied in [9].
Lemma 4.16. In the complex K-homology groups of the smash product BZ/4 N
BZ/4, the following holds:

(i) Given a class of even degree z € kuggyoir2(BZ/4 N BZ/4) of the form
2 = xoTETxy, the minimal integer N for which vNz =0 is N = 4.
(ii) The minimal N such that 2N kus, (BZ/4 A BZ/4)) =0 is N = 3.
(iti) In the Adams spectral sequence for kuo,(BZ/4 AN BZ/4), there exist no
elements in even degree 2n which have Adams filtration higher than /.

Theorem 4.17. In the Atiyah-Hirzebruch spectral sequence E, converging to
ku.(BZ/4 N BZ/4), the first non-trivial differentials are

d3(Ty * T)) = 2vao Ty T 22y + 2vao Ty 2Ty,
where we adopt the convention Ty ' =0 =T, .

Proof. From lemma [4.16] we know that 2vxgzr; = 0, and vagzr; # 0. This implies
that there must be a non-trivial differential

ds : (Z)2°Z) = (Ty « T, T « Ty) = E3 o — Ej 5 = (vxoay).

The possible values are d3 (T} * T12) = 2uxgx1 and d3(T02 *xT1) = 2vxgx;. By part 3
of [2.32] both of them are non zero since they agree with Sqs.
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Now, using the cap structure for the Atiyah-Hirzebruch spectral sequence, since
the classes Ty and T} are both infinite cycles, by

B(ToNTY * T} = To Nd> (T T,
and analogously with the cap product with ;. Notice that ToN(TETY) = Ta~ +Ty.

By induction over n = k + [, the result follows.
O

Definition 4.18. Define a filtration on the Es term of the Atiyah-Hirzebruch
spectral sequence converging to ku.(BZ/4 A BZ/4) by setting

F1 E%p—l,?m =21 E%p—l,?m'
This induces a filtration on the Eg term by setting

F1 Egp7172m =21 Egp7172m'

For an element x € Egpfmm, define xg as the image of  under the quotient

0 19 179
F E2p—1,2m/F EQp—1,2m7
and inductively, let &, _4 be the unique sum of distinct elements in
"—1 .k
{2‘1 v Ty« T }k+l=p

such that the equivalence class of 2,1, denoted by z,_; in
9 —179
FqEQp—l,Qm/Fq E2p—1,2m
equals :i’q/_l. Define iq/ = :ch/_l — :iq/_l,
Remark 4.19. For an element z € E3, | 5, with the property that zo = 0, we

obtain that ds(z) = 0. Similarly, for an alement z € E3, , ,,, such that z; = 0,
dg(l‘) =0.
Theorem 4.20. In the Atiyah-Hirzebruch spectral sequence converging to ku.(BZ/4),
there exist non-zero differentials (both from total odd degree to total even degree)

e ds, with image (20" TETF2,)

o dy, with image (V™ zoTiTFz,).
There is an isomorphism

E22p—1,2m = Z/4<vaé * T1k>k+l:p

Proof. The first part has been proved in We proceed by induction on the
degree n of the differential for the second part.

Assume that there is a non-trivial differential ds from even total degree to odd
total degree. By using the cap structure and the fact that the differentials of the
Atiyah-Hirzebruch spectral sequence preserve the cellular filtration, we can assume
that the differential in question is

d*: By — E3,.
Setting all v-multiples to zero in
kuy(BZ/4) ®pu, ku.(BZ/4)s,
The only relations that are possible are
22By ® By = 2°B; ® By = 2B, ® By = 0.

Hence, we conclude that ds = 0. The same reasonings let us conclude that there
is no differential from an even total degree to an odd total degree.
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Consider now the differential d,, with n > 4. Assume that the differential from
odd total degree to even total degree is non trivial. By v-linearity, we can restrict
to

dy : ERTRTLO ok
for k > 0. If d,, is non-trivial, from we get that either n = 3, which is
discarted or n = 9, since either vaoTFT}z; = 0 in the 4-th filtration or

220420 TFTiz; = 0 in the 8th filtration quotient, but there are no non-trivial
relations between

{29™ o Ty Tiay }
for ¢ = 1,2. We hence can assume that the differential is dy.

Since we assumed that the premise of the theorem is valid for all differentials d™
with 3 < m < n. From lemma |4.12] there is only a bounded number (independent
of k) of elements in Ey, C HZk(BZ/4 N Z/4) for which their images i(a) in the
right hand side group are not divisible by 2, respectively. Moreover, denote by
i BSYYY & H7Z,44(BZ/4) the inclusion. Then,

{i(a) € Hoaa(BZ/4),a € B} = Z,/4(Ty + Ty),
and
{a € B0 | 2dividesi(a)} = Z/2M (2T * Ty),
It follows that
(2°TF + T!) C kerds,
or
(2TF % T)) C ker dy.

Hence, there must be an element o € E%44.0 Which is a sum of elements
2T + T}
with

dp(a) = vizg T TF x
After capping with Ty and T3, we obtain an element a € Ey 43, which is a
sum of distinct elements in either {2277 % T{ }o(441)—1=n+2, for the ds, or in {27} «
T} Yo (k1) —1=nt2, for dg such that dy,(a) = 2v?zex1 or d"(a) = v*zew:.
O

Remark 4.21. We will prove as a corollary of .27 that these differentials are the
only non zero in the Atiyah-Hirzebruch spectral sequence by comparing with the
Adams filtration.

Corollary 4.22. In lfmv;*(BZ/Zl), multiplication by v* annihilates I;nvﬁeven(BZ/él A
BZ/4).

We compare the Atiyah-Hirzebruch Spectral sequence with the Adams spectral
sequence converging to ku.(BZ/4 N BZ/4).

Recall that the Hurewicz homomorphism is a map of spectra to the integral
Eilenberg-Maclane spectrum h : ku — HZ.

At the level of coefficients, the Hurewicz homomorphism satisfies

hy i kuy > HZy, ;1 — 1, v 0.
The following result summarizes the information on the Hurewicz homomorphism.

Lemma 4.23. For the map induced by h, the following holds:

(i) h maps all v-multiples to zero.
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(ii) The restriction of h. to the zeroth filtration of the Atiyah-Hirzebruch spec-
tral sequence is inyective.
(iii) The restriction of hy to the zeroth filtration of the Adams spectral sequence
18 injective.
Proof. The first claim follows directly from the behaviour on coefficients, and the
fact that the differential is v-linear. The second claim is a direct consequence. For
the statement on the Adams spectral sequence, recall that the mod 2-cohomology
of the integral Eilenberg-Maclane spectrum is by Theorem [2.8]

H*(HZ) = AQsqy F2 = A®pg(g) Fa.
O
Due to the naturality offvthe Adams specral sequence with respect to maps of
spectra, the Fo, page for HZ,(BZ/4 N 7/4) is generated over Fa[hg] by
o TETixy, 2o Ty T + T, T,
for kK 4+ 1 > 1. The only relations among those generators are
hexoTyTiay =0
and
h3 (xo Ty T} + T T 1) = 0.
Definition 4.24. We will say that the element in the Adams spectral sequence
T¥ + T} is represented in the Atiyah-Hirzebruch spectral sequence by
hi(zo Ty T + TEa TEY).

If the images in EZ: under the Hurewicz homomorphism of the i-th adams
filtration quotient of T¢F T}
2TH % T},
and h (2o Ty ' T +T¥2, T~ 1) agree, and all higher Adams filtrations of h (zo T Tt +
T \Ti1) are zero.
Using the correspondence of the elements and filtrations above we have the
following result

Theorem 4.25. The ds differentials of the Adams spectral sequence for ku.(BZ/4N
BZ/4) are given by

o TET! v (R3woTF ™t + hovwoTE 3)T) + T§ (3w, T)?).

o onéCTll — l‘oTéc(h%JZlTll_l + hol}II}lTll_z).

o Tha T — (h3zoTF ! 4 hovaoTF V), T}
Theorem 4.26. For n odd, the elements

n—2k—1 n—2k—3 n—2k—1 n—2k—>5

Tox Ty := hi(xoTeT, 2 +T¢ T, 2 )4whd HaoTd T, 2 +T0 e T, 2 ),

fork=0,..., "T_l, and s > 0, and their v-multiples generate the E5° freely.

Theorem 4.27. The third Adams differential in the spectral sequence for ku.(BZ/4N
BZ/4) is
dy : Byt — E°0.
The kernel of the differential is generated by
(TE*T) | k+1=6} — {T3 « T, ToTEY U{Tg « T + Ty + T7}
The differential satisfies
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(1)
(i)

TO2 * T14 — v*hozoxy.

