
CFT EXERCISES

1. Solve the one-dimensional Ising model and show that there is no phase
transition.

2. Let Xµ(σ, τ) denote the string coordinate. It describes the map from the
string world sheet, with coordinates (σ, τ), to spacetime, with coordinates Xµ.
Derive the Nambu-Goto action

SNG = −T (world sheet area) = −T

∫
dτdσ

√
−(∂τX)2(∂σX)2 + (∂τX · ∂σX)2 .

Here T is the string tension.

3. Verify that the infinitesimal conformal transformations of Rd generate the
Lie algebra so(1, d + 1).

4. Integrate the infinitesimal special conformal transformation

δxµ = bµx2 − 2xµb · x

to the finite transformation

xµ → x′µ =
xµ + bµx2

1 + 2b · x + b2x2
.

5. Show that the decompositions

T (z) =
∑

n∈Z
z−2−nLn , φ(z) =

∑

n∈Z
z−h−nφn ;

in the operator product expansion

T (z)φ(z) ∼ h

(z − w)2
φ(w) +

1
z − w

∂φ(w)

yield the commutation relations

[Lm, φn] = (m(h− 1)− n) φm+n .

6. Show that the Hermiticity of T (z) implies that its “modes” obey
(
Ln

)† = L−n .

What is the corresponding relation for a Hermitian primary field?

7. Currents and affine Kac-Moody algebras
Demonstrate that the commutation relations

[Ja
m, Jb

n] =
∑

c

ifab
c Jc

m+n + k m δab δm+n,0
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result from the following operator product of currents:

Ja(z)Jb(w) ∼ k δab

(z − w)2
+

∑
c

ifab
c

Jc(w)
z − w

.

Here, putting m = n = 0 in the first equation yields the horizontal subalgebra,
isomorphic to a complex, simple Lie algebra (denote it by g) with structure
constants fab

c. The commutation relations for all m,n realize an affine Kac-
Moody algebra at fixed level k (denote it by gk).

8. Sugawara construction
Why is Exercise 7 relevant to CFT? Show that

T (z) =
1

k + h∨
∑

a

(
Ja Ja

)
(z) ,

obeys the Virasoro operator product with a central charge

c = c(gk) =
k dim(g)
k + h∨

.

The brackets of (JaJa) denote normal-ordering, and we use a basis for g in
which the Killing form is orthonormal. h∨ indicates the dual Coxeter number
of g, appearing in ∑

b,c

fabc fdbc = 2h∨ δad .
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