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ABSTRACT. We introduce some guessing principles sufficient for the ex-
istence of non-special coherent Aronszajn trees and show how they relate
to some of the standard principles in Set Theory (like M A, and ).

A variant of a question of I. Juhasz asks whether the principle & implies
the existence of a non-special Aronszajn tree. Motivated by this question, we
investigate when a coherent Aronszajn tree associated with the p; function
of Todorcevié (see [5]) is not special. To do this, we define principles % and
%1, and their corresponding weak versions wyg and wy 1. The principles
% and ¥ are strong enough to construct non-special coherent Aronszajn
trees. All these principles are weak in the sense that are all consistent with
M A, _centered and some of them are strong in the sense that they do not
follow from <.

Our notation is mostly standard (see Kunen[4] and Jech[2] ). We will use
A to denote the collection of all countable limit ordinals. A T B will be
used to denote that A is an initial segment of B, whenever A, B are subsets
of wi. If A is a subset of wy, we will use ot(A) to denote the order-type of
A. The symbol —~ denotes concatenation.

By a C-sequence (see [5]) we mean a sequence (Cy : o € wy) with the
following properties: Co11 = {a}, C4 is a cofinal subset of « of order-type
w, whenever « is a countable limit ordinal > 0.

Definition 1. The principles %1, w1, %o, w¥ko are defined as follows:

%o There is a C-sequence (Sy : o € wy) such that for every ¢ : A — w
there are o, f € A such that p(a) = p(B3), SgNa T S, and a € Sp.
wyog There is a C-sequence (Sy : o € wy) such that for every ¢ : A — w
there are o, f € A such that ¢(a) = ¢(B) and o € Sg.
1 There is a C-sequence (S, : a € wy) such that for every stationary
set S there are a, 3 € S such that SgNa T S, and a € Sg.
wye1 There is a C-sequence (Sy : a € wy) such that for every stationary
set S there are a, 3 € S such that o € Sg.
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Following [5], to every C-sequence (Cy, : o < wy) we associate two func-
tions pg, p1. The function pg = po(Cp: o < wy) : [w1]? — w<¥ is defined
recursively as follows

polc, B) = (ICsna)]) ~ po(e, min(Cp \ o)) if e < 3
’ ] ifa=p

Even though, pg is an important function on its own, we use it only as an
auxiliar tool in some proofs of the theorems in this article.

The function p; = p1(Cy : @ < w1) : [w1]? — w is defined recursively by

(0, B) = {maxﬂcﬁ Nal, p1(a,min(Cs \ )} if o < 3

0 ifa=p8

Thus, p1(a,3) is simply the maximal integer appearing in the sequence
po(a, ). We will focus on the function p;. Basic properties of the p; function
are mentioned in the next lemma.

Lemma 2 (Todorcevié [5]). For alla < f <w; and n < w,

(a) {€ < a:pi(§ a) <n}is finite,
(b) {& < a:pi(§;a) # pu(§, B)} is finite.

Let p1a : @ — w be defined by p14(§) = p1(&, ) for every £ < a. Then it
follows from the previous lemma that the sequence

Plo:a—w (a<wp)

of finite-to-one functions is coherent in the sense that p1o =" p1g | @ when-
ever « < (3. (Here =" means the fact that the functions agree on all but
finitely many arguments). The corresponding tree

T(p) = {ps [ < B <wr}

is a coherent Aronszajn tree.
The following two theorems show the relevance of the guessing principles

%o and 1.
Theorem 3. Y implies that there is a non special coherent Aronszajn tree.

Proof. Let T' = T(p1) be the coherent Aronszajn tree constructed from a
*o-sequence (S, :a < wi) ie. p; = p1(Sy : @ <wip). To prove the theorem
it is enough to check that A = {p1, : @ € A} C T is not a countable union
of antichains. Given any partion ¢ : A — w of A, we define a new function
¢ : A — wby ¢(a) = ¢(p1a) for every a € A. It follows, using %o, that
there are o, 3 € A such that ¢(a) = ¢(5), SgNa T S, and o € Sg. Then
let us check that pi1o C p15. Let {&k : k < n} be the increasing enumeration
of Sg N a. The proof proceeds by cases:

Case 1. If £ € [0,&] then po(&, B) = (0) —~ po(&,&o). Since SgNa T Sy
the same holds for pp(&,a). Then by the definition of p; we have that

p1(§,a) = p1(§, B).
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Case 2. If £ € (&, &k+1] then po(€, B) = (|95 N EJ) —~ po(§, min (5 \ €)).
However, SgNa T S, implies that {41 = min (Sg \ §) = min (S, \ §) and
|S[3 mé’ = |Soé m&’ S0 Pl(&ﬁ) = p1(§7a)‘

Case 3.