T+ T — vthowoy.
Using the cap structure , the third differentials are given in general by
dg(TéC * Tll) = Ak,l + BkJ,
where
vieg Ty 2T, k>2,1>k
Ay =
0 else

{u4moT§—4T{—2 k>4,1>2
By, =

0 else

We will need the following result for the final argument deducing the Adams
differentials:

Lemma 4.28. In the Adams spectral secuence for computing ku.(BZ/4 N Z/4),
the non- zero class in degree (2n =1,0)

l‘oTln + T()JZleL_l + ... TOn.Z‘O
S5 a permanent cycle.

Proof. The class is in the image for the induction map ku.(Z/4) — ku.(BZ/4 A
BZ/4), for the diagonal group homomorphism 1 — (1,1). by and the descrip-
tion of the Atiyah-Hirzebruch spectral sequence in [4.29] it is a permanent cycle. [

Corollary 4.29. All differentials of degree 4 and higher in the Adams spectral
sequence are zero.

Proof. Consider the class in degree (2n + 1,0)
.TQTln + T()Q?lTlnil + e Ton,’EO

Since the class is in the image of the induction map, it is a permanent cycle. It
follows that the ds differentials such as ds : E3"" — Ei** are non trivial.

Since the classes are permanent cycles, there cannot be a differential from odd
t — s degree to even t — s degree.

On the other hand, a non zero differential from d; : a — b even (¢t — s) degree to
odd t — s degree, since otherwise, it is possible to multiply by a power of v, such
that vNa = 0, and vVb # 0. Hence, the differentials dy, ds, ... are all zero.

O

We finish thE section by depicting the E., term of the Adams spectral sequence
converging to ku.(BZ/4) in figure

5. REAL CONNECTIVE K-THEORY COMPUTATIONS ON THE SMASH SUMMAND

The aim of this section is the detemination of the differentials of the Adams
spectral sequence

Ext'{"(H*(BZ/4 N\ BZ/4),F2) = ko,(BZ/4).

We will use the n-c-R exact sequence and the compatibility of the adams
spectral sequence to translate the information about the differentials for ku.(BZ/4)
into informations for these differentials. These groups fit in the exact sequence

- Bt (H(X), Fa) 5 Extyl

o (H*(X),F2) & Exti{ ™ (H*(X),F2) 5 ...
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FIGURE 4.1. Dimensions of the E., term of the Adams spectral
sequence for ku,(BZ/4).

The procedure will determine the differentials in two steps, namely

(i)

(iv)

Using Sage, the differentials for the Adams spectral sequence converging
to ko, d, : E, — E, will be determined from the n-c-r exact sequence
using the differentials for ku, and the behaviour of the maps in generators.
Given the diagram [5.1] with the dimensions of the Fa-vector space corre-
sponding to the Fs term, and the information coming from the differential
ds above, the program will compute the homology groups, thus giving the
FE3 term as well as a d3 differential defined therein. We will compute
the homology thus ending with the Fy = E, term in figure [5.3
This first step will concern the Adams degrees. (s,t—s) for 0 < s < 17,
and 0 <t —s < 27.
Using the cap structure for the Adams spectral sequence, the differentials
for t — s > 27 are defined.
We state the orders of the ko-homology groups in Theorems This
is the main input for the proof of the Gromov-Lawson-Rosenberg conjec-
ture in section [6l
By analyzing the kernel and cokernel of multiplication with h; we will find
hidden 7 extensions.

We recall that according to Lemma the structure of H*(BZ/4 A BZ/4) as
a module over the Steenrod algebra can be described as sums of the modules M),
the point, Mg, bow and Mgpg, as follows.

k—1
o In degree 4k, L% Mp ® &b Y4 Mgp, generated by .T0$1T12k_1, in the case
i=1

1=

of Mp and the k elements T()QlJrle(k*l)*l forl=0,1,...k—1.
In degree 4k+1, ETB S+ 0, generated by the k elements T2 gy T2~
forl:O,...kz—le.1
In degree 4k + 2, ééEMHMSB

P

n
In degree 4k + 3, @ X4*3M B.

=1

We add to this information the result of the computations in [3.4] which give
us the structure of the Fo terms. Together with the complete information about
differentials dy and d3 of the Adams spectral sequence for ku.(BZ/4) from section
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[ by knowing the behaviour of the maps 7, ¢, R, we are able to determine the
differentials of the Adams spectral sequence for ko.(BZ/4 A BZ/4).

Lemma 5.1. For the sequence maps of spectra

ko 5 ko = C(n) K 20,
the following holds:

o The cone Cn is weakly equivalent to ku.
o The third map is equivalent to the realification map R : ku — 2?ko. Hence,
the cofibre sequence is equivalent to

Sko -1 ko - ku 25 %2ko,

e The naturality of the Adams spectral sequence implies the existence of a
long exact sequence
h s, * C s, * R s,t— * h
B Ext (H*(X), Fa) 5 Bxtyy() (H*(X),Fa) = Ext3 2 (H*(X),Fa) = ...
Lemma 5.2. In the n — ¢ — R ezact sequence the maps are given in coefficients by
o Forn:m,(ko) = ko, n(n) =n*, n(n*) =0, n(w) =0, n(B) =0
o Forc:m (ko) = m.(ku), c(n) =0, c(w) = 202, c(p) = v*.
e For R, R(v) =2, R(v*) =1n?, R(V*) = w

Consider the map ¢ : Mg ® Y2Mp — Mp which sends the generators a and b
in degrees 0 and 2 of Mp ® ¥?Mp — Mp to ¢ and Sq?(c), respectively in Mp.

Recall that the Ext- groups Ext;{f (Mp,Fy) = Falho|{xo, 1, ...) has generators
x; of degree (2i,1), and

Ext’*(Mp®X>Mp,Fy) = Fa[ho(yo, 20, Y1, 21, ) has generators y; in degree (2, 1)
and (27 + 2, 1), respectively.

The Yoneda Product with Extga)(ﬁ?g, Fy) is given by vy; = y;41 and vz; = 2;11.

The following result analyzes the behaviour of the Ext-groups for the modules
Mp and Mgp under the  — ¢ — R exact sequence.

Lemma 5.3. The homomorphism ¢* : Ext’y"(Mp,Fy) — Ext’;"(Mp @ Y2Mp,Fy)
sends the generators as follows:

Tos — Y2i and Toi+1 > Y2i+1 T hoz2;.

As a consequence, the morphisms c, n, and R satisfy:
e The complezification c : Exti{tl (H*(BZ/4),Fy) — Ext%!

(" (BZ/4), Fy)
is given by

T
wz — ho’z

px — vi

V2lz2k+1 — V2l22k+1

V2l$22k+1 — V2l$22k+1

l/2l+1af2k+1 — V2l(Va?22k+1 4 hol‘22k+2).
o The realification R : Extyy, (H*(BZ/4, %*Fs)) — Ext*'(H*(BZ/4), %*F,)
is given for k > 0 by
22
z2? 10

52k 2k—1
xzzk — xzzk*l

2k

vz?h=l hoz%_1
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16
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FIGURE 5.1. The dimensions of the Es term.

vez? 1 hox

2k—1

2k——1

VZQk 24
2k—1

)

Z/Z'sz = vTz

z—0
v — hox
viz — n?x
Vix — wr
Vox — hop.

We depict now in ﬁgurethe dimensions of the Fy-vector space Ext!™** H*(BZ J4AN

BZ/4) for 0 <t — s < 27. We exclude h; multiples of the analysis at this stage.

We now add the do and ds differentials and obtain the F3 term. The result is

shown in figure

We have the followng result, needed for the determination of ds-differentials.

Lemma 5.4. The family of differentials from the s =1 to the s = 4 line

16,1 15,4 8.1 17,4
d31E3 —)Es ,d3.E3 —)EQ

are surjective.

degree 12 and 14 are 2 and one, respectively. Let v; and vy be vectors in Ej
such that dz | (vi,v2) has rank 2. Then da |y 124, 720,720, 720,( has rank three

Proof. By direct computation, the rank of the differentials dsstarting in ¢ — s-

12,1

due to the compatibility of ds with the cap product, and the fact that the 3-

in

dimensional vector space E§5’4 is generated by T and T7- multiples of elements

E§1’4. Inductively, we cap with higher powers of T and T? to obtain that the

bold and dashed differentials in figure [5.4] are all surjective. O

Corollary 5.5. In the Es term of the Adams Spectral sequence for computing
ko.(BZ/4 N BZ74), the following holds:

o The ds differentials obtained by v- periodicity defined the s = 2 to the s =5
line are surjective.

o The ds differentials from t — s degree 2 to 5 hit all elements in degree s > 3
except multiples of the class h§xox;.

