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@ s*-model on a lattice
© Spatial fluctuation variables

© Averaging out high frequency fluctuations
@ Separating high and low frequencies
@ Perturbative analysis & diagrams
@ Recovering the original Hamiltonian

@ Calculation of critical exponent v
@ Fixed points and critical points
@ Linearized recursion relations
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e K. Wilson and J. Kogut: The renormalization group and the € expansion
(follow sections 4 and 3 of this main reference closely,
also all figures are picked out therefrom)

o G. Parisi: Statistical field theory

o L. Kadanoff: Statistical physics - statics, dynamics and renormalization
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@ consider cubic lattice of spatial dimension d and lattice constant a,
site on lattice denoted by n ¢ 74,
thus dimensionless: [n] = 1 and [a] =length

o lattice site n located in space at position z,, = an, thus [z] = length®
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@ consider cubic lattice of spatial dimension d and lattice constant a,
site on lattice denoted by n ¢ 74,
thus dimensionless: [n] = 1 and [a] =length
o lattice site n located in space at position z,, = an, thus [z] = length®
o general definition of partition function depending on temperature T'
and coupling constants g:

Z(T,g) = i e—H[state,i]/(ka)

states
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@ Hamiltonian of Gaussian model in configuration space:

d
B
Heauss[s. B = —J D D snsnte, + o hIEA
i=1 n

n

o Ising model: dimensionless spins s live on discrete lattice and takes discrete values s, = +1

o Gaussian model: s on discrete lattice, but continuous s, € R
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Hamiltonian of Gaussian model in configuration space:

d
B
Heauss[s. B = —J D D snsnte, + o hIEA
i=1 n

n

Ising model: dimensionless spins s live on discrete lattice and takes discrete values s, = *£1

Gaussian model: s on discrete lattice, but continuous s, € R

o redefine constants in order to save writing lots of (kgT)'s: j = J/(kgT) and b= B/(kpT)

d
~ HGauss[s] . b
Heausss.4,8] : kau;S = —J E E Sn Snte; T 5 E Si
B i=1 n

n
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-4 + -4 +{
(a) (b) (c)

Fig. 3.1. The transition from the Ising to the Gaussian model.
The Ising model (a) has spin up or spin down at each lattice site.
Model (b) has spin variables which peak about the Ising values.
The Gaussian model (c) has spin variables at each site,
with smooth Gaussian distributions about zero
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o Hamiltonian of s*-model in configuration space:

d
Hgals,J,B,L] = —JZZsﬂsﬂJrgi + E Zsi—l—LZsz
n i=1 2 n n
N——
HGauss[s] Hint[s]
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o Hamiltonian of s*-model in configuration space:

Hgals,J,B,L] = _JZZSnSnJre + —Zs +LZS

n =1

W
HGauss[5] Hint [s]

o definel = L/(kgT)

n i=1

ﬁs4[s,j,b,l] = 7: 7]Zan Snte, %ZsiJrlZsz
n n

o s*-model approaches Ising model for | — oo and b — —oo

with fixed b/l = —4 if the lattice spins s are properly rescaled
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@ partition function becomes

d
b
Z(T,J,B,L) = Z(j,bl) = /ds exp E (E JSn Snte; — 552_154@)
=1

n

“+oo
/ds ::l_I/dsﬂ
ﬂ—00
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© Spatial fluctuation variables
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@ introduce dimensionless spatial spin fluctuations oJq,s]
with fluctuation frequency (wave vector) ¢
as discrete Fourier transform of lattice spins s:

olg,s] = E e % g,
n

frequency has continuous values in first Brillouin zone: g € [—, +m?,

and ¢/ denotes the 5™ component of ¢

“+7m

| %
21

T

[é =TI

Jj=1
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@ introduce dimensionless spatial spin fluctuations oJq,s]
with fluctuation frequency (wave vector) ¢
as discrete Fourier transform of lattice spins s:

olg,s] = E e ' Sn.
n

@ can write Hamiltonian in terms of spin fluctuations with 7 := b — 2dj:

d
~ 1 [ 4 - . ik 2
Hgals,75.1] =§/dq olg,s] 0[—g,s] (r +Jk§:1‘eq -1 )

d d d d
+l/dfh /dQ2 /dQB /dfM olg,,5] Olay,s] Ola,,s] Ol 8]

(2m) 6 (4, +a,+a,+a,)

05.06.2009
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@ now three changes will be applied in order to simplify our calculations
o first: replace 3 | exp(igF) — 1|2 = 2(1—cos¢®) by its form for small g, i.e.: by ¢2,
= 4 4

no essential change of model, because our interest lies in long wavelengths behavior
which comes from small fluctuation frequencies