If¢e (§N7Q) then Po(f,ﬁ) = <n> — p0(£7Q)7 and po(f,a) = <|SOé m€|> —
po(&, min (S, \ £)). However, since SgNa T So, n < |Sq NE| so we have
that pl(gaa) = pl(fvﬂ)

Then V¢ < a (p1a(&) = p15(£)). So we are done. O

Theorem 4. % implies that there is a coherent Aronszajn tree T which
does not have stationary antichains.

Proof. Let T = T(p1) be the coherent Aronszajn tree constructed from a
*1-sequence (S, : @ < wi) ie. p1 = p1(Sa : @ < wi). The result follows
using the same argument as in the previous theorem and the following claim.

Claim. T has a stationary antichain if and only if {p14 : @ € w1} has one.

Let us prove the claim. Let A = {t, : @ € S} be a stationary antichain
of T, we may assume that |T, N A| = 1 and hi(t,) = « for every a € S.
Note that S is a stationary set. For each t, € A there is an F,, € [a]<“ such
that to(§) = p1a(§) for every € € (a\ F,). By the pressing down lemma, we
can find a stationary set S’ C S such that F, = F for every a € S’. Using
again the pressing down lemma we can find a stationary set S C S’ such that
to | F=tg| Fforeverya < e S. Then Vo < B € S thereisa ¢ € (a\ F)
such that t,(§) # t3(&£). This implies that ¢4 (&) = p1a(§) # p18(§) = t5(§).
So {pia:a € 5’} is a stationary antichain in {p14 : @ < wi}, and this finishes
the proof. O

As we have seen, the principles % and ¥ are guessing principles which
imply the existence of non-special Aronszajn trees. In order to have a bet-
ter understanding of these principles we will compare them with some well
known principles in set theory, summed up in the following diagram.

<>+
]
*1 — wky &
! !
%0 — wko — ~MA,,
! i
There is a NSAT &

Here NST A is an abbreviation for non-special Aronszajn tree. As the fol-
lowing theorem shows all the principles are relatively consistent with ZFC,
even with M A,_ contered-

Theorem 5. If V[G] is the generic extension obtained by adding a single
Cohen real then V[G] = %1.
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Proof. From now on assume that ¢ : w — [w]<“ is a Cohen-generic real and
eq @ — w (a < wp) is a coherent sequence of finite-to-one functions. Let
(Cq : a« < wq) be an arbitrary C-sequence. We change this C-sequence to a
C-sequence (S, : @ < wy) in the following way:

Sa={<a:Cyn) <E<Cun+1), en(§) € c(n)},

where C,(0) = 0 and C,(n) is the nth element of C,, for 0 < n < w. Note
that since e/ s are finite-to-one 0t(S,) = w. Let us check that (S, : a < wy)
is a ¥i-sequence. Assume that A is a stationary subset of w;. Note that
if A is stationary in V[G], then there is a stationary set Ag € V' such that
Ay C A. So without loss of generality we may assume that A is in the
ground model. Fix p € Fn(w, [w]|<*) with dom(p) € w, use the pressing
down lemma to find a stationary set S C A such that S, agree with Sg in
all the places decided by p for every a, 3 € S. Pick an accumulation point
B of S, now choose an « € S in such a way that Cg(ng) < a < Cg(ng + 1)
where dom(p) < ng. Let ¢ be defined by

p(n) if n e dom(p)
qn) =@ if dom(p) <n <ng

{ep(a)} if n=no
then ¢ - “SgNa C S, & o € S5”. 0

Corollary 6. %1 (and hence also %o, w¥ko and w¥k1) are relatively con-
sistent with M Ay _centered-

Proof. Let V be a model of M A and P a forcing which adds a single Cohen
real. By the previous theorem if G is a P-generic filter then M[G] = % and
by the theorem of Roitman (see [1]) the extension M[G] E M Ay —_centered-

O

The fact that after adding a single Cohen real there is a coherent Aron-
szajn tree without stationary antichains was first observed by B. Koénig in
[3]. The following propositions give us some relationship beetwen < and ™
with our guessing principles.

Proposition 7.  implies wykyg.

Proof. Let (pq @ o € wy) be a {$-sequence which guesses elements of w{
(i.e. po € w*). Define X, = {n : ¢ '(n) is cofinal in a} for every limit
a. For every a € A choose S, C a of order type w such that S, N ;' (n)
is a cofinal in « for every n € X,. This is very easy to do. Let us check
that the C-sequence (S, : a < wip) has the required properties. Now, let
¢ : A — w be given. Set X = {n € w : ¢ (n) is cofinal in w;} and
C ={a:Yn € X (¢~1(n) is cofinal in a)}. It is easy to see that C is a club
in wy. Let be § = max{p '(n) :n ¢ X}+1and S ={a:p, = | a}.
Pick any 8 € C NS N[, wi) then (B) = ng € Xg. It follows from the
properties of S that there is an o € Sg such that p(a) = ng. O
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Proposition 8. {1 implies wk .