Proof. e The argument is analogous to [5.4
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13 1 1
12 1 1 2
11 1 1 2 2 3
10 1 2 2 2 2 3
9 1 1 2 2 3 2 3 4
8 1 1 2 2 2 1 3 3 3 2 4
7 1 1 2 2 3 1 2 3 4 3 4 5
6 1 2 2 2 1 3 3 3 2 4 4 4 3 5
5 1 1 2 2 3 1 2 3 4 2 3 4 5 3 4 5 4
4 1 1 2 2 2 1 3 3 3 2 4 4 4 3 5 5 5 4 2
3 1 1 2 2 3 1 2 3 4 2 3 4 5 3 4 5 6 4 5 6 7
2 1 2 2 2 1 3 3 3 2 2 4 4 3 5 5 5 4 6 6 6 5 7
1 1 1 2 2 3 3 4 2 5 4 6 1 7 4 8 1 9 4 10 1 11 4 12 1 13
0 1 1 2 1 1 3 2 1 4 3 1 5 4 1 6 5 1 7 6 1
2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27
FIGURE 5.2. The dimensions for the F5 term of the Adams spec-
tral sequence, omitting n-multiples.
13 *1
12 1 */2
11 1 2 3
10 * 1 2 2 2
/
9 *1 2 3 2 4
8 1 */2 2 2 3 2
7 1 2 3 2 4 1 4
6 * 1 2 2 2 3 2 3 2
5 *1 2 3 2 4 1 4 1 4
4 1 */2 2 2 3 2 3 2 3 2
3 * 1 2 2 3 1 2 3 4 2 1 4 4 3 1 5 4 4 1 6 4
2 * 1 2 2 2 1 2 3 3 2 2 4 3 3 2 5 3 4 2 6 3 5 2
/
1 1 *1 2 *2 3 3 4 2 5 4 6 1 7 4 8 1 9 4 10 1 11 4 12 1 13
0 ]/] 2 1 1 3 2 1 4 3 1 5 4 1 6 5 1 7 6 1
2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27

FIGURE 5.3. E; = E, term, now including n-multiples.

e By the compatibility of the complexification map with multiplication with
v2, and the description of the differentials hit all elements in s degree
> 3 and odd t — s degree except the multiples of the class.

O

And finally the F, term, now depicting the n-mutiples. We depict this infor-
mation in figure |5.3
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FIGURE 5.4. d3 differentials for lemma [5.6]

Let us present here the conclusions

Lemma 5.6. The dimensions of the E3 term of the Adams spectral sequence (in-
cluding n-multiples) converging to ko.(BZ/4) is as in[5.4)

Theorem 5.7. Fort — s> 7 of ko,_s(BZ/4 N\ BZ/4), there is only one family of
n-extensions: starting in t — s degree 8k + 1 to fFxox; for k=1,2,....
There exists a hidden n-extension from (t — s, s) degree (5,1) to axozy.

Theorem 5.8. [Rank of lower ko-theory.] The group orders of ko, (BZ/4 N BZ/4)
are given by

log, (| kon(BZ/4 A\ BZ/4) |)

N O Ul WS

N R W ot W N

Theorem 5.9. Forn > 8, the group orders of ko,(BZ/4 A BZ/4) are given by

n || logy(| kon(BZ/4 N BZ/4) |)
8d 10d — 1

8d +1 8d —1

8d +2 10d + 1

8d+3 12d + 2

8d+4 10d + 4

8d+5 8d + 2

8d+6 10d + 5

8d + 7 12d + 7

5.1. Hidden extensions.

Theorem 5.10. On the Eo.-term of the Adams spectral sequence for ko.(BZ/4"?)
there exist the following hidden extensions:
e There exists a hidden n-extension from (t — s, s)-degree (5,1) to axor;.
e In odd degrees, there are mo non-zero elements of Adams filtration > 4
excepting B* for k € N
o There exists a hidden n-extension from E%:' to Brox;.

Proof. Consider the sum of dimensions of [5.2] and

e Let us consider the n-c-R exact sequence in degrees 5 and 6. See tables
and [2| The ranks of the abelian groups are as follows: Because ¢ does not
decrease Adams filtration of the leading term, the p-multiple must be the
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s || cokerhy | kus | (ker hq)s

2 1 1

1 2 3 1

0 1 1
TABLE 2. Degree 5

s || cokerhy | kug | (ker hqy)s

3 1

2 1 1

1 3 5 2

0 1 3 2

TABLE 3. Degree 6

unique non-zero element in Adams filtration 3, which is azgz;. It follows
that there exists an element in kus(BZ/4 A BZ/4), which is zero in the
zeroth Adams filtration, non zero in the first Adams filtration and such
that its - multiple is represented by azozi, where a is as defined in [2.10]
The hidden 7 extension cannot come from (¢t — s,s) degree (5,2), since
there is no hidden extension from (5,2) to (6,1), In the same way, Szoz;
is an n- multiple, and nBxox1 # 0, hence n?Bxor, must be the image of a
differential supported in degree t —s = 13. Due to the formula given above,
it cannot be supported in s- degree 4. Moreover, the elements located in
(t — s, s)-degrees (17,2) and (17,1) cannot hit the element. it follows that
there exists a non-zero

. 13,3 12,6
ds : E3 — E3 .

By considering the - multiples of these differentials and th e hidden ex-
tensions, the comparison of number of generators fit, and hence there are
no further differentials or hidden extensions.

O

6. DETECTION THEOREMS

The Atiyah-Patodi-Singer index Theorem [3] provides a formula for the index of
the Dirac operator of a spin manifold W with boundary M, analogous to the usual
index formula. Roughly speaking, after imposing the Atiyah-Patodi Singer bound-
ary conditions, there exists a spectral function depending on the diffeomorphism
type of M

77(57 M) = ZSign ()\)(dlmE)\ ) | A |—s,
A

where the sum is over the point spectrum of the Dirac operator, F) denotes the
finite dimensonal eigenvalue corresponding to A, the sum converges for sufficiently
large s, and has a meromorphic extension to the entire complex s-plane such that
1(0, M) is finite.

The equality

n(0, M) = A(W) — Index(D)

holds, and it is the prototype of several index theorem for manifolds with boundary.

The 7 invariant can be defined for any self adjoint elliptic partial differential
operator of order d acting on smooth sections of a spooth vector bundle V' on a
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closed smooth manifold M. For a spectral resolution {¢,, A\, } of P, the associated
71 function is defined as

n(s, P) := Zsign()\n) | A | 7% +dim ker(P).
neN

The n-invariant is defined as n(0, P), and it will be denoted by n(M) to strenghten
the dependence on M (more precisely, its diffeomorphism type).

For a finite dimensional representation of a finite group m, denoted as p, and a
map from a closed, smooth and spin manifold f : M — Bw, we can form a vector
bundle over M, which will be denoted by V,, : M X, p — M. Here M is the
cover of M classified by 7. We define the Dirac operator acting on sections of V,,,
D(M, f, p), and we will consider its n-invariant

n(M, f)(p).

Recall that a Bott Manifold B2 is a closed spin smooth manifold of dimension 8
and A—genus equal to 1.

Up to spin bordism, a Bott Manifold L satisfies that the 4-times iterated con-
nected sum 4L is bordant to the product of the Kummer surface K x K, where K
is the quadric

{[xo: @ : @y x3) € CP? | 23 + 2% + 23 + 23 = 0}.

As a consequence of the determination of the alpha invariant [20], [36], there
exists a natural transformation of homology theories consisting of natural isomor-
phisms

QPR (X) /T (X)[B™Y] — KOL(X).

In the previous expresion, T,(X) denotes the subgroup generated by the set
of Spin manifolds which are Spin-bordant to HP2-bundles, and B denotes a Bott
manifold. With this definition, the following theorem was proved as Theorem 4.1
in page 388 of [6].

Theorem 6.1. Let p be a virtual representation of virtual dimension zero of the
finite group m. Then the homomorphisms

QPN (Br) — R/Z, KO, (Br) — R/Z,

which send a spin bordism class f : M — Bm to n(M, f)(p) are well defined.
Moreover, if p is of real type and n is congruent to 8 modulo 4, or if p is of
quaternionic type and n is congruent to 7 modulo 8, the range can be replaced by

R/2Z.