QG Seminar 05.06.2009
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now three changes will be applied in order to simplify our calculations
first: replace 3 | exp(igF) — 1|2 = 2(1—cos¢¥) by its form for small g, i.e.: by ¢2,
= 4 4

no essential change of model, because our interest lies in long wavelengths behavior
which comes from small fluctuation frequencies

second: rescale the spins such that j = 1, i.e.: s — sp/VJ
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o third: limit range of integration from [—, +x]? to |q| € [0,1],
which for the same reason is no essential change in the model and from now on

o f 1%

lgj<1 k=1
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o third: limit range of integration from [—, +x]? to |q| € [0,1],
which for the same reason is no essential change in the model and from now on

o f 1%

lgj<1 k=1

however conceptually there is a difficulty:

with the new restricted range we can no longer relate the functional variable o/g,s]

to the ordinary variables s,

therefore consider the spin fluctuations as variables o (q) in their own right

and change the definition of the partition function from ordinary integrals over the s,
to functional integrals over o(q)
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o with r := 7/j = % —2d and u := 1/ after these three changes we get

ﬁGauss [o,r]

~ 1 d
Hoaloru] = 3 /d q (gQ + 7") o(q) 0(—q)

d " d " d " d d s@
+u [dg1 [dg2 [dgs [dqs o(g))0(a,) 0(ay) 0(a,) (27)* 6 (a, +a,+a,+4,)

ﬁlnt [o,u]

Z(ru) = / Do e_ﬁS‘L[U’T’u]
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© Averaging out high frequency fluctuations
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© Averaging out high frequency fluctuations
@ Separating high and low frequencies
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@ now attempt to define new physical system (denoted by a prime),
in which high frequency modes of present system are integrated out,
i.e., statistically averaged out
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@ now attempt to define new physical system (denoted by a prime),
in which high frequency modes of present system are integrated out,
i.e., statistically averaged out

o effective Hamiltonian of new system will be designed as similar as possible to 7:254 loyr,ul,
this will involve considerable simplifications/approximations

17 / 54
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@ now attempt to define new physical system (denoted by a prime),
in which high frequency modes of present system are integrated out,
i.e., statistically averaged out
o effective Hamiltonian of new system will be designed as similar as possible to 7:254 loyr,ul,
this will involve considerable simplifications/approximations
@ in place of couplings 7, u we will find new couplings r’(r,u) and v/ (r,u),
one of our aims is to find these recursion relations
relating the new with the original couplings

17
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@ construction works as follows:

e integrals of spin fluctuations in original system are over frequencies |q| € [0, 1],
new "primed” system obtained by averaging about high frequency modes |q| € [%, 1]
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@ write function o(q) as sum over partition of unity p:

o(q) = 0<(q9) +0>(q)

p<(9) €[0,1]

’s@ = rsl@o@ p<(9)+p>(29) =1 Vg
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@ write function o(q) as sum over partition of unity p:

o(q) = 0<(q9) +0>(q)

p<(9) €[0,1]

’s@ = rsl@o@ p<(9)+p>(29) =1 Vg

@ Wilson chooses discontinuous partition of unity:
Heaviside step functions p<(q) = 0(F(lgl — 1)), thus

o@) gl <L

o<(e) == p<(@o@ = 0(% —1gl) o0 = {0 al> z
0 lgl < %

= =0 _1 = = 2

o>(a) = p>@ale) = 0(lqdl—3) oa {a@ d > 1
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@ in Gaussian Hamiltonian the high and low frequency modes decouple,
there is NO interaction between fluctuations of high and low frequency:

~ 1 [,a
HGausslo,r] = E/dq (g2+7’) 0(q) 0(—a)

lg|<1 0

=3 / + / dg (g +T) 0<(a)0<(—a) + 0<(9)0>(—a)

1 1
lal<z lgI>5

+ 0>(9) 0<(=9) +0>(q) U>(—g)]

N———
0
lgl<1
1 ] 1 ]
=5 [ di(F4r)ocwocca+ 5 [ da (@+r)owosca
lal<% la|>L
,f:‘Gauss [o<,r] ,F‘Gauss[o'> )]
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o however in o*-interaction no decoupling occurs,
there IS an interaction between fluctuations of high and low frequencies:
the Hamiltonian
~ _ d d d d d 5@
Hintlow] = w [dq1 [dg2 [dgs [dgao(a)) o(a,) o(ay) o(a,) (27) (a,+2,+a5+g,)
(in addition to the decoupling parts) also contains high-low frequency interactions like
lg, <1 lg,I<1

d d d d d @
u [dgi [dg2 [dgs dgs 0<(a,)0<(a,) 0> (a,) 0>(a,) (2m)" 69 (q, +a,+a,+4,)

1 1 1 1
lg,1<5 149,1<5 lagl>5  1941>5

and therefore we have ﬁmt[cr,u] # 7-l|nt[o<,u] + 7‘~{|nt[a>,u]
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@ partition function can now be written as

Z(ru) = /DU e—'?:ts4[o','r,u]