Proof. Let (A, : a € wy) be a $T-sequence. For each «, let S, C a be
a sequence of order-type w such that S, N A # & for every A € A, (this
can be done by an easy induction). Let us verify that (S, : a € wy) is
a wyki-sequence. Given a stationary set S, there is a club C' such that
VaeC (SNaeA,). Pick any 5 € (CNS) then SgN (SN SG) # @, now
choose o € S3N (SN B). Then a, 5 € S and a € Sg. So we are done. O

We do not know if in the previous propositions we can replace the weak
versions for the stronger ones. However, we have some limitations as the
following theorem shows.

Theorem 9. < does not implies wk1.
To prove the theorem we need the following lemmas.

Lemma 10. For every C-sequence (S, : o € wy) there is an « such that for
every B> a, {y:(Sy\ o) NG =a} is stationary.

Proof. Suppose that this is not the case. Then for every « there is a f(«)
and a club C, such that (S, \ @) N f(e) # @, whenever v € C,. Pick
ay € wy and define a1 = B(an). Let § € (), Ca, be greater than
a = sup{a, : n € w} . Since S¢ intersects each interval [ay,, any1), @ is an
accumulation point of Sg, so the order-type of S¢ is greater than w, which
is a contradiction. O

The following lemma is a well known fact.

Lemma 11. (1) Countable support iteration of o-closed forcings is o-
closed,
(2) Every o-closed forcing preserves {).

Proof of theorem 9. For every C-sequence C = (Cy, : o € wy), define the
notion of forcing P¢ where

Pe={pe2 :Vacp(l), Conpt(1)=2 and p | ac =0}
Here a¢ is the « in the previous lemma which correspond to the C-sequence
C, and the order is by extension.

Claim 1. P¢ is a o-closed forcing.

Let py, be a decreasing sequence of conditions in P¢ and set p,, = (U, ., Pn-
Obviously, p,, € 2<“! and p,, | a¢ = 0. Suppose that there are «, 3 € p,*(1)
such that o € Cg i.e. CgNpgt(l) # @, then there are n,m € w such that
a € dom(p,) and B € dom(py,) but this implies that o, € p;ﬁrn(l) and
CsNpylin(1) # @ which is a contradiction.

Claim 2. P¢ forces that C is not a wyri-sequence.

Let fg be the Pe-generic function and S = f&l(l). To see that C is
not a witness for w¥; in M[G] it suffices to prove that S is stationary
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in M[G]. Let C be a name for a club and p € P¢ a condition such that
pl- “C'is a club”. By Lemma 10, we can find a sequence My C My C ... C
M,, C ... of countable elementary submodels of H(0) for € large enough, such
that p, (Cy : o € w1), C € My and moreover, (Cs, \ ac)Ndom(p) = &, where
6, = M,, Nw; and we may assume that &, € My,41. Set M, = U, e, Mn
and § = M, Nwi. We will construct a sequence p,, of conditions such that
Prsl < Py Pu IF “0p € C7, pY(1) N C5s = @ and p,, € M,, by recursion as
follows:

Let § = max(Cs N dp), and extend p to a condition ¢ = p U {(a,0) : v €
[dom(p),&o]}. Note that ¢ € My. Since Mp[G| = “C is a club” there is an
Mo € w1 N My and a pg € Pe N My, po < ¢ such that pg IF “ng € C.m.

For the inductive step assume that we have constructed pi for £k < n
with the required properties. Pick &,41 < 0,41 such that &,11 > max(Cs N
dn+1)-Then ¢ = p, U{(a,0) : @ € [dom(pr),&nt1] € Mypy1 is a condition. As
g IF “C is a club” there is a Mnt1 < O0nt1 and a condition g > pp1 € My
such that pn41 IF “mpy1 € c.

Finally, let

Pw = U Pn U {(5> 1)}
ncw
Note that p,, is a condition as p;1(1) N Cs = @. As p, < p, for all n € w,
po lF “Ann i n € w} C C”. As é = SUPpewn and since C is a name for a
club p,, IF “6 € SN C. So S is stationary and Claim 2 holds.

Let V' = L and construct a countable support iteration P = (P, Qa a<
wo) so that IFp, “Qq = P; for some C —sequence C”. By a standard book-
keeping argument one can make sure that all C-sequences in the intermediate
models are listed. Let G be a P-generic. Since every C-sequence C in M[G]
has a P,-name for some o < woy, and at some stage 0 < wg we have that
Qs = P then C is not a wyi-sequence. So M[G] = —w¥ and by the
Lemma 11. M[G] = $.

Finally we show that none of the principles is consistent with Martin’s
Axiom.

Theorem 12. M A(w;) implies ~w¥k.

Proof. Let (Cy, : @ < wy) be a C-sequence. Define
P={p:A—w:A€[A]™, (Va<pB)(p(e)=p(B) — a¢Cs)}

ordered by inverse inclusion. It is easy to see that, if fg is the generic
function, then fg is defined on A and forces that (C, : a < wy) is not a
wykp-sequence, to assure both we need to meet only w; many dense sets. To
finish the proof it suffices to check that:

Claim P is a c.c.c. forcing.

Suppose that {p, : @ € w1} is an antichain. By a standard A-system type
argument, we can assume that their domains form a A-system with root r,
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such that there is a N € w with |dom(p,)| = N for each o € w; and all the
functions agree on r. Moreover, we can assume that dom(py) Ndom(py) = @
for every «, 8 € w1, and max(dom(p,)) < min(dom(pg)) if a < B. Now, set
dom(pw.n+1) = {&1, .-, En}- Since py,.n+1 is incompatible with p, for every
a<w-N+1, (UZJ\L1 C¢,)Ndom(pa) # @ for every a < w-N +1. Then by the
pigeon hole principle there is a ¢ such that ot(C¢,) > w + 1. However, this
contradicts the fact that (Cy : @ < wy) is a C-sequence, so we are done. [J

We conclude with some open problems.

Questions 13. (1) Does w1 imply %17
(2) Does w¥o imply %o ?
(3) Does & imply %o ?

An early version of this paper contained also the following questions: (4)
Does $T imply %17 and (5) Does <> imply % 7.

These questions were answered by Paul Larson. we present the proof with
his kind permission.

Theorem 14 (Larson). (i) & implies .
(i) O implies ¥ 1.

Proof. Fix for every limit ordinal @ < wj a strictly increasing sequence
{an : n € w} such that suppe,a, = « and let 6 be a sufficiently large
regular cardinal.

To prove (i) let {(pq : @ < w1} be a {-sequence which guesses elements
of w*t (i.e. @, € w®). Construct recursively a C-sequence (S, : a € A)
and a sequence (e : « € A,n € w) of finite subsets of a with the following
properties:

(1) SOé = UnEw 6%7
(i) e Eenyq, max(en, ) > an,
(iii) e, = en U{{}, where
& =min{n : n > max(e; U{an}) Aep T Sy Apa(§) =n} if such £ exists,
otherwise ¢ = ay, where N = min{k : ag, > (€& U {an})}.

Now let us check that (S, : @ € A) is a Ykg-sequence. It follows from
(74) that S, is cofinal in « with order type w. Let ¢ : wi — w be given.
Set S ={a < A:ps =9 | a}, since (pq : @ < wi) is a {H-sequence S
is a stationary set. Since C' = {w1 N M : M < H(#) such that ¢, (S, :
a < A),{(pa : @ < wi1) € M} is a club there is an M € C such that
MNw =6 € S. Suppose that ¢(§) = n and let €5, = S5 [ n— 1 (here
¢’ | = @) then for every a € M

H(6) £ 38 > a(p(B) =n A € C S5

So, there is an a € §,a > (e U {a,}) such that n = ¢(a) = ps(a) and
e)_1 C S,. It follows for the construction of €’ that €5, = e} U {¢} for

some £ with the same properties of & Then we have that p(§) = ¢(4),£ € Ss
and S; N = €S _; C S.
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To prove (ii) let (A : @ < w1} be a $T-sequence. Enumerate A, as
{A% : n € w}. Construct recursively a C-sequence (S, : o € A) and
a sequence (e : a € A,n € w) of finite subsets of a with the following
properties:

(i) So = Upe, €n
(i) e C ey, max(en ;) > an,
(iii) en,, = en U{{}, where
& = min{n : n > max(e;, U{an}) Aey T Sy A(§) € Ap 1} if such £ exists,
otherwise £ = ay, where N = min{k : o > (e U {a,})}.

Now let us check that (S, : @ € A) is a ¥ i-sequence. It follows from (i7)
that S, is cofinal in « with order type w. Let S a stationary. Set D = {a <
A:SNae Ay}, since (Aq @ a < wy) is a $T-sequence D is a club. Since
C={wiNM:M < H(f) such thatS, (Sy : @ < A),(An : @ < wy) € M}
is a club there is an M € C such that M Nw; = § € SN D. Suppose that
SN =A% andlet €5, = S5 [ n— 1 then for every a € M

HO)=38>a(BeS A e CSs

So, there is an a € §,a > (e} U {a,}) such that a € A, | and €5 C S,.
It follows for the construction of e ; that e}, = € U {¢} for some &
with the same properties of . Then we have that £ € S,& € S5 and
SsNé=ed ;| C S O
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