For a number of finite groups and several manifolds with them as fundamental
group (notably the spherical space forms), see [16], the values for the 5 invariant
are known.

We will need the following recorded values for lens spaces and bundles of lens
spaces with fundamental group Z/4, as well as some projective spaces.

Let Z/4 be the subgroup of the multiplicative group of the non- zero complex
numbers C* defined as

Z/A={AeC |\ =1}

For i € {0,1,2,3}, Let p; be the irreducible, one dimensional complex represen-
tation. Notice that py is of real type, and all other representations are of complex
type.

Given a vector of integers a = (a1, ...,as;), and the representation

To : L4 — U(2k)
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defined by
A%
Z/4> \— e U(2k)
42k

Denote by S*~! the set of norm one vectors in the standard hermitian norm on

C?*. The C- linear unitary representation 7, restricts to a fixed point free action
on S*-1 if all a; are odd.

Definition 6.2. Define the lens space corresponding to a by
LY (7,) := %=1 /1. (Z/4).
And the lens space bundle corresponding to 7, by
XH*H(7,) == S(H®? o C** 1) /1.(2/4),

where H — CP! is the Hopf line bundle.

We will be interested in the specific case of the representations 7, given a 2k-tuple
a=(1,1,...,25 4+ 1) for j varying among positive integers. We will write

L;%k_l = L% N1 aj41)s X;lk—H = XYL i),

Lemma 6.3. The following properties hold for the lens spaces, and are proved in
13, [ [@-

e Both L*~'(1,) and X**1(1,) are spin manifolds of dimension 4k — 1,
respectively 4k + 1 whenever 1, is a fixed point free representation. This is
the case if all a; are odd.

e A spin structure can be chosen by picking a square root of the determinant
representation . We will fix this choice as % . The n-invariant of
L*=Y(7,) for the standard (round) metric and spin structure satisfies

. I Te(p(9)) (8(9) (ru(9))) 2
n(L* 1) (a)(p — po) = 1; det(ra(g) —id)

This specializes to

3 j u
! G -y

A= -Gt

More specifically, for the irreducible representations py:

_].’j:rll'(2d1+1 +22§+1) jZO,’LL:L?).
N(L155))(pu = po) = § =5 u=2.

(=17 - (gder — goter). j=1lu=13.
Similarly, the n-invariant of X;-“”l satisfies:
3 k+j u
n(X4k+1)(p )_}Z CZ( ])(1+<Z) Zi]
! LS - )Pt

Which specializes to

_qd+t -

(X3 (pu) =5 0 u=2.

_1d



36 NOE BARCENAS, LUIS EDUARDO GARCIA-HERNANDEZ, AND RAPHAEL REINAUER

o For the spin real projective spaces the n- invariants are as follows:

-1
n(RP*3)(p1 — po) = 94d12°

-1 R/2Z 4d —1=3 mod 8.
RP8d+7 _ = — €
n( )(p1 — po) 92d R/Z 4d—1=7 mod 8.

Notice that this is defined for the only nontrivial virtual representation of
Z]2 of virtual dimension zero.

e All of the three families of manifolds X;ﬁfll, RPY, and Lg?;ll admit a
metric of positive scalar curvature.

Recall that the 7 invariant can also be defined for Spin(c), Pin, and even Pin™,
Pin™, non-orientable manifolds. The following result can be found in [5] as Theorem
1.5 in page 224, and as Theorem 1.9.3 in page 106 of [16].

Lemma 6.4. Let d be an integer greater or equal to zero.
e For the Spin(c) projective space RP*~1 and the nontrivial irreducible
representation of Z/2) p1 the n-invariant satisfies

_ 1
W(RPM 1)(P1) = 98d—2-

e For either one of the Z/4- manifolds L(1) (with free Z./4- action, andff1
(with trivial Z./4-action, the manifolds RP*~! x S* and RP*~1 x L(1),
the product manifolds are Spin, and their n-invariant with respect to the

product metric and the spin structure satisfies

1
n(pu = po) {0 else.

The following manifold will be relevant for the detection theorem [6.23

Definition 6.5. Let 7 be a natural number,and let j be an even natural number.
Consider the manifold Ny;y1 ;, defined as follows.
Take the tautological bundle L; over RP4*1 and form the vector bundle of even

. J )
real rank 27, @ € := 2L; @ (Pe) over RPH+1 where L; is as before, and ¢ is the
i=1
trivial line bundle.
Let the group Z/4 act on the fiber of the vector bundle by the diagonal rotation

of angle 7

7
2
i=1

Where every orthogonal transformation Rz is a rotation in two dimensional
euclidean space.
Consider the norm 1 sphere bundle with respect to a riemannian metric

S(2L; @ e¥9),

and form the fiber bundle over RP*+1

SETH-7/4 -5 N, ; — RPYH.

Lemma 6.6. Consider the lens space bundle over RPY¥+! | Nyiy1,4(d—i—1)42 with
specific parameters 4i + 1 and j = 4(d — i — 1) — 2, where d is a natural number,
and 0 <i<d-—1.
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(i) The mod 2 cohomology of Myit1,4d—i—1)+2 15 the Fa-truncated polynomial
algebra with generators in degree 1

H*(Muyi1 a(d—1—iy+2, Fo) = Fo[#, g] /4§10 4 g2gAd-1=0+2,

Moreover, the following relations hold:

i_g4d 1 ,g4d 3 = i_4l—1,g4(d—z)+1 _ ‘%41+1g4(d—1—1)+3.

(ii) For each i € {0,2 — 1}, the 4d-dimensional smooth manifold
Myit1ad—i-1)—2
18 Spin.

Proof. e This follows from the Leray-Hirsch Theorem, as noticed in [22],
section 6 in page 158.

Let © € H'(S*4=9-1/7Z/4) be the generator for the truncated poly-
nomial algebra Fy[z]/2*(?=%). Similarly, denote by y € H'(RP*+1) the
generator of the truncated polynomial algebra Fy[y]/y*i*2.

The statement about the relation follows for & = s(x), where s denotes
a section of the map induced by the inclusion of a fiber, and & = p*(x),
for p the bundle projection.

e The following argument is due to M. Joachim and A. Malhotra[23].

Let II be a vector bundle of rank n over RP*+1 with a fibrewise unitary
action of Z/4. Denote by L(II) the bundle over RP**! which has as fiber
the quotient space of the unitary sphere under the Z/4 action.

Recall [22], [12], that by the Leray-Hirsch Theorem, the bundle of lens
spaces

IT has as mod2-cohomology ring

H*(RPTI) = H*(RP**1)[t]
Jt 4t (RPYFY) s, (RPYTY) 4w, (RPHY),

In particular, the following equalities hold.

wy (L(IT)) = w1 (1) + wy (RPYH) 4+ nt.

wo () 4 w1 (RPY 1 )nt
n(n —1)

5 t2 4 (n — Dwy (TNt + wo(RPYTL).

+ w1 (H)t + w2<H) +

For the vector bundle 2(Lg;1+1) ® (4(d — 1 — i) — 2)¢, and the mod 2
cohomology ring of RP**+1 given as Z/2[#]/2**2, the following identities
hold for the first and second Stiefel-Whitney classes :

w1(2(L4i+1) @4(d —-1- Z) + 2)6) =2z + T = 0,

wo(2(Lair1) ® (4(d — 1 — 1) — 2)e) = 2,

as well as

’U)k(2(L4i+1 (5) 4(d —1- Z) — 2)6) =0k > 2.
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Using lemma, we conclude that

w1 (Myig1,d-1-i—2) =
wy (RPY1) 4 w0 (2(Lyip1 ®4(d —1—i) —2)e) +4(d—1—9)j =0

as well as

wo(Myiq1,d-1-it42) =
P2 pdd—i—1)+24(d—i—1)+1)§*+ 3% =

Similarly to the lens space bundle consider now the action of Z/2 on the fiber of

the vector bundle 4
J
oL D
i=1

over RP**+1 where L; is as before, and ¢ is the trivial line bundle.

Definition 6.7. Let j be an even natural number, and let ¢ be a natural number.
Denote by M; ; the projectivized bundle of the vector bundle 2L;®e/® over RP4 1,
In symbols, _
RP?+571 5 M, ; — RPYFL
Completely analogous to Lemma[6.6] the following property holds for the mod 2-
homology of this manifold.

Lemma 6.8. The smooth manifold N; ; is spin.

Denote by i4k_1(a) and X4k_1(a) the manifolds with the trivial Z/4-structure,
meaning the homotopy class of the constant map X — BZ/4.

Definition 6.9. We fix the spin structure as before and consider the manifolds
o LT = LAM-N(1,1,..., 25+ 1) — LA, 1L, 25 + 1) € QY (BZ/4).
o XFH = XL 1, 25 4+1) — X1, 25 + 1),

For integers j.

We denote the special case L'(1) = S'/Z/4 together with the spin structure as
before. And we denote by M, (BZ/4) the Q3™ (BZ/4)-submodule generated by
the manifolds L4=1(1,1,...,1) and

X111, 1).

Definition 6.10. We recall the generators for the kernel of the Gromov-Lawson-
Rosenberg map for the cyclic group Z/4 from [6], page 398.

Y3 = L3(1,1) — 3L3(1,3).
Y8d+3 — Y3 % (BS)d.

Z3 = L3(1,1).

75 = X5(1,1) — 3X5(1,1)

27 =L7(1,1,1,1) - 3L7(1,1,1,
79 =191,1,1,1) — 3L9(1, 1,1,
2" =778 x B% forn > 9.

3).
3) —3L%(1,1,3,1) — 3L°(1,1,3,3).

For further reference we include here the key points of the estimate of the order
of the image of D, which proves the Gromov-Lawson-Rosenberg conjecture for Z/4.

The result was originally proved in [6] using the Atiyah-Hirzebruch spectral
sequence to deduce the order of the relevant ko-groups. An additional proof using
the Adams spectral sequence was given in [35].
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Theorem 6.11. For n > 1, the orders of the groups M, (BZ/4), generated by the
manifolds of positive scalar curvature described in and ko, (BZ/4) relate as
follows:

logy (| M (BZ/4) |) | logy(| kon(BZ/4) |)

n=28d 0 0
n=8d+1 (2d + 1) (2d+1)+1
n=8d+2 0 1
n=28d+3 2d + 2 2d + 2
n=8d+4 0 0
n=8d+5 2d+1 2d+1
n=28d+6 0 0
n=8d+7 2d + 2 2d + 2

The following corollary was originally proved in [6], as consequence of Theorem
2.4 page 379. We give here the result as a consequence of the determination of
the Adams differentials in Previous alternative arguments have been given as
part of Theorem 5.1 in [6].

Corollary 6.12. The Gromov-Lawson-Rosenberg Conjecture holds for the group
Z/4

Finally, we will need induction for the estimates of the orders of odd dimensional
ko-homology groups.

The orthogonality relations for characters have as consequence the following
result, proved as lemma 3.2.8 in page 297 of [16].

Lemma 6.13. Let H be a subgroup of Z/4 x Z/4.
For a spin manifold M together with a map M — BH For the inclusion i : H —
Z/4 x Z/4, the formula

QP (i) (M) pua = (M) (pua [ )
holds.

We will consider the induction maps
QSPin(B7,/4) 28 OSPIN(BZ,/4 % 7,/4),

for group homomorphisms ¢ : Z/4 — Z/4 x Z/4, which will be described below.
The group Z/4 x Z/4 has the presentation

7)4 x 74 = {a,b| a*, b, aba"'b7Y).

Definition 6.14. For a pair of integers m,n, we will denote by H,, , the cyclic
subgroup generated by the element a™b™.

Lemma 6.15. The following tables depict the isomorphism type of the restrictions
of a representation pn m to a subgroup H; ;:
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Po,1 | Po,2 | PO,3 | P1,0 | P1,1 | P1,2 | P1,3
Ho1 | p1 | p2 | p3 | po | p1 | p2 | p3
Hii| pr | p2 | p3 | p1 | p2 | P3| Po

H 1,3 | P3 P2 P1 P1 Lo P3 P2
Hov | p1 | p2 | p3 | p2 | p3 | po | p2
Hig| po | po | po | pr | p1 | p1 | Pt
Hio| p2 | po | p2 | p1 | P3| P1 | p3
P20 | P2,1 | P2,2 | P2,3 | P3,0 | P3,1 | P3,2 | P3,3
Hoa| po | pr | p2 | p3 | po | pr | p2 | ps3
Hia| p2 | p3 | po | p1 | P3 | po | p1 | p2
His| p2 | p1 | po | ps | p3 | P2 | P1 | Po
Hov | po | pr | p2 | p3 | P2 | P3| po | M
Hio| p2 | p2 | p2 | p2 | p3 | p3 | P3| ps3
Hio| p2 | po | p2 | po | P3| pr | P3| ;1

Given a group homomorphism ¢™" : Z/4 — Z/4 x Z/4, and a smooth spin
manifold M with fundamental group Z/4, we will denote the spin bordism class
of the induced manifold by ¢i""(M). This represents the spin bordism class of a
manifold with fundamental group Z/4 x Z/4, and hence an element in the bordism
group Q5P (BZ/4 x 7./4).

General strategy for the proof of Theorem [1.2

We will use Theorem [3.2] to split the arguments. At the level of connective
ko-homology groups, the splitting appears as follows:

ko.(BZ/4 x Z/4) = ko, (BZ/4) & ko, (BZ/4) & ko,(BZ/4"?).
We identify the kernels of the map A o per along this additive splitting.

Definition 6.16. Denote by kery the kernel of Ao per on each summand ko, (Z/4).
Similarly, denote by ker, 4 the kernel of Aoper on the smash summand ko, (BZ/4"?).

From the proof of the Gromov-Lawson-Rosenberg conjecture for Z/4 we have
that the order of kery agrees with the image of D, detected by n-invariants as
described in the table inside the statement of

Thus, we will concentrate in proving the following two statements to finish the
proof of Theorem

e For even degree, all classes in the mod 2 homology are realized by manifolds
of positive scalar curvature, which are linearly independent. It follows from
the Adams spectral sequence that the connective ko-homology is generated
by fundamental classes of spin manifolds of positive scalar curvature.

e For odd degree, the order of kery 4 is equal to the rank of a matrix con-
structed with n-invariants of positive scalar curvature induced from the

ones in and

6.1. Odd Degree. Consider the following ordered collection of cyclic subgroups
in the notation of definition [6.14]

Definition 6.17.
SG4,4 = {HO,la Hl,lv H1,37H2,17H1,07H1,2}~

We will show that the images under D of the induced manifolds with positive
scalar curvature ¢, n, (M) for

(m,n) € {(0,1),(1,1),(1,3),(2,1), (1,0), (1,2)}
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and M as in definitions and exhaust the kernel of the map A o per in
odd degree. Our method will consist of estimating the order of the image of D by
producing a matrix of n invariants as in [0], [25]. We then compare against the

orders of the groups predicted by the computation of ko, (BZ/4 x Z/4).

Definition 6.18. Let C,, denote the abelian subgroup of ko, (BZ/4 x Z/4) gener-
ated by the image under D of the induced manifolds

(") (M),
Where M is n-dimensional belonging to the lists given in

Lemma 6.19. For odd degree, the log, orders of the subgroups kery, kery 4, and
the order of the group defined in[6.18 relate as follows:
* ‘ kery 4 ‘ kery 4 ‘ C.
8d+1|2d+1| 8d—2 12d
8d+3 | 6d+4|12d+2 | 24d+ 10
8d+5[2d+2| 8d+2 | 12d+6
8+ 7 |6d+6|12d+ 7| 24d+ 19

In particular, according to the splitting from Theorem [3.2]
| ker Aoper |=2 | kery | + | kergq | .

Lemma has as consequence theorem [I.2] for odd degrees. The rest of this
subsection will deal with the verification of the assertions of the table in

For the manifolds above, we will produce a 24 x 4 matrix containing 7- invariants
and their restrictions along the subgroups According to lemma this

computes a lower bound for the order of the subgroup generated by the induction
of the manifolds of [6.9] and

Definition 6.20. Let p(, ) be an irreducible representation of Z/4 x Z/4. Given
a smooth, spin manifold M, form the 6 x 1 matrix with coefficients in R/Z,

C\,s with rows given by the restriction to the subgroups in the ordered list SG4 4
as depicted in definition In symbols:

n(M)(pu,ﬂ |H0,1)
U(M)(Pu,a |H1,1>

C - = U(M)(Pu,a |H1,3)
S (M) (pua |a,.,)
W(M)(Pua |H1,0)
n(M)(pu,ﬁ |H1,2)

We now form the 24 x 4 matrix which is obtained by arranging the matrices C,, 3
acording to the lexicographic order. In condensed form

Coo Cio Cap C3p
Cio Ciqn Cia Cigs

Ay = | Gro G G2 Oy
M =1Cyy 1 Con Cos
Cs0 C31 Cs2 Cs3

In expanded form the matrices C; ; are as follows:
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M n(M)(po)
ZEM;EZS% n(M)(ps)
Co o = n(M)(p2) Cso n(M)(ps)
207 | (M) (p) O | n(31)(02)
W(M)(Pz) n(M)(ps3)
U(M)(Pz) n(M)(ps3)
n(M)(p1)
D n(M)(po)
W(M)(p?) Cyt = n(M)(p2)
ot = | y(a)(p) n(M)(ps)
fer n(M)(ps)
sl n(M) (o)
2 n(M)(p2)
n(M)(p2) n(M)(p1)
n(M)(po) Coy — n(M)(p1)
Cyo = n(M)(po) ; n(M)(po)
W) n(M)(ps)
n(M)(p2) n(0M)(ps)
n(M)(p2) ”EM§EP3§
n(M)(p2

M
ZEM%EZ?% Oz = Z%;E?;
o | 1D (p0) "0 ()
29 n(M)(ps) o 3)
nEM;EP2§ Ui P1

We will need the following modification in order to estimate the order of ko-
groups of dimension 3 and 7 modulo 8, according to Theorem

Definition 6.21. Let p(, ) be an irreducible representation of Z/4 x Z/4. Given
a smooth, spin manifold M, form the 6 x 1 matrix with coefficients in R/2Z,

C’u’ﬂ with rows given by the restriction to the subgroups in the ordered list SG4 4
as depicted in definition In symbols:

W(M) (puﬂl—uo,o |H0,1

( ) pu,ﬁ—uo,o |H1,1
(M)
(M)
(M)

Pu,ii—uo,o |H1,0

)
( )
(puyﬁfuo,o |H1,3)
(pu,ﬁfuo,o |H2,1)
( )
( )

( ) Pu,ii—uo,0 |H1,2
We now form the 24 x 4 matrix with coefficients in R/2Z, which is obtained by
arranging the matrices C,, ; acording to the lexicographic order. In condensed form

Coo Cro Cao Cio
Cip Cip Cip Cis

AM)=| =" - - -
(M) Coo Can Cra Ca3

CS 0 C~'3,1 03,2 C13,3
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We now describe the matrices for each of the dimensions in odd degree.

Dimension 8d + 1
Put d = 2d for d a natural number. Consider the spin manifold X;ldH. And
form the 24 x 4 matrix over R/Z.
Coo Cio Cio Csp
ABd+1 _ Ciop Ciqi Cip Ci3
Coo Con Cog (a3
Cso Cs1 C32 Cs3

We introduce the notation

_1d+1 _1d+1 _1d+1

Td = a1 Y4 = Hadv1 0 %4 T T g4

The 6 x 1 matrices are given as the n-invariants of X?d“, as follows:

0
—zy 2y
_ | —%d 0
Cio =
0
. = Y
d ’ Tq
—Zq —Xq
0 Tq
0
0
Cop = 0
0 0
0 Tq
0 a

Ciz=1",
Td 24
C30 = :%d —xq

0 Td

—Xq O

_ | —#a | o
Cio= 0 Ciz= oy

—xq —Xd
—Xq Zq
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0 0
0 Td
0 T
Coo = 0 Cso = Od
0 Td
0 Tq
—xq —XTd
Td 0
T 0
Con = xdd C31 = .
0 Tq
0 —Xd
0 0
0 —Tq
0 —x
Caa= | Csa=| °
0 Td
0 Td
x4 Z3
—Xq O
x 0
0273 = CUZ C’3,3 = —1y
0 Td

0 —Xd
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Dimension 8d + 3 ~ R .
We recall the manifolds Y843 = [3(1,1) — 3L3(1,3) x B%", and notice that the
definition for the matrix here is [6.21]

The matrices C; ; take values over the ring R/2Z are as follows

0
—224 — dya ~234 — Ay
Cl 0= —21’(1 — 4yd _22d
’ —2xq — 4yq 0
—22y Cr1 = —2x4 — 4yq
—2$d — 4yd *Qxd _ 4yd
0 —2xq — 4yq
—ZZd
—2z
Cro = 0 ¢
_2Zd 722’(1
_2Zd —2$d — 4yd
—2x4—4
0 01’2 _ mdo Yd
“ani— iy
Cs0 = sy v —2xq — 4ya
—2xq — 4yq
—2xq — 4ya
O —2.Z‘d — 4yd
72Id - 4yd 0
_ —2(Ed — 4yd _ —22’(1
Cro = —224 Crs = —2xq — 4Ya
—2xq — 4yq —2xq — 4yq
—2xq — 4yq —2xq — 4ya
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Cs =

Cs1 =

Cs2 =

Cs3 =

0
Tg — 4ya
Ta — 4ya
722}1
Tq — 4yq
Tq — 4ya
Tq — 4ya
0
722’(1
zq — 4yq
Tq — 4Yd
Tg — 4ya
—224
Ta — 4ya
zq — 4yq
0
Tq — 4ya
Tg — 4ya
g — 4ya
722’(1
0
T4 — 4Yd
g — 4ya

Tq — 4Yd
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Dimension 8d + 5 Recall that the proposed manifolds in this dimension are
given by X 2 x B3, The matrices C;,j from definition are as follows:

0
—ixd —day
_ | —*d 0
Cio=
B O 0
4z, Cii=|_4 .
—41‘d 7433(1
0 —4xg
0
0
Cop = 0
0 0
0 —41’d
—4x
0 Cia=| d
Cao=| ¢ —4xq
—21‘d
—2x4
0 —4xd
7456(1 0
—4x 0
Co=| ¢ 5= e,
—4.Z'd —4xd

—4.13d —4$d



GROMOV-LAWSON-ROSENBERG CONJECTURE

—41‘,1

—4x

Cs0 d
—41’d
—4.’L‘d

—4xd

03’1 - —4xy

—41‘d
—4xd

—4CCd
—4x

Cs2 = ¢
—4.1‘d
—4$d

—4$d

03’3 - —41‘d

—4xd
—4$d

49
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Dimension 8d + 7. Recall that the proposed manifolds in dimension 7 moulo
8 are Z7 x Bsd, Where Z7 = L] — 3L%. Moreover, the matrix in this dimension is

A, as in definition

0
0 —2xq — 2yaq
—2l‘d — 2yd C _ *QId — 2yd
—2x4 — 2yq4 1,0 —2z4
Cro=| —2za—2ya =224 — 2ya
722’(1 —23’,‘d - 2yd
—QSUd — de _2xd _ 2yd
—2(Ed — 2yd _2Zd
0
Cl’l —2x4 — 2yq4
0 —2xq — 2yq
224 =224 — 2y4
2Zd —2z
Ch o — d
=0 0 —22q — 2yaq
2z )
2zj Cra2= de v
—2x4 — 2yq4
—QZ‘d - 2yd
—2z4 —2x4 — 2yq
—2x4 — 2yq 0
_ | 224 —2ya B 224
03’0 - —22z4 01’3 —2x4 — de
—2x4 — 2yq —2x4 — 2yq
=224 — 2y4 =224 — 2y4
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0 0
—224 —2xq — 2yq4
—2z —2xq — 2
Coo = 0 ¢ Csp —dQZd Yd
—224 —2x4 — 2yq4
—2zd —2$d — de
=224 — 2yq4 —2x4 — 2y4
—Qxd - de 0
| 2z4 — 2yq _ —22q
Ca1 = —2xq — 2Yq Csa = —2xq — 2Yyq
—2Zd —2$d — 2yd
—224 —2x4 — 2yq4
—2z4 —224
0 —21’d — 2yd
o 0 _ 72$d — 2yd
Copo = 92y C30 = 0
—224 —2xq — 2yq
—22z4 —2x4 — 2yq4
—22q — 2yaq —224 — 2yaq
72Id — 2yd 722’(1
_ —QSUd — de _ 0
C23 = —2x4 — 2Yq Cs3 = =224 — 2Yq
—224 —2x4 — 2yq4
0 —2xd — 2yd

The matrices are diagonalized with a Sage code introduced in section

6.2. Even Degree. We will show below that for every positive even integer k,
there exists a set

My

of spin smooth manifolds together with maps to BZ/4 x Z /4, with the property that
any mod2-homology class in degree k is induced by a fundamental class of a smooth
manifold with positive scalar curvature of dimension k. We collect this remark in
the following result, whose proof will take the remaning part of the current section.

Definition 6.22. Let k be an even natural number. According to its mod 8 class,
define the set of manifolds.

Msg = { LI x RPY LY x L3, Nyj i1 agod—iy—2, 1 € {1,...,d — 1} },
93?8d+2 = {L%H_g X RP4(2d7i+1)+3, 1€ {0, e, d— 1}},
9'Tt8al+4 = {Lﬁdis X RP17L§d73 X L%7N4i+1,4(2d7i)72a (&S {17 cee 7d - 1}}7

Msgse = {LTT2 x RPUI3 e f0,...,d—1}}.
We state now the main theorem of this section

Theorem 6.23. The previously introduced sets

My,
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of smooth, spin manifolds with positive scalar curvature determine ko- homology
classes in degree k for Z/4 x Z/4.

The dimension of the Fg-vector space Extg{]f(Fz,H*(BZ/ll A BZ/4)) (the Es-
term of the Adams spectral sequence converging to ko (BZ/4 & BZ/4)) is equal to
the cardinality of the set My,.

We will prove theorem [6.23] by an indirect argument.

We will show first that the manifolds V; ; determine linearly independent el-
ements of the mod2 homology H.(BZ/4 x Z/4) by analyzing their image un-
der the Fy vector space homomorphism induced by the group quotient pr,, :
H.(BZ/4 x ZJ]4) — H.(BZ/2 x Z/2). The rest of the manifolds in the set 9,
are readily seen to generate elements in the homology of Z/4 x Z/4.

Recall that the mod 2 cohomology of the group Z/4 x Z/4 is given in Lemma

B9
Moreover, according to lemma the mod2-cohomology of the smash product
is
e In degree 2 by xpx1, generating a copy of Fs.
e In degree 4d 4+ 2 for d > 1, xomnglHTf(d*l)*l, for l = 0,...,d —1,
generating a copy of Mgp.
e In degree 4d, moxledfl and ngilxoxl, generating a copy of Mpg, and
T()Zl'*'le(d_l)_1 for [ =0,...d, which generate a copy of Mgp.
We introduce the follwowing notation for elements in the mod 2-homology of
Z/4xZ/4 and Z/2 x Z)2.

Notation 6.24. Consider the Fs- vector space

H*(BZ/4 X Z/4).
Given r, s, t,u natural numbers, we denote the following elements in the mod 2
dual vector space with respect to the monomial basis

¢rpre = (TYT5)" € Happas(BZ/4 x Z/4),
Evoorty € Horpo(BL/A X 1/4),

gzole# S H2u+2(BZ/4 X Z/4)
Similarly for the Fs- vector space

H*(BZ/2 x 7,/2,) = B3z, y),
we introduce the notation
&j = (a'y')" € H(BZ/2 x Z/2).
Lemma 6.25. Under the group homomorphism
proo, « Hi(BZ/4 x Z/4) — H.(BZ/2 x Z/2),
the fundamental class of N, ; is mapped to M; ;
Proof. Consider the fibrations

BZ/‘fl(dﬂ‘)f1 — Nyig1,4(d—i—1)42 = RPAH,

BZ/24(d_i)_1 — M4i+1,4(d7i71)+2 — RP4i+1.
The Serre spectral sequence converging to the homology of the total space of
these fibrations have as F>-terms
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Ef),q = Hp(RPMH,Hq(BZ/44(d7i)71)) = Ho(Nyjy1,a(d—i—1)+2)s
and
Fp, = Hy(RPY Hy(BZ/2"D7Y)) = Ho My a(a—i-1)+2)-

Where we have that E) =0 = F; forp > 4i+1orq>4(d—i—1)+2.
Notice than no differential with source in Ey; 41 4(4—i—1)+2 can be non-zero. The
same holds for Fy; i1 4(d—i—1)+2-

The map pr, , induces a map of Serre spectral sequences

T T
EP"I EPaQ'

Which is surjective at the Fy term. Since there are no further non zero differentials,
the map sends the fundamental class of Ny; 1 4(a—i—1)+2 t0 Myjt1,4(d—i—1)+2-

Consider the map Lgit1,4(d—i—142) * M4i+1,4(d7i71)+2 — BZ/2 X BZ/27 de-
termined by (j o p,c), where p : My, 11 aa—i—1)+2 — RP#*+! is the projection,
j: RPY+1 5 RP> = BZ/2 is the inclusion of the 4i + 1-skeleton, and c is the map
classifying fundamental group ¢ : RP**+! — BZ/2. The following result states the
behaviour in cohomology of this map, and it follows directly from the definitions.

(See for the notation.)

Lemma 6.26. Under the map

Lait1,4(d—i—142) * Maiy1,a(d—1—i)+2 — BZL/2 X 7./2,

The following holds:

o The classes x*y**=* are mapped to £*§*** in cohomology. For k odd,

this implies
* k,d—k ~add—1
L4i+1,4(d7i71+2)($ yr) =2y ‘
e In mod2 homology, the fundamental class of My;q1 4(a—1—i)+2 s mapped
to the linearly independent elements

4+1

vi= > Ehadk

k>10dd

This has a consequence the following corollary.

Corollary 6.27. The classes &1 4q4—1,...-V1,...Va—1,8d—1,1 are linearly indepen-
dent .

We are now in position to finish the proof of theorem [6.23

Due to corollary the manifolds defined there produce linearly independent
classes in the even dimensional homology groups of BZ/4 A BZ/4.

According to [£1] the rank of the Fa-vector subspace generated by the linearly
independent equals the rank of the Mod 2 homology groups. Finally, by the Adams
spectral sequence, we obtain that all classes in the even graded ko-homology groups
of BZ* AN BZ /4 are obtained by this construction. This finishes the proof of theorem
Together with Theorem this finishes the proof of Theorem
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7. SAGE CODE

7.1. Sage code for diagonalization of 7- invariants. We present the Sage code

needed to diagonalize the matrices of n-invariants. Computation of the echelon form
for A8d+L,

# Define the polynomial ring over the rationals with variable x_d
R.<x_d> = QQ[]

# Define the submatrices C_{i,j} as row block matrices

C_10 = matrix(R,[[0, -x_d, -x_d, 0, -x_d, -x_d]]).transpose()
C_20 = matrix(R,[[0, 0, O, O, O, 0]]).transpose()

C_30 = matrix(R,[[0, x_d, x_d, 0, x_d, x_d]]).transpose ()
C_11 = matrix(R,[[-x_d, 0, O, x_d, -x_d, x_d]]).transpose ()
C_12 = matrix(R,[[0, x_d, x_d, O, -x_d, -x_d]]).transpose()
C_13 = matrix(R,[[x_d, 0, 0, -x_d, -x_d, x_d]]).transpose ()
C_21 = matrix(R,[[-x_d, x_d, -x_d, x_d, 0, 0]]).transpose()
C_22 = matrix(R,[[0, O, O, O, O, 0]]).transpose()
C_23 = matrix(R,[[x_d, -x_d, x_.d, x_d, 0, 0]]).transpose()
C_31 = matrix(R,[[-x_d, 0, O, x_d, x_d, -x_d]]).transpose ()
C_32 = matrix(R,[[0, -x_d, -x_d, O, x_d, x_d]]).transpose()
C_33 = matrix(R,[[x_d, 0, 0, -x_d, x_d, -x_d]]).transpose ()

# Construct the full matrix A~{8d+1} from the row block matrices
A_8d1 = block_matrix(R, [
[block_matrix(R,1, 3, [C_10, C_20, C_30]), block_matrix(R,1, 3, [
c_11, c_21, c_311)1,
[block_matrix(R,1, 3, [C_12, C_22, C_32]), block_matrix(R,1, 3, [
c_13, C_23, C_33]1)]
1)

# Transpose the matrix to get the desired form
A_8d1 = A_8d1l.transpose ()

# Compute the echelon form of the matrix
echelon_form_A_8d1l = A_8d1l.echelon_form()

# Display the result
echelon_form_A_8d1

To simplify the computation we compute the echelon form of A89+3 ;= (—1)d+1 48d+3
instead of A%4%3 using &4 := (—1)¥ g, §a = (=1) 1y, 24 := (=1)F1z;. We do
not add the prefix tilde_ in the code for readability.

# Define the polynomial ring over the rationals with variable x_d
R.<x_d> = QQI[]

# Define the substitutions
y_d 2xx_d~2
z_d = 4*xx_d"2

# Define the submatrices C_{i,j} as row block matrices with the
substitutions

C_10 = matrix(R,[[0, -2*x_d-4xy_d, -2*x_d-4*y_d, -2*x_d-4*y_d, -2*z_d,
-2xx_d-4*y_d]]).transpose ()

C_20 = matrix(R,[[0, -2%z_d, -2%*z_d, 0, -2%z_d, -2*z_d]]).transpose()

C_30 = matrix(R,[[0, -2*x_d-4*y_d, -2*x_d-4*y_d, -2*z_d, -2*x_d-4x*y_d,
-2%x_d-4*y_d]]).transpose ()

C_11 = matrix(R,[[-2*x_d-4*xy_d, -2*z_d, 0, -2*xx_d-4*y_d, -2*x_d-4x*y_d,
-2%x_d-4*y_d]]).transpose ()

C_12 = matrix(R,[[-2*z_d, -2*x_d-4*y_d, -2*x_d-4*y_d, 0, -2*x_d-4x*y_d,
-2*x_d-4*y_d]]).transpose ()
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C_13 = matrix(R,[[-2*x_d-4*y_d, 0, -2%z_d, -2*x_d-4*y_d, -2*x_d-4*y_d,
-2%x_d-4*y_d]]).transpose ()

C_21 = matrix(R,[[-2*x_d-4*y_d, -2*x_d-4*y_d, -2xx_d-4xy_d, -2*x_d-4%*
y_d, -2xz_d, -2*z_d]]).transpose ()

C_22 = matrix(R,[[-2*z_d, 0, 0, -2*z_d, -2*z_d, -2*z_d]]).transpose()

C_23 = matrix(R,[[-2*x_d-4*y_d, -2*x_d-4*y_d, -2*xx_d-4*xy_d, -2*x_d-4%*
y_d, -2%z_d, 0]]).transpose ()

C_31 = matrix(R,[[x_d-4*y_d, 0, -2*z_d, x_d-4*y_d, x_d-4*y_d, x_d-4*
y_dl]l).transpose ()

C_32 = matrix(R,[[-2*z_d, x_d-4*y_d, x_d-4*y_d, 0, x_d-4*y_d, x_d-4*
y_dl]l).transpose ()

C_33 = matrix(R,[[x_d-4*y_d, -2*z_d, 0, x_d-4*y_d, x_d-4*y_d, x_d-4*
y_dl]l).transpose ()

# Construct the full matrix A"{8k+3} from the row block matrices
A_8k3 = block_matrix(R, [
[block_matrix(R, 1, 3, [C_10, C_20, C_30]), block_matrix(R, 1, 3,
[C_11, C_21, C_311)],
[block_matrix(R, 1, 3, [C_12, C_22, C_32]), block_matrix(R, 1, 3,
[C_13, C_23, C_331)]
1

# Transpose the matrix to get the desired form
A_8k3 = A_8k3.transpose ()

# Compute the echelon form of the matrix
echelon_form_A_8k3 = A_8k3.echelon_form()

# Display the result
echelon_form_A_8k3

Computation of the echelon form for A8¢+3.

# Define the polynomial ring over the rationals with variable x_d
R.<x_d> = QQI[]

# Define the submatrices C_{i,j} as row block matrices

C_10 = matrix(R,[[0, -4*x_d, -4*x_d, 0, -4*x_d, -4*x_d]]).transpose()
C_20 = matrix(R,[[0, O, O, O, O, 0]]).transpose()

C_30 = matrix(R,[[0, -2*x_d, -2*x_d, 0, -2*x_d, -2*x_d]]).transpose()
C_11 = matrix(R,[[-4*x_d, 0, O, -4*x_d, -4*x_d, -4*x_d]]).transpose()
C_12 = matrix(R,[[0, -4*x_d, -4*x_d, 0, -4*x_d, -4*x_d]]).transpose()
C_13 = matrix(R,[[-4*x_d, 0, O, -4*x_d, -4*x_d, -4*x_d]]).transpose()
C_21 = matrix(R,[[-4*x_d, -4*x_d, -4*x_d, -4*x_d, 0, 0]]).transpose()
C_22 = matrix(R,[[0, O, O, O, O, 0]]).transpose()

C_23 = matrix(R,[[-4*x_d, -4*x_d, -4*x_d, -4*x_d, 0, 0]]).transpose()
C_31 = matrix(R,[[-4*x_d, 0, O, -4*x_d, -4*x_d, -4*x_d]]).transpose()
C_32 = matrix(R,[[0, -4*x_d, -4*x_d, 0, -4*x_d, -4*x_d]]).transpose()
C_33 = matrix(R,[[-4*x_d, 0, O, -4*x_d, -4*x_d, -4*x_d]]).transpose()

# Construct the full matrix A~{8d+5} from the row block matrices
A_8d5 = block_matrix(R, [
[block_matrix(R, 1, 3, [C_10, C_20, C_30]), block_matrix(R, 1, 3,
[c_11, C_21, C_311)1],
[block_matrix(R, 1, 3, [C_12, C_22, C_32]), block_matrix(R, 1, 3,
[c_13, C_23, C_33]1)]
1

# Transpose the matrix to get the desired form
A_8d5 = A_8d5.transpose ()

# Compute the echelon form of the matrix
echelon_form_A_8d5 = A_8d5.echelon_form()
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# Display the result
echelon_form_A_8db5

Computation of the echelon form for A3%+7. We use the same conventions as for
A8d+3'

# Define the polynomial ring over the rationals with variable x_d
R.<x_d> = QQ[]

# Define the substitutions y_d = 2*x_d~2 and z_d = 4*x_d"2

yd = 2 % x_d"2

z_d = 4 % x_d"2

# Define the submatrices C_{i,j} as row block matrices

C_10 = matrix(R, [[0, -2*x_d-2*y_d, -2*x_d-2*y_d, -2*xz_d, -2*x_d-2*y_d
, —2*x_d-2xy_d]]).transpose ()

C_20 = matrix(R, [[0, 2%z_d, 2*z_d, 0, 2*z_d, 2*z_d]]).transpose ()

C_30 = matrix(R, [[-2*z_d, -2*x_d-2*y_d, -2*x_d-2*y_d, -2*z_d, -2*x_d-
2+y_d, -2*x_d-2xy_d]]).transpose ()

C_11 = matrix(R, [[-2*x_d-2*xy_d, -2*z_d, 0, -2*x_d-2*xy_d, -2*xx_d-2*y_d
, —2*%x_d-2xy_d]]).transpose ()

C_12 = matrix(R, [[-2*z_d, -2*x_d-2*y_d, -2*x_d-2*y_d, 0, -2xx_d-2*y_d
, —2*%x_d-2xy_d]]).transpose ()

C_13 = matrix(R, [[-2*x_d-2*xy_d, 0, 2*z_d, -2*x_d-2*y_d, -2*x_d-2*y_d,

-2%x_d-2*y_d]]).transpose ()

C_21 = matrix(R, [[-2*x_d-2*xy_d, -2*x_d-2*y_d, -2*x_d-2*y_d, -2*x_d-2%*
y_d, -2%z_d, -2%z_d]]).transpose()

C_22 = matrix(R, [[-2*z_d, 0, 0, -2xz_d, -2%z_d, -2*z_d]]).transpose()

C_23 = matrix(R, [[-2*x_d-2*y_d, -2*x_d-2*y_d, -2*x_d-2*xy_d, -2*x_d-2%*
y_d, -2%z_d, 0]]).transpose()

C_31 = matrix(R, [[0, -2*x_d-2*y_d, -2*x_d-2*y_d, -2*xz_d, -2*x_d-2*y_d
, —2*x_d-2xy_d]]).transpose ()

C_32 = matrix(R, [[-2*z_d, -2*x_d-2*y_d, -2*x_d-2*y_d, 0, -2*x_d-2*y_d
, —2*x_d-2xy_d]]).transpose ()

C_33 = matrix(R, [[-2*x_d-2*y_d, -2*z_d, 0, -2*x_d-2*xy_d, -2*x_d-2*y_d
, —2*x_d-2xy_d]]).transpose ()

# Construct the full matrix A~{8k+7} from the row block matrices
A_8k7 = block_matrix(R, [
[block_matrix(R, 1, 3, [C_10, C_20, C_30]), block_matrix(R, 1, 3,
[C_11, C_21, C_311)1,
[block_matrix(R, 1, 3, [C_12, C_22, C_32]), block_matrix(R, 1, 3,
[Cc_13, C_23, C_33])]
1

# Transpose the matrix to get the desired form
A_8k7 = A_8k7.transpose ()

# Compute the echelon form of the matrix
echelon_form_A_8k7 = A_8k7.echelon_form()

# Display the result
echelon_form_A_8k7
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