= /DO’< /DO’> efﬂs4[a<+o>,r,u]
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@ partition function can now be written as

Z(ru) = /DU e—'?:ts4[o','r,u]

= /DO’< /DO’> efﬁs4[a<+o>,r,u]

@ integrating out high frequency modes o~ shall give us

Z(ru) = Z(r'w') = /Do—’ e—H;4 lo/,r"u']

with new effective couplings r’,u’ and rescaled fluctuations o,
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@ partition function can now be written as

Z(ru) = /DU e—'?:ts4[o','r,u]

= /DO’< /DO’> efﬁs4[a<+o>,r,u]

@ integrating out high frequency modes o~ shall give us

Z(ru) = Z(r'w') = /Do—’ e—H;4 lo/,r"u']

with new effective couplings r’,u’ and rescaled fluctuations o,
however at moment new primed Hamiltonian only expressed in terms of original couplings:

ef'??{;4[a'n‘,u] = /DO'> e~ Hoaloctos,ru]
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@ partition function can now be written as

Z(ru) = /DU e—'?:ts4[o','r,u]

= /Do’< /D0.> 677'754 l[c<+o>,mu]

@ integrating out high frequency modes o~ shall give us

Z(ru) = Z(r' ') = /DJ/ e~ Hialo! ' ']

with new effective couplings r’,u’ and rescaled fluctuations o,
however at moment new primed Hamiltonian only expressed in terms of original couplings:

ef'??{;4[a'n‘,u] = /DO'> e~ Hoaloctos,ru]

and primed fluctuation modes are related to original long wavelength modes
by scaling relations

o'(¢' =29) = (o< (a) Vgl € [0, 3]
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o because of Hgausslowr] = HGausslo<,r] + HGausslo>,r], we can write

e—?—(;4[0,r,u] _ /DU> e—?'N(S4[G,r,u] _ /D0'> e*ﬁGauss[f’»T]*ﬁlnt[Uv“]

— e_HNGauss[‘7<77‘] /’Da—> e_ﬁGauss[‘7>ar]_H~lnt[‘71“]
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o because of Hgausslowr] = HGausslo<,r] + HGausslo>,r], we can write

e—ﬁ;4[0,r,u] _ /DU> e—?'N(S4[G,T‘,u] _ /D0'> e*ﬁGauss[f’»T]*ﬁlnt[Uvu]

— e_HNGauss[‘7<77‘] /’Da—> e_ﬁGauss[‘7>ar]_H~lnt[‘71“]

e factor exp 77"‘2Gau55[0<,7‘] easily expressed in primed spin fluctuations:

1

~ d
HGauss[‘7<a""] = 3 /dq (g2+7’) 0<(q)0<(—a)

1
lal<3

3 (¢221+?) / 4’ (a2 +4r) o' W) o' (-a)
lgl’<1
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© Averaging out high frequency fluctuations

@ Perturbative analysis & diagrams
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o now perturbative part: assuming coupling u := L/(52kgT) to be small: v < 1,
we can work out a precise relation between original and primed Hamiltonian

() X

(B) exp—Himlowl = 1= Higloal + 3 Hiylow] — ..
1
==X+ 3 (X X)-.

Fig. 4.1. (a) Graphical representation of ¥7].
(b) Graphs for exp {—JC |}.
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o now perturbative part: assuming coupling u := L/(52kgT) to be small: v < 1,
we can work out a precise relation between original and primed Hamiltonian

() X

(B) exp—Himlowl = 1= Higloal + 3 Hiylow] — ..
1
==X+ 3 (X X)-.

Fig. 4.1. (a) Graphical representation of ¥7].
(b) Graphs for exp {—JC |}.

@ using this expansion we can now attack the functional integral

/'DU> e~ Hoauss[o> 7] =Hinelou] _ /’Do> e—Hoauss[o> 7] (1 — Hintloyu] + %ﬁ?nt[mu] — )

Max Dohse (IMUNAM Morelia) QG Seminar 05.06.2009
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@ in order to evaluate this integral, we need to calculate Gaussian integrals of the type

— —H ,
I(r,gml,...,gmk) = /DO’> e Gauss[0> 7] O’>(gm1)mo'>(gmk)

wherein the indices m1, ..., my, are (not necessarily different) natural numbers
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@ in order to evaluate this integral, we need to calculate Gaussian integrals of the type

— —H ,
I(r,gml,...,gmlc) = /DO’> e Gauss[0> 7] O’>(gm1)mo'>(gmk)

wherein the indices m1, ..., my, are (not necessarily different) natural numbers

@ define functional integral

ZGauss(T) = /D0'> e*ﬁGauss[U»r]

Z, r) contributes only a o’/ (¢’)-independent constant factor to ex —H' o'’
Gauss y q p p 4

05.06.2009 26 / 54
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@ in order to evaluate this integral, we need to calculate Gaussian integrