WEAK PARTITION PROPERTIES ON TREES

ONDREJ ZINDULKA, PETR SIMON, AND MICHAEL HRUSAK

ABSTRACT. We investigate the following weak Ramsey property of a cardinal
k: If x is coloring of nodes of the tree kK<“ by countably many colors, call
a tree T C k<% x-homogeneous if the number of colors no each level of T
is finite. Write k ~> (A\)S“ to denote that for any such coloring there is a
x-homogeneous A-branching tree of height w.

1. INTRODUCTION
Let us quote a classical theorem of Hurewicz [7] (see also [9]):

Theorem 1.1. Let X be an analytic space. Then one and only one of the following
holds.

(i) X is o-compact,
(ii) X has a closed subset homeomorphic to the set of irrationals.

One may ask if this theorem can be extended some way to nonseparable spaces.
Of course, both “analytic” and “o-compact” have to be replaced by appropriate
notions.

Recall that a metrizable space X is Cech-analytic if there is a completely metriz-
able space Y C w® x X that projects onto X. Equivalently, if X is a Suslin set
in a completion. In particular, each analytic or completely metrizable space is
Cech-analytic.

Given a property P, a metrizable space is o-P if it admits a countable cover
by subspaces with property P. Thus we have notions of o-locally compact space,
o-locally separable space etc.

It turns out that substituting Cech-analytic for analytic and o-locally compact
for o-compact, Hurewicz’s theorem still holds. In this introductory section we
first prove a combinatorial theorem and then we show how to use it to derive the
extended Hurewicz’s theorem and two more results. The combinatorial principle
will be generalized and investigated in the subsequent sections.

In the sequel w and w; denote the first infinite and uncountable cardinal, re-
spectively, and wi® the tree of all finite sequences in wy, i.e. W =, o, Wi A
set T C wy“ is a tree if ¢ C p € T implies ¢ € T. A successor of p € T is g2 p
such that |q| = |p| + 1. The height of T (denoted ht T') is the least n € w such that

2010 Mathematics Subject Classification. 05D10,32C18,54E40,28A78.

Key words and phrases. partition arrow, tree.

Work on this project was conducted during the first author’s sabbatical stay at the Insti-
tuto de matemadticas, Unidad Morelia, Universidad Nacional Autonéma de México supported by
CONACyT grant no. 125108. The first author was also supported by The Czech Republic Min-
istry of Education, Youth and Sport, research project BA MSM 210000010. The third author
gratefully acknowledges support from PAPIIT grant IN101608 and CONACYT grant 80355.

1



WEAK PARTITION PROPERTIES ON TREES 2

Ip| < n for all p e T. If k is a cardinal, T is called k-branching if each p € T such
that |p| < ht T'—1 has at least k successors. T is a k-tree if it is a k-branching tree
of height w.

Proposition 1.2. For any mapping x : wy® — (0,00) there is an w-tree T C w®
such that
inf{x(p) : p € T,|p| =n} >0 for each n € w.

Proof. We shall inductively construct, for each n € w, trees W,, and S,, and a real
number e(n) > 0 subject to the following conditions.

(i) ht W,, =ht S,, = n,
W, is n-branching,

n is wi-branching,

£
; Xx(p) = e(|p|) for each p € S,,,
i)

(iii) S

(iv

(V W, CS, NWipt1,

(vi) {p € Sp+1:|p| <n} C S,.
Put Wy = Sy = (0. At stage n + 1 the construction of W, 11, S,+1 and &(n) goes as
follows. Put

S, =S8, U{p a:pe S, |pl=n—1}.

For each p € S, define d(p): If |p| = n, let §(p) = x(p) and proceed by induction
down to the root. If |[p| < n and d(q) is already set up for each ¢ € S, such that
gl > pl, let

(1.1) Ap.&) ={a € Sp:lal = Il + 17 8(a) > &}, €>0.
As U is wy-branching, there is £ > 0 such that |[A(p,&)| = w1. Put
(1.2) 5(p) = min{€,=(0), ... (n)}.

The tree Sp41 is defined by: # € S,,+1 and when p € S,,1; and 0 < |p| < n, then
the set of successors is A(p,d(p)). Definitions (1.1) and (1.2) yield W,, C S, 4.
Thus W,y is easily constructed by adding new nodes to W,, within S, subject
to (i) and (ii). Finally put e(n) = §(0). Conditions (i)—(vi) are easily verified. The
induction step is complete.

The tree T' is now easily defined by T' = J,,c,, Wn. Conditions (ii) and (iv)
ensure that 7' is w-branching and that x(p) > e(n) whenever p € T and |p| = n, as
required. (I

We shall see the basic idea of this proof reoccurring at several occasions.

Uniform embedding. We now derive an embedding result that is of independent
interest. Consider the set of irrationals w® and provide it with the usual least
difference metric given by d(f,g) = 1/(1 + min{n € w : f(n) # g(n)}). The metric
space (w*,d) is sometimes referred to as the Baire space.

Theorem 1.3. Let (X, p) be a Cech—analytic metric space. If X is not o-locally
separable, then it contains a uniform copy of (w*,d).

Proof. By a theorem of A. H. Stone [13, 3.4], a Cech-analytic space X that is not
o-locally separable contains a homeomorphic copy of w{, where w; is given the
discrete topology. We may thus assume without loss of generality that (X, p) is a
completely metrizable space none of whose nonempty open subset is separable. Let
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v be a complete metric on X. For a set A C denote diam, A the diameter of A in
the metric p, and likewise for any other metric.
Construct inductively a tree of nonempty open subsets {V, : p € wy“} such that

for each p € wi¥

(i) V4 €V, whenever p C g € wy®,

(ii) diam, V, +diam, V, < 130,

(iif) inf{p(z,y) : 2 € Vp,y € Vg, g € wi®, gl = [pl, ¢ # p} > 0
as follows: Put Vj = X. When V), is constructed, let A = {q € wi* : |q| = |p| + 1}
and choose an uncountable disjoint family {W, : ¢ € A} of nonempty open subsets
of V,,. For each g € A choose an open set V, C W, subject to (ii) such that

inf{p(z,y) :x € Vo, y ¢ Wy} >0,

what ensures (iii). This completes the induction step of the construction.
For each p € wi* put

(1.3) x(p) = inf{p(x,y);x € V,,y € Vg, q € wi®, |q| = |pl, q # p}-
<w

(iii) yields x(p) > 0. Therefore Proposition 1.2 yields an w-tree T C w and a
sequence (e(n) : n € w) such that x(p) > e(|p|) for each p € T. We may assume
without loss of generality that T = w<¢. It follows from (i) (remind that v is a
complete metric) that for each f € w* there is a unique point zy € X such that
{zr} = Nnew Vim-

We show that the mapping f +— z is a uniform embedding of (w*, d) into (X, p).
Let f,gew®, n=inf{i € w: f(i) # g(:)} and p = f[n. Infer from (i) that

1
1.4 ri, ) <diam,V, < —.
(1.4) p( f g) PPN Y ]
On the other hand, Vyj,4+1 # Vgnt1, hence (1.3), (ii) and (iii) imply
(1.5) P zg) > X(FIn+1) > e(n+1).
Inequalities (1.4) and (1.5) show that f +— x; is a uniform embedding. The proof
is complete. O

Call a space nowhere separable if it has no nonempty open separable subset.

Corollary 1.4. If X is nowhere separable completely metrizable metric space, then
it contains a uniform copy of (w¥,d).

Generalized Hurewicz’ theorem. We now draw the promised generalization of
Hurewicz’ theorem.

Theorem 1.5. Let X be a Cech-analytic space. Then one and only one of the
following holds.

(i) X is o-locally compact,

(ii) X has a closed subset homeomorphic to the set of irrationals.

Proof. A straightforward Baire category argument shows that w* is not o-locally
compact. Therefore if w* embeds into X as a closed subspace, then X is not
o-locally compact.

Now suppose that X is o-locally separable but not o-locally compact. It is easy
to show that X actually admits a o-discrete cover by closed separable subsets. One
of these sets, F', say, is not o-compact. Therefore Hurewicz theorem applies: F
contains a closed copy of w*. A fortiori X contains a closed copy of w®.
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Now suppose that X is not o-locally compact. Apply Theorem 1.3: X contains a
uniform copy of the complete space (w®,d). Since any complete subspace is closed,
we are done. (]

Hausdorff dimension. The combinatorial principle 1.2 was originally motivated
by the following (rather vague) question: Is there any reasonable way of extending
the notion of Hausdorff dimension to nonseparable metric spaces? The minimal
requirement for such an extension would be monotonicity. Thus the minimal Haus-
dorff dimension would be defined by

dimpy X = sup{dimp Y : Y C X is separable}.

We will prove that if a completely metrizable metric space X is nowhere separable,
then dimy X = co.

Let us now recall the notions of Hausdorff measure and dimension. Let H denote
the set of all functions & : [0, 00) — [0, c0) that are nondecreasing, right-continuous,
and satisfy h(r) = 0 iff » = 0. Elements of H are called Hausdorff functions. The
following is the common ordering of H:

Q.
—

g=<h = h(r)

= 0.
=0+ g(r)

Given s > 0, we shall write h < s to abbreviate that h < g5, where g¢(r) = r*.

Let (X, p) be a separable metric space. If 6 > 0, a cover A of a set F C X is
termed a J-cover if diam A < 6 for all A € A. Given g € H, the g-dimensional
Hausdorff measure, HI(E), of a set E in a space X is defined thus: For each § > 0
set

HI(E) = inf{z h(diam E,,) : {E,} is a countable é-cover of E}
new
and put HY(E) = sups~o H{(E). In the common case when g(r) = r* for some s > 0
we write H® for HY and call the measure s-dimensional. Hausdorff dimension of
X is defined by

dimy X =sup{s > 0: H*(X) = oo} = inf{s > 0: H*(X) = 0}.
General references: [11], [4].

Theorem 1.6. Let (X,p) be a Cech-analytic metric space. If X is not o-locally
separable, then for each Hausdorff function g there exists a compact set C' C X
such that H9(C) = oc.

In particular, there is a compact set C' C X such that dimy C' = oco.

Proof. Theorem 1.3 yields a subset Y C X that is uniformly equivalent to the Baire
space (w*,d). We may thus assume that X = w® and that p is uniformly equivalent
with d. Therefore there is a Hausdorff function h such that d(z,y) < h(p(z,y)) for
all z,y. Thus diamyg F < h(diam, E) for every E C w®. For each k € w put
rp = inf{r > 0 : h(r) > k%&} and find n(k) € w such that n(k) > 1/g(rg).
Consider the subspace of w*

C={few” :Vk f(k) <n(k)} = [ n(k).
kcw

It is a compact topological group. Let p be its Haar measure. Let E C C. Put r =
diam, E. Then diamg E < h(r) and therefore there is a (unique) k € w such that
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rp < rand diamg F = k%ﬂ It follows that there is a sequence (p(0),p(1),...,p(k))
such that x(i) = p(i) for each ¢ < k and x € E. Consequently

1 1 1 1
HE) S S0y m®  n ) S nh)

Now suppose that {E,} is a cover of C. Then

> g(diam, E) > > u(En) > p (Un En) > p(C) =1,

< g(ri) < g(r).

which is enough for H9(C) > 1. For the second assertion it is enough to pick any
g such that g > s for all s > 0. O

This theorem has a (little esoteric) partial converse. The family H of all Hausdorft
functions with the order < is a poset. Consider its usual completion H* and denote
its largest element by 1. We already described how (0,00) embeds into H: Each
s > 0 is identified with (the equivalence class of) the function g; € H given by
gs(r) = r®. We can extend this embedding by identifying co with the least upper
bound V(0,00). It is clear that oo = V(0,00) is much smaller than 1, there is a
huge gap between oo and 1.

Now suppose that X is a metrizable space and define

§(X)=A,V{geH:HIY,p) >0 for some separable Y C X},

where the outer meet is over all compatible metrics on X. Theorem 1.6 can be
rephrased as follows.

Corollary 1.7. Let X be a Cech-analytic metrizable space. If X is not o-locally
separable, then 6(X) = 1.

Here is the partial converse. For locally separable metrizable spaces all major
topological dimensions (small and large inductive dimensions and the covering one)
coincide. They are denoted dim X .

Theorem 1.8. If X is a locally separable metrizable space, then 6(X) = dim X.
In particular, §(X) < oo < 1.

Let us explain the statement in more detail: If dim X = n < oo, then §(X) = n,
i.e. the element of H* corresponding to the Hausdorff function r — r™. If dim X =
00, then §(X) = 0o = V(0, 00).

Proof. We shall make use of several classical topological theorems. By [1] every
locally separable metrizable space is a free sum of separable spaces, i.e. there is a
disjoint clopen cover X of X.

Suppose dim X > n € w. Then there is Y € X such that dimY = n. Let p be
any compatible metric on Y. By [8] H™(Y, p) > 0. It follows that 6(X) > 6(Y) > n.
Conclude that 6(X) > dim X.

Now suppose that dimX =n < co. Let g €e H, g = n. FixY € X. By a
slight improvement of [10] there is a compatible metric py on Y such that (Y, py)
can be, for any r > 0, covered by ﬁ many sets of diameters not exceeding r. A
routine argument shows that consequently H9(Y, py) < 1. Mutatis mutandis we
may actually assume HY(Y,py) = 0. Find such a metric for every Y € X and

using the fact that all Y are clopen set up a compatible metric p on X that extends
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simultaneously all py’s. Since any separable subset of X is covered by countably
many Y € &, it follows that

V{g e H: HI(Y,p) > 0 for some separable Y C X} < g

Therefore
0(X)<AN{geH:g>n}=n=dimX.

The proof for dim X = oo is similar. We only have to show that if X is separable and
g > s for all s > 0, then there is a compatible metric p on X such that H9(X) = 0.
Since every separable metric space embeds into [0, 1], we may assume X = [0, 1]*.
There is a sequence r,\,0 such that if 7,11 <7 < r,, then g(r) < r"*1. Define a
metric on [0, 1] by
p(x,y) = supry - |[z(n) — y(n)|.
ncw

It is clear that p is a compatible metric. We count the number N(r) of sets of
diameter at most r needed to cover [0, 1]“. Assume without loss of generality that
ro < 5. If 71 < v <1y, then obviously

- 1
(2 +1)=r" (n+1) ri+r)<r A~
Dl I 0

A routine argument shows that this is enough for H9([0,1]¥, p) < 1. Proceed as
above. O

2. THE ARROW

In this section we isolate the combinatorial core of Proposition 1.2 in a slightly
more general setting.

We use the following notation and terminology: k, A, i, v and 7 denote cardinals
(often, but not always, infinite). For a set A (A is usually a cardinal), A< =
Uneo A™ is assumed to be given a tree ordering by inclusion.

Aset T C A<¥ is a tree if ¢ C p € T implies ¢ € T. For a tree T C A<¥
and n € w, (T), =TNA" = {p € T : |p| = n denotes the n—th level of T" and
Tin={pe€T:|p| <n}. Theheight of T is denoted and defined by ht T' = min{n :
(T),, = 0}.

For p € T, we define succrp = {a € A: ¢"a € T} and dgp p = |[sucer p|. A tree
T is A-branching if each p € T such that |p| < ht T — 1 has at least A successors. T'
is a A-tree if it is a k-branching tree of height w.

Suppose that y : A<“ — pu is a coloring. A tree T C A<¥ is y-homogeneous (or
just homogeneous) if it has finitely many colors on each level, i.e. Vn |x"(T),| < w.

Similar license is used for other types of homogeneity: If g € w* and Vn |x"(T),| <
g(n), the tree T is termed (y, g)-homogeneous or just g-homogeneous; and if v is
a cardinal and Vn |x"(T),| < v, the tree T is termed (x, v)-homogeneous or just
v-homogeneous. Clearly a tree T is homogeneous iff there is g € w* such that T is
g-homogeneous.

Definition 2.1. If for each coloring x : k< — pu there exists a y-homogeneous
Mtree T C k<%, then we write

Ko (A)5Y.
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We also consider some variations that obtain by altering the notion of “homo-
geneous tree”. Given g € w*, if for each coloring x : k< — u there exists a
(x, g)-homogeneous A-tree T' C k<%, then we write

Ko (M),

Given a cardinal v, if for each coloring x : k<%

homogeneous M-tree T'C k<%, then we write

ke (A)5Y.

— u there exists a (x,v)-

If Kk~ (A)5¥ for each v < p, then we write

K~ ()\)Zl“:

It is clear that Proposition 1.2 can be rephrased as follows: wy ~ (w)5*¥. We
now prove a little stronger and more general statement. Here and later on,

C={gew”: lim g(n) =00AVn g(n) > 1}.

Theorem 2.2. If k is an infinite cardinal, then k ~ (w)  for all g € C.

Proof. Let n < k and x : kK< — u. The case k = w is easy, so assume that x is
uncountable. Let g € C.

If k is singular, then there is a regular cardinal A such that p < A < k. We may
thus suppose that x is regular.

Define a function G € w*** by (|| denotes the integer part of z)

2] ifi<n—1
(2.1) Glim) = | 9™ Iii<n=l,
0 ifi>n-—1,

We shall inductively construct, for each n € w, trees W,, and S,, and a function
Sp i m — [p]<* subject to the following conditions.

i) If G(0,n) > 0, then W, # 0 and Vp € W, dgy p = G(|p|,n),
ii) Sy, is k-branching of height n,
iii) W,, €S, N Wyiq,
iV) Sn+1 F’/l Q Sn,
(V) Sn g Sn+1,
(vi) Vi <n|s,(i)] < g(4),

(vii) Vp € Sn x(p) € sn([p])-

Put Wy = Sy = sp = 0. At stage n + 1 the construction of W, 11, S,41 and s,41
goes as follows. Suppose that W,, S, and s, are constructed. First recklessly
extend S, by letting

S ={pa:pe S, |pl=n—-1a<k}
For each p € S, we now define d(p) C  so that the following conditions are met:
(viii) p C g € W,, = d(p) 2 4(q),
(ix) [6(p)] < [IiZ), (1 + G(i,n)).
If |p| = n, let §(p) = {x(p)} and proceed by induction down to the root. Suppose

j = |p| < n and é(q) is already set up for each ¢ € U such that |q] > |p|. Since
i < K, there is a set Fj, € [u]<* such that the set

(2.2) Alp, Fp) ={q €U : gl =[pl + 1A d(q) = Fp}
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is of cardinality k. Put

(2.3) o(p) = F, U{d(p ) : a € sucew, p}-
Condition (viii) is obviously met. If (ix) is satisfied by all p~«, a € succyy, p, then
6(p)l < |Fpl +dgw, p [ 1+GGEn)<Q+dgw,p) [[ (1+G6n)
i=[p|+1 i=[p[+1
<@+G(pln) [T +aGn) =TT 0+G3n).
i=|p|+1 i=|p|

Since clearly |§(p)| =1 if |p| = n, we verified (ix).

When § is constructed, define s,41 by sp41[n = s, and s(n) = §(0).

The tree Sp41 is defined by: @ € S, 11 and when p € S,41 and 0 < |p| < n,
then the set of successors is A(p, F},). Definitions (1.1) and (1.2) yield W,, C S,41.
Thus W,y is easily constructed by adding new nodes to W,, within S,, 1 subject
to (i). Condition (vi) follows from (ix) and the definition of G:

501 ()| = 00)] < J[Ja+Gln) < [Jom)* ™ =g)==02" = g(n).
i=0 =0

All other conditions are easily verified. The induction step is complete.

Now define the tree T by T = J,, Wn. Define also s : w — [u]<“ by
5 = Upew Sn- Condition (i) ensures that T' is nonempty and Vp € T dgrp =
lim,, oo G(|p|,n) = co. Hence T is an w-tree. Condition (vii) ensures that Vp €
T x(p) € s(|p|), i.e. Vn X" (T)n C s(n). Therefore (vi) yields |x"(T)n| < g(n), as
required. O

3. GAME

Cichon’s diagram. Since several small cardinals will get into play soon, we now
recall the relevant material.

Denote by M, N, respectively, the ideals of meager and Lebesgue null subsets
of 2¢. The following are the usual cardinal invariants of N:

add(NV) = min{|A| : ACN AUA & N},

cov(N) = min{|A| : ACN AUA =2},

cof (M) = min{|A| : ACN A (VN € N)(3A € A)(N C A)},
non(AV) =min{|Y|: Y C2°AY ¢ N'}.

The cardinal invariants of M are defined likewise.

For f,g € w¥, the modulo finite order is defined by f <* g if f(n) < g(n) for all
but finitely many n € w. A set F' C w* is bounded if 3h € 2 Vf € F f <* h, and
F' is dominating if Vg € w* 3f € F g <* f. The associated cardinal invariants are
b, the minimal cardinality of an unbounded set, and 0, the minimal cardinality of
a dominating set.

We shall also make use of two Martin numbers, My_centered aNd My jinked. Let P
be a poset. A set A C Pis centered (linked, respectively) if for any p, q € A there is
r € A (r € P) such that » < p and r < ¢. A poset P is called o-centered or o-linked,
respectively, if there exists a cover {P; : i € w} of P such that each P; is centered
or linked.
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For a cardinal x, MA, contered(k) is the statement: For any o-centered poset
P and any family D of dense subsets of P, with |D| < k, there is a filter that
meets every member of D, and MA, _jinked (k) is defined likewise. The corresponding
Martin numbers are defined by

Ms_centered = min{"{ : MAa’—centered (H) faﬂs}v
My linked - min{ﬂ : MAa—linked (H) faﬂs}l'

The provable inequalities between these cardinals are summarized in the following
diagram?.

cov(N) ——= non(M) —— cof (M) — cof (N)

|
|

add(N) ——— add(M) —— cov(M) —— non(N)

My-linked —> Mo-centered

Six of these numbers will get into play, namely , b, cof (NV), My_centered, Mo-linked and

add(N).

In this section we provide a game-theoretic characterization of the arrow k ~~
(R)5.

Let k and p be cardinals. Let G C P(u)“. Consider the following two-player
game I'g: Player I plays first a coloring x : k< — u and Player II responds with
a G € G. Then Player I starts playing sets J,, € [£]<" one at a time and Player II
responds with ordinals a, ¢ Jp,:

I x| | o | |1 | |-l

IIH ‘Geg‘ ‘O&oéjo‘ ‘alé.]l‘...Hx(ao,al,...,an_l)GG(n)
Player II wins if x(ag,a1,...,an—1) € G(n) for each n € w, otherwise Player I
wins.

Theorem 3.1. Player I1 has a winning strategy in I'g if and only if
(3.1) Vx k<Y — p 3G € G Fn-tree T C k< Vn xX"(T)n C G(|p]).

Proof. Suppose that Player II has a winning strategy. Denote by 7 the fam-
ily of all runs of I'g that II plays according to her winning strategy. For f =
(Jo,ozo,Jl,al,Jg,ag,...> € 7 put f = (@, a1,09,...). The tree we look for is

={fln: f eT,necw} Indeed, as II wins each run in 7, x(f|n) € G(n) for
allfe’TandnEw. Hence x"(T ) C G(n). If p € T, then for any J € [k]< k
IT can play 8 ¢ J such that p~3 € T. Hence succr p is not contained in any set of

cardinality below &, i.e. dg; p = |sucer p| = k, which proves that T is a k-tree.

1By Bell’s theorem, My_contered 1S €qual to the pseudointersection number p.
2As usual, the arrows in the diagram point from the smaller to the larger cardinal.
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On the other hand, suppose (3.1) is satisfied. The winning strategy for Player
IT is to respond to x with G given by (3.1) and then choose «,, ¢ J, such that
(g, 01, ...y Qp_1,a,) € T, which is possible, since dg; (g, a1,...,0n-1) =K. O

The particular choice G = {{[0,g(n)] : n € w) : g € w*} gives a game theoretic
characterization of £ ~ (k)5“. The corresponding game I': Player I plays a coloring
X : <% — w and Player II responds with a g € w®”. Then Player I starts playing
sets J,, € [k]<" one at a time and Player II responds with ordinals o, ¢ Jp,:

Lx| [ B |

II

9] [aoddo] Jargn]...|
Player IT wins if x(ag, a1, ..., an—1) < g(n) for each n € w, otherwise Player I wins.

Note that if  is regular, the game simplifies even more: Player I plays a coloring
X : <% — w and Player II responds with a g € w®”. Then Player I starts playing
ordinals (3, < k and Player II responds with ordinals c,, > G,:

Ll x| |6 | B | ]
II‘ ‘g‘ ‘040>60‘ ‘041>51‘...H

X(a07a1a BERE) an—l) < g(TL)

X(Olo,Otl, e 70[77,71) < g(n)

<w
w -

Theorem 3.2. Player 11 has a winning strategy in I' if and only if k ~ (k)
The next lemma is the key to the main results of this section.

Lemma 3.3. Suppose that Vg € u* 3G € G Vn g(n) € G(n). If |G| < cf &, then
Player 11 has a winning strategy for I'g.

Proof. 1t is easy to check that the game I'g is closed. By the Gale-Steward theorem
it is therefore determined. Suppose that II does not have a winning strategy. Then
I has a winning strategy. Thus there is x : k<% — u such that for each G € G I has
a winning strategy 7¢ for the rest of the game that began with x and G. Construct
a sequence

Ao = U{TG(@) :Geg}

ag & Ao

A = U{Tg(Tg(@)7a0) :G e g}

aq ¢ Ay

Ay = U{Tg(Tg(@),ao,Tg(Tg(V)),ozo),oq) :G e g}
(€3] ¢ Ay

Each A,, is a union of |G| many sets from [£]<* and thus does not cover x. Therefore
it is possible to choose a;, ¢ A,,. For each € w put f(n) = x(ag, @1,...,an_1). By
assumption, there is G € G such that f(n) € G(n) for all n € w. Let I play his
winning strategy for G and II the ordinals «,,. Then obviously II follows the rules
and x(ag,a1,...,a,—1) € G(n), so II wins, a contradiction. O

We now derive three theorems that say that if x is sufficiently large, then it
satisfies £ ~ (k)S“ or even more. The following lemma lets us consider situations

with an uncountable number of colors.
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Lemma 3.4. If K ~ (k)5¥ and cf k > wy, then k ~ (K)5Y.

Proof. Tt is easy to verify that there exists a family H C [w,]* of cardinality w,, that
is cofinal in [w,]¥. Let G be the family of all H—valued constant sequences. Then
obviously |G| = w, < cf k. For each f € w? there is H € H such that f"w C H.
Therefore both conditions of Lemma 3.3 are met and we can infer from Theorem 3.1
that k ~ (k)5“,. Combine with x ~ (k)5* to conclude that s ~ (k)5%. O

Wn,W"

Theorem 3.5. If cfk >0, then k ~ (k)S¥.

w1
Proof. According to Lemma 3.4 we only have to prove k ~ (k)S“. Let {go : a <
0} C w* be a dominating family. Define G, : n+— [0,gn(n)] and set G = {G, : a <
0}. Apply the lemma once more and use condition (3.1). O

This theorem is, in a sense, sharp: By the next proposition that follows at once
from Corollary 5.6(ii), infra 9 ~~ (9)5% fails.

Proposition 3.6. If cf k = cf 0, then k 4 (k)S¥. In particular, 0 > (0)5%.

We now show that strengthening the condition cf x > 0 in Theorem 3.5 a bit
yields more.

Theorem 3.7. If cf k > cof(N), then Vg € C k ~ (k)5¥

w1,9°

Proof. Let g € C. Recall that a mapping S : w — [w]|<¥ is called a g-slalom if
Vn € w |S(n)| < g(n). By T. Bartoszytiski’s results [2] (or see [3, 2.3.9]), cof (NV) is
the size of the minimal family S of g-slaloms such that Vf € w* 35 € S Vn f(n) €
S(n). Hence Lemma 3.3 and (3.1) yield & ~ (k)5%. To get & ~ (k)5 argue the
same way as in the proof of 3.5. O

Theorem 3.8. If cf k > ¢, then the following are equivalent.
(i) pv <cfr,

(i) &~ (r)5%,

(iii) K~ (k)

<w
Myl
(iv) cf(k) ~ (cﬂﬁfg.

We shall need two lemmas.

Lemma 3.9. If k ~ (k)5%, then cf k ~ (cf k)5%. The analogous statement holds

v v
for ks~ (k) 5«

Proof. Let (k, : a<cf k) be a sequence of regular cardinals converging to . For 5 <
klet B =min{a: B < K} and for p = (BB ...0n) € K<Y let p = (Bof1 - .. Bn)-
Let x : cfk<* — pu be a coloring. Define x¥ : k<“ — u by x(p) = x(p). By
assumption there is a k-tree T C k<% such that dg,(p) = & for each p € T and
|X""(T)n] < v for all n € w. The tree we are looking foris {p:p € T} Ccf k<. O

Lemma 3.10. If &~ (A\)5% and A ~ (1), then ks~ (7)52.

Proof. Let x : k<% — p*. Define f : k<% — pu as follows. Let n € w and
p = {a1ag...a,) € k<. Let i,j € w be the unique numbers satisfying 2°(2j +
1) = n. Set £(p) = x({a1az...a;))(j). Since k ~ (A);%, there is a A-tree T C
k<% such that |["T|] < ¢. Let p = (vjas...q;) € T and j € w. There are
Q1,05 Qoi(2j41) < K such that (ajaz ... agi2j41)) € T, hence

X<0110[2 N Oél>(]) = §<Cl1042 . O[21(2j+1)> S fI/T.
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Therefore x(p) € (§"T)“. Since p was arbitrary, it follows that T C (£"T)v.
Since T is a A-tree and [(€"T)“| < ¢ = ¢, we can apply A ~ (7)5% to x|T and
K~ (1)58 follows. O

Proof of Theorem 8.8. (1)=-(iii): For each g € pu* let g: n+— {g(n)}, put G = {g:
g € p~}. Apply Lemma 3.3 and (3.1). (iii)=-(ii) is trivial. (ii)=(iv) follows at once
from cf & > ¢ and Lemma 3.9. (iv)=-(i): By the assumption cf(x) ~ (¢*)5%¢. By
Theorem 2.2 ¢ ~» (w)¥. Apply Lemma 3.10 to conclude that cf k ~ (w)5¥. The
latter arrow can hold only if cf k > u®. O

Proposition 3.11. (i) ¢ 4 (2)55.
(ii) There is a coloring X : ¢ — w such that any well-pruned (x,1)-homogeneous
tree T C ¢<% consists of a single branch.

Proof. (i) For p € ¢<¥ define x(p) = p(0)(|p|). Suppose T' C ¢<* is a 1-homogeneous
tree such that |(T)1] > 2 and let p # ¢ € (T');. Let f and g be infinite branches
passing through p and ¢, respectively. For each n, x(f[n) = p(n) and likewise
x(gIn) = g(n). Since T is 1-homogeneous, it follows that p(n) = g(n) for all n,
i.e. p = q, a contradiction.

(ii) For p € ¢<¥ define x(p) = (p(@)Il|p| : ¢ < |p|). Suppose there is a 1-
homogeneous tree T C ¢<¢ that has at least two branches f,g € ¢“. Then there
isp e T and x # y € ¢ such that p™x C f and p~y C g. Let n € w be such that
x(n) # y(n). Consider s = f[(n+1) and t = g[(n+1). Then x(s)(|p|]) = z[(n+1)
and x(£)([p]) = yl(n+1) and since z(n) # y(n), x(s) () # x(£)([pl) and a fortiors
X(s) # x(t). Thus [x"(T)a| = 2. O
Corollary 3.12. The following are equivalent.

(i) cfk >,

(i) o (R4,

(iii) K ~ (/@')f,‘f
Proof. By the above Proposition 3.11(i), if cf & < ¢, then cf & 4+ (cf 5)54 and thus
by Lemma 3.9 k » (k)5%. On the other hand, if cf x > ¢, then by Theorem 3.8

w,l*
Ko~ ()Y O

Theorem 3.8 yields one more interesting fact.

Corollary 3.13. For each cardinal A there is a regular cardinal Kk > X such that
KA ()25

Proof. Let u > A+c be a cardinal of countable cofinality and x = u™. Then xk < p¥
and therefore by Theorem 3.8 (iv) & > (¢F)5¢. O

4. MARTIN AXIOM

In the previous section we established the arrows r ~ (k)5“, k& ~ (K)S%

K o~ (n)j“l’ for sufficiently big cardinals k. In this section we prove that if, on
the other hand,  is small enough, then x ~ (k)5“ or even xk ~ (x)5%. Note
that according to Corollary 3.12, there is no corresponding result for x ~~ (n)j‘j
The proofs are based on the two versions of Martin axiom behind the numbers

Mo-centered and Mo-linked -

and

Theorem 4.1. If K < My_centered 8 regular uncountable, then k ~ (K)S“.
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Proof. Fix a coloring x : k<% — w. Define a poset as follows: (W, s) € P if

(i) W C k<¥ is a finite tree,

(i) s € w<¥, |s| = ht W,

(iii) there is a k-branching tree S O W of height |s| such that Vp € S x(p) < s(|p|).
A tree S of (iii) is said to control (W, s). For a finite tree W C w<% define

(4.1) r(W) = min{maxsuccyy p:p € WA |p|+1 <ht W}
and order P by: (W,s) < (W', s) it W D W' r(W) > r(W') and s D s'.
Claim. P is a nonempty o-centered poset.

Proof. P is a nonempty because it contains ((), ). To prove that it is o-centered,
we show that for each t € w<* the family {(W,s) € P : s = ¢} is centered. Let
(Wo,t), (Wi,t) € P. Let Sy and Sy control, respectively, (Wy,t) and (Wi,t). The
tree S = Sy U Sy obviously controls any (W,t) € P such that W C S. Hence
it is enough to find a finite tree W C S such that W 2 Wy U Wy and r(W) >
max(r(Wp), r(W7)), what can be easily achieved by adding finitely many branches
to the tree Wy U Wy within S. O

Claim. For each o < k and n € w, the following set is dense:
Hopn={W,s) eP: bt W =|s| ZnAr(W) > a}

Proof. Fix n and «. Let (W,s) € P and let S control (W,s). If we succeed to
extend s by one level, then we can extend it by induction to level n and adding
finitely many branches to the tree W within the new controlling tree we can easily
achieve that the new tree W' satisfies r(WW') > «. Thus it is enough to find s’ D s
such that |s|’ = |s| + 1 and S’ that controls (W, s"). This is done much like in the
proof of Proposition 1.2.

Put m = |s| =htS. Let S = SU{p a: a < kAp € (8)m_1}. Define inductively
h:S — w as follows: Ifp ¢S, set hip) = x(p). If p € (S);, j < m, choose
§(p) € w so that [{a € succgp : h(p~a) < 6(p)}| = k. Such a choice is possible
since cf k > w. Set h(p) = §(p) + maxh”"(W);41.

Extend s by letting s'|m = s and s’(m) = h(D). The new controlling tree is
defined recursively by ) € S” and succs p = {a € succg p : h(p~a) < h(p)}.

Since succs: p 2 {a € succgp : h(p~a) < 6(p)}, the tree S’ is by the choice of 0
a k-tree. In order to prove that S’ controls (W, s’) it is enough to observe that (a)
W C 5" and (b) that if p € ', then x(p) < s'(|p|). To prove (a) we have to verify
that p € W and « € sucew p, then h(p~a) < h(p), which obviously follows from
h(p) = max h"(W)pj41. (b) holds, by the induction hypothesis, for [p| < m, and if
|p| = m then clearly x(p) = h(p) < h(0). O

Since K < Mgy_centered, there is a filter G C P that intersects all H, ,,. Put
T = J{W:(W,s)eG},
g= U{s : (W, s) € G}.

It is clear that T is a nonempty tree. We show that it is a x-tree. Suppose p € T
Then p € W for some (W,s) € G. Let a < £ be arbitrary and let n = |p| + 1.
There is (W', s") € GN Hy,n. Let (W”,s") € G be the common continuation of
(W, s) and (W', s’). Then obviously p € W and since r(W") = r(W') > «, there
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is B > «a such that p73 € W C T. Hence succr p is cofinal in k. Since & is regular,
dgr p = k. Conclude that T is a x-tree.
It remains to show that T is homogeneous. Let p € W, (W,s) € G. Then

x(p) < s(lpl) = f(Ipl). Thus [x"(T)n| < f(n). u
The following theorem obtains by merging the ideas of theorems 4.1 and 2.2.

Theorem 4.2. If Kk < My.jinked 98 reqular uncountable, then Kk ~- (m)j‘; for all
gecC.
Proof. Fix a coloring x : k<% — w. Define a poset P as follows: (W,s) € P if

(i) W C k<“ is a finite tree,

(i) s € ([w]=*)=, Vi <|s| [s(i)| < g(d),

(iii) there is a k-branching tree S DO W of height |s| such that ¥p € S x(p) € s(|p|).
A tree S of (iii) is said to control (W, s). For a finite tree W C w<* define r(W) by
r(W) = min{maxsuccy p: p € W A succw p # 0}

and order P by: (W,s) < (W', &) it W D W' r(W) 2 r(W’) and s D ¢'.
Fix g € C and define a function F' € w*“*“ by (|| denotes the integer part of z)
—i1 o
Fli.n) = L3g(n)* " = 1)] ifi<n -1,
0 ifi>n-—1,
and define
Qi ={(W,s) e P:Vpe W dgy p = F(lpl,[s])},
Qo ={(W,s) eP:Vp e W dgy p < 2F(|pl,[s])}-
Claim 1. For each (W,s) € Qg there exists s’ 2 s such that |s|’ = |s| + 1 and
(W,s") e P.

Proof. Notice that the function F satisfies 2F < G, where G is the function defined
by (2.1). Thus (i) is proved exactly the same way as the induction step in the proof
of Theorem 2.2. O

Claim 2. For each (W, s) € Qq, everyn € w and every « < « there is (W', s') € Q,
such that (W', s") < (W, s), r(W') > a and ht W’ > n.

Proof. First choose m € w such that

(4.2) Vi <|s|—1 2F(i,|s|) < F(i,m),

(4.3) F(n,m) > 0.

Then use repeatedly Claim 1 to extend s to level m, i.e. to find s’ D s such that
|s|" =n and (W, s") € P. Since (4.2) yields dgy p < F(|p|,|s'|) for all p € W, there
is enough room to extend W within the tree S that controls (W, s’) to get W/ 2O W
such that first, r(W’) > max(r(W), ) and second, Vp € W’ dgy» p = F(|pl, |s']).
Since W' is constructed within S, we get (W’,s’) € Q;. Moreover (4.3) ensures
that dgy,» p > 0 whenever p € (W'),,, and in particular ht W’ > n. ]

Since clearly Q; C Qg, Claim 2 yields:

Claim 3. For each a < Kk and n € w, the following set is dense in Qq:

Hom={(W,s) € Qu : 1t W >nAr(W) > a}



WEAK PARTITION PROPERTIES ON TREES 15

Claim 4. Q is o-linked.

Proof. We show that for each s satisfying (iii) the family {(W,t) € Qq : t = s} is
linked. Let (Wy,s), (Wh,s) € Q1. Let Sy and Sy control, respectively, (Wy, s) and
(Wi,s). Put W = Wy UW; and S = Sy U Sy. Clearly S controls (W, s). Thus
(W, s) € P. Since dgy p < dgy, p + dgw, p = 2F(|pl, |s|) for all p € W, we have
(W, s) € Qa. Let a = max(r(Wy), r(W7)). Use Claim 1 to find (W’,s’) € Q; such
that (W', s") < (W, s) and r(W’) < . The latter ensures that (W', s") < (Wy,s)
and (W', s") < (W, s), as required. O

The rest of the proof is very much like that of Theorem 4.1. Since £k < My_jinked,
there is a filter G C Q; that intersects all H, ,. Put

T =J{w: (W.s) €G},
f=J{s: (W) G}

The tree T' is a k-tree. This is proved the same way as the corresponding statement
in the proof of Theorem 4.1. It remains to show that T is g-homogeneous. Let
p €W, (W,s) € G. Then x(p) € s(|p|) = f(|p). Condition (ii) yields |f(n)| < g(n)
for all n. Thus |x"(T).| < g(n). The proof is complete. O

We do not know if My centered ~ (Mo_centered) 5 18 consistent, but we do know
from Corollary 5.6(ii) infra that b~ (b)5% is not:

Proposition 4.3. If cfk = b, then k 4 (k)5¥. In particular, b 4 (b)S“.

5. THE BOUNDEDNESS PROPERTY

The arrow k ~» (A)SY, roughly speaking, requires an existence of a large tree
that is homogeneous. The arrows & ~ (A\)5¢ and & ~ (A)5% are modifications
of this arrow obtained by altering the notion of “homogeneous”. Here we discuss
two other variations of the arrow k ~ (A\)S“ that obtain from a weakening of the
notion of “large tree”.

Call a tree L C k<% a Laver A-tree if there is s € k<“ (called the stem of L) and

a A-tree T C k<% such that L = {s™t :t € T'}.

Definition 5.1. (i) Write & ~, (A\)S“ to abbreviate: For every coloring k<% —
w there is a y-homogeneous well-pruned tree of cardinality A. This arrow will
be called the weak arrow.

(ii) Write k ~»L (A)S¥ to abbreviate: For every coloring < — w there is a
x-homogeneous Laver A-tree. This arrow will be called the Laver arrow.

Obviously
ko (A5 = kL (A58 = 6w (N5
It turns out that the weak arrow is related to the following combinatorial prop-
erty of a cardinal. We shall need to distinguish between two orders on w“: The
pointwise order < defined by f < g iff Vn € w f(n) < g(n), and the modulo finite

order <* defined above.
Definition 5.2. Let x < ¢ be a cardinal. Say that x has the boundedness property
if
VF € [w*]® IF' € [F]" Jgew’ Vf e F' f <y,
i.e. if every set F' C w® of size k has a pointwise bounded subset of size .
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Lemma 5.3. (i) If k < ¢ has the boundedness property, then so does cf k.

(ii) If cf k = w, then K does not have the boundedness property.

(iii) The cardinals b, ? and cf 0 do not have the boundedness property.

(iv) Every cardinal k < b of uncountable cofinality has the boundedness property.
(v) Every regular cardinal k € (0, <] has the boundedness property.

Proof. (i) Write A = cf k. We may suppose A < k. Let F = {g, : @ < A} € [w¥]*.
Let (ko : @ < A) be an increasing sequence of regular cardinals converging to .
For each o < A choose a set G, € [w*]" bounded pointwise from below by g, in
such a way that the sets F,, are disjoint. Consider the set G = |J,., Ga € [w*]".
By the boundedness property of x there is a bounded set G’ € [G]*. Let F' = {g, :
Go NG # 0}, Clearly |F'| = k and since G’ is bounded, so is F".

(ii) In view of (i) it is enough to show that w does not have the boundedness
property. For n € w let g, € w* be the constant function attaining at each point
value n. It is clear that every bounded subset of {g,, : n € w} is finite.

(iii) Consider first the case K = b. Let {f, : @ < b} be a <*-unbounded sequence
arranged so that o < 8 = f, <* fg. Suppose for the contradiction that there are
g € w* and I € [b]® such that {f, : @ € I} is <-bounded by g. There is o < b such
that f, £* g, and since [ is cofinal in b, there is 8 € I, 8 > «. Thus fg >* fo £* g.
It follows that fz(n) > g(n) for infinitely many n, which contradicts fg < g.

Now consider the case k = cfd. Let {f, : @ < b} be a <*-dominating sequence
arranged so that a < 8 = fo 2% fs. Let a5 /" K be a cofinal sequence of order
type k. Suppose for the contradiction that there are g € w* and I € [k]*® such
that {fa, : 0 € I} is <-bounded by g. There is & < 9 such that g <* f,. Since
{as : 6 € I'} is cofinal in 0, there is § € I such that o < ag. Thus g <* fo, Z2* fas-
It follows that g(n) < fa,(n) for infinitely many n, which contradicts f,; < g.

The case k = 0 follows at once from the above and (i).

(iv) Any set of cardinality x < b is <*-bounded and therefore is a countable
union of <-bounded sets. Since cf Kk > w, one of these sets must be of cardinality
K.

(v) By Theorem 3.5, k ~ (k)5“ and a fortiori k ~»y (k)S“. The rest follows

w

from the following Theorem 5.4(i). O

Theorem 5.4. Let k be an uncountable cardinal.
(i) If k < ¢, then k ~y (K)SY if and only if k has the boundedness property.

w

(ii) If k 2 0, then Kk ~ (k)S¥ if and only if either cfk > ¢ or cf Kk < ¢ has the

boundedness property.

Proof. (i)=: Let x : K — w be a coloring. For each s € k<% choose a cofinal
branch § D s and g5 € w* such that gs(n) > x(5[n) for all n € w in such a
way that s # s’ = g5 # gs. Consider the set F = {gs : s € k<“}. Obviously
|F| = k, therefore, by the boundedness property, there is S € [£<¥]* such that
F' = {gs : s € S} is bounded, i.e. there is g € w* such that g, < g for all
s€S. Let T ={sln:se€SAn € w} Thetree T is obviously well-pruned and
IT| = k. If p=35n €T, then x(p) = x(sIn) < gs(n) < g(n) = g(|p[). Thus T"is
g-homogeneous.

(i)<: Suppose that x does not have the boundedness property and let F' € [w*]"
witness that. Define a coloring x : <% — w by

xX()=> > s@)).

i<|s| 5<]s|
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Suppose that T C F<% is a well-pruned y-homogeneous tree. We shall show that
|T| < k. Let g € w* be such that T is (x, g)-homogeneous. Let

F={feF:3seT Ji<|s|s(i)=f}={s(i):se€T Ni<]|s|}.

Let f = s(i) € F' and n € w. Since T is well-pruned, there is ¢ O s such that
|t| = n. Hence f(n) = s(i)(n) = t(i)(n) < x(t) < g([t]) = g(n). It follows that F’ is
bounded (by g) and thus |F’| < k. Since clearly T'C F'<%, we also have |T| < &,
as required.

(ii)=: Suppose K ~y (k)S¥. Then also cf k ~, (cfk)S¥. This is proved the
same way as Lemma 3.9. So if cfx < ¢, then by (i) cf x has the boundedness
property.

(il)«<=: If cf k = ¢, then, by Theorem 3.5, k ~ (k)S“ and a fortiori K~y (K)S“.
The case k = 0 is covered by Lemma 5.3, so suppose that £ > 0 and that cfx < ¢
has the boundedness property. Denote A = cf k. Let (ko : @ < A) be an increasing
sequence of regular cardinals converging to x. We may suppose kg > 0. Let
X : K — w be a coloring. Theorem 3.5 yields for each a < A a sequence g, € w*
and a (X, go )-homogeneous rq-tree T,, C £<“. Consider the set F' = {g, : @ < A}.
Since A has the boundedness property, there is g € w* and a set I € [A\]* such that
{9a : @ € I} is bounded by g. Consider the tree T' = |J,; To. It is obviously
well-pruned and |T'| > sup,c;|Ta| = &. If p € T, then there is o € I such that
p € Ty, hence x(p) < ga(|p|) < g(|p|). Thus T is g-homogeneous and K ~+y, (k)S¥
follows. O

Corollary 5.5. (i) If k < b, then k ~ (kK)SY if and only if cf Kk > w.
(i) If cf k>0, then k ~y (K)SY.

(i) If cfk =w orcfk =b orcfk =cfo, then k You (K)S¥.

w
The latter is particularly simple when & is assumed regular:

<w
w M

Corollary 5.6. (i) If k ¢ [b,0] is reqular uncountable, then k ~+ (k)
(i) b oAw (0)57, 0 Aw (0)5%.

The boundedness property and the weak arrow yield the following equivalence
of the basic arrow k ~ (k)5* and the Laver arrow.

<w
w -

Proposition 5.7. Let k < ¢. Then k ~ (k)S¥ if and only if k ~ (k)

Proof. First of all note that since k ~ (k)5%, then £ > w and we also have
K~y (K)SY. Thus k has by Theorem 5.4(i) the boundedness property.
Let x : k< — w be a coloring. Define a rank function rk : k<% — On as follows:

e rk(s) = 0 if there is a x-homogeneous Laver s-tree with stem s,

o rk(s) < aif {8 < k:rk(s™8) < a}| =&,

e rk(s) = oo otherwise.

We first show that rk(s) < oo for all s € k<“. Suppose the contrary. Then one
recursively constructs a Laver k-tree T with stem ¢ such that rk(p) = oo for every
p € T with p D s. Since k ~ (k)5“, there is a Laver s-tree L C T which is
homogeneous. Thus rk(s) = 0, where s is the stem of S: a contradiction.

To finish the proof, it suffices to observe that rk(@) = 0. In fact, rk(¢) = 0 for
all t € k<%. Indeed, if not, then there is t € k< such that rk(t) = 1, i.e. there is
Y € [k]" such that for every 8 € Y there is gg € w® and a Laver s-tree T with stem
sg = t7 which is gg-homogeneous. Since x has the boundedness property, there
is g € w¥ and Y’ € [Y]" such that gg < g for every § € Y’. This, however, means
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that the tree T' = UBEY’ Tp is a Laver x-tree with stem ¢ which is g-homogeneous,
i.e. rk(t) = 0: a contradiction. O

Corollary 5.8. Let x be reqular. Then k ~1 (k)S¥ if and only if k ~ (K)SY.

6. REMARKS AND QUESTIONS
Consistency results.

Theorem 6.1. Fach of the following is relatively consistent with ¢ being arbitrarily
large:

(i) w1 (W1)SY AVE > w1 k~ (K)SY,

(i) ¢ (6)5% AVE # ¢ 5~ (K)52,
(i) Ve < ¢ k% (K)SY.

Proof. (i) holds, by Theorem 3.5, in any model of 0 = wy.

(ii) holds, by Theorems 3.5 and 4.1, in any model of Martin’s Axiom.

(iii) Let A be a regular cardinal. Let G be Fn(\)-generic over a model of CH.
Then G naturally codes a A-sized set F' of functions from w*, such that V[G] F
“Ygew |[{feF:f<g} <w. Of course A = ¢ in V[G]. It follows that every
k < ¢ fails to have the boundedness property. Thus & v, (k)5 by Theorem 5.4
and a fortior: k ¥ (k)5S¥ for all kK < ¢ in the model. O

We also know that consistently there is £ € (b,?) such that x ~ (k)5“ and that,
also consistently, there is k € (My_contered, b) such that k ~ (k)S¥:

Theorem 6.2. Fach of the following is relatively consistent:

(i) b=w1, 0 = w3 and ws ~ (w2)5¥,

(11) Mg-_centered — W1, b= w3 and wWg ~ (w2)<w

Sw.
Proof. (i) Let V be a model of m,_centerea = ¢ = ws. Note that by Theorem 4.1 and
Lemma 3.4 wy ~ (w2)5* holds in V. Let G be Fn(wy, 2)-generic over V (i.e. add
w1 many Cohen reals over V). It is standard that b = w; and ? = w3 in V[G], so
the only thing we need to check is wy ~ (w2)S¥.

Fix a Fn(wi,2)-name x for a coloring of finite wo-sequences. As Fn(wq,2) is cec,
there is, for every s € wy“, an o, € wy such that a maximal antichain in Fn(as, 2)
decides x(s). Define £(s) = . By the wy ~ (w2)5* arrow which holds in V, there
is a £&-homogeneous wo-tree. In particular, there is an ws-tree in V and o < wy
such that x|7T is in V[G,]. However, V[G,] is a model of My centered = w3 by a
theorem of J. Roitman [12] (or see [3, Theorem 3.3.8] and hence (in V[G,]) there
is a xy-homogeneous ws-subtree of T

(ii) Start with a model V' of m,_centered = ws in which there is well-pruned Suslin
tree T on w (see [3]). Force with T with reverse order. Then, in VT, b = ws,
My centered = w1 (see [5]). All we need to show is that wy ~ (w9)S¥ in VT. As
V E Mo_centered > wa, V F wy ~ (w2)5¢ by the above lemma. Let x be a T-name
such that 1 IF “x : ws* — w”. For each s € ws* there is as < wy and fs : Ty, — w
such that for every t € T, _, tIF “x(s) = fs(t)”. Note that this is also true for any
o> .

Consider X : ws“ — wy defined by xo(s) = as. Since My_centered > w2, USing
Lemma 3.4, V F wy ~ (w2)5Y, so there is a wyp-tree T' that is xo-homogeneous.
Let a < wy be such that a > a; for all s € T. Then for every s € ws® there is a
function g5 : T, — w so that ¢ IF “x(s) = gs(t)” for every ¢t € T,. Now, for t € T,
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let x¢ : T — w be defined by x:(s) = gs(t). For every ¢t € T, there is an wa-tree
Ty C T that is x;-homogeneous. Then t IF “T; is xy-homogeneous” and since T, is
a maximal antichain in T, 1 I-“There is a x-homogeneous wy-tree”. O

Questions 6.3. (i) Is b = min{x regular : k % (k)S¥}?
(ii) Is it consistent that My centered ~ (Mo-centered )™ ?

Questions 6.4. (i) Does cof N 4 (cof N)5% for some (every) g € C?
(ii) Does add V4 (add N)5% for some (every) g € C?
(iii) Is it consistent that M, centered ~ (mg_cemered)jf; for some (every) g € C?

Real-valued measurable cardinal. Recall that a cardinal & is real-valued mea-
surable if there is a k-additive probability measure m on  such that m({a}) =0
for all @ < k and every subset of k is m-measurable. A real-valued measurable
cardinal, if it exists, may be smaller than c¢. Reference: [6].

Theorem 6.5. If k is real-valued measurable, then r ~~ (K)S%.

Proof. Let m be a k-additive probability measure m over x. For a tree T C k<%
put

m(T) = inf 3 .

m(T) ;Iele(succT(p))

Obviously, if m(T') > 0, then T is a k-tree. Though m is far from being a measure, it
satisfies the following subadditive property that can be verified by straightforward
computation. For each countable family {7}, : n € w} of trees,

(6.1) 1=a( 1) <3 (- (m).

w

Let p < k and let x : k< — p be a coloring.

Claim. For eachn € w, € > 0 there is a tree T, , C k<% such that T/T\L(Tg’n) >1—¢
and X" (Tc.nIn) is finite.

Proof. Induction on n: Put T, o = x<“. Assume that for n € w the tree T, is
constructed. Consider the tree

T={per~“:|p|<nApn—-1€T.,}
and for p € T define inductively h(p) € [u]<* as follows: h(p) = {x(p)} ifp € (T)n,
and if j < n and h[(T);41 is constructed, for p € (T');, F' € [u]< set
(6.2) Ap,F)={a<k:paeT Nh(p a)C F}.

Since |[p]<“| = 1 < k and m is k-additive, according to the induction hypothesis
there is F, € [u]<“ such that m(A(p, F},)) > 1 —e. Put h(p) = F,.
When h is constructed, define a tree S by (S)o = {0} and for j <n

(6.3) (8)j+1={p"a:p e (5); Na € Alp,h(p))}.

To see that xS is finite note that (6.2) and (6.3) imply that if p,q € S and p C ¢,
then h(p) 2 h(q), whence x”(S), C h(0) € [x]<“, and that S|n C T,, .. Eventually
set Tt nt1 = {p € k=¥ : p[n € S} and note that MT. 41 > 1 —¢. O

Now use the claim construct, for each n € w, the tree Th-n-2,, and set T' =
Nyew To-n-2 . Then (6.1) ensures that m(7T) > 1—2-272 > 0, hence T is a -tree,
and |x"TIn| < |X"Tea-n »In| < w, as required. O
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Combining this theorem with Propositions 3.6 and 4.3 yields the following facts
known also to D. H. Fremlin [6].

Corollary 6.6 ([6]). b and cfd are not real-valued measurable.

Weaker arrows. Besides the weak arrow r ~, (A)5¢

(M)« that were introduced in Definition 5.1 we also consider the Miller arrow
# ~»m (M) that obtains by defining a tree to be large if it is a Miller tree. Call
a nonempty tree T C k<% a Miller A-tree if Vs € T 3t D s dgpt = X\. Write
K ~>m (A)S¥ to abbreviate: For every coloring £<“ — w there is a y-homogeneous
Miller A-tree.

Miller arrow is justified by the following: It is enough for a uniform embedding
of A¥ into a sufficiently ample completely metrizable space. This follows by analysis
of the proof of Theorem 1.3. Let d denote the usual least distance metric on \“.

and Laver arrow s ~|

Proposition 6.7. Let (X,p) be a completely metrizable metric space such that
each nonempty open subset of X has weight at least k. If k ~>m (A)SY, then (X, p)
contains a closed uniform copy of the space (A\*,d).

As to the weak arrow, we know from Corollary 5.6 that if k ¢ [b,0] is regular
uncountable, then k ~, (k)5“ and that b », (b)5* and ? /%, (9)5¥. The

following is a consequence of the proof of Theorem 6.1(iii).

Proposition 6.8. [t is relatively consistent with ¢ being arbitrarily large that Kk ¥~
(K)S¥ for each uncountable k < c.

Question 6.9. It is clear that
ks (NSY = kot NSY = kem NSY = 5w (A5
Which of these implications are reversible (or consistently not reversible)?

A partial answer is given in Proposition 5.7 and Corollary 5.8: If k < c or if & is
regular, then £ ~ (k)S¥ < Kk~ (K)S¥.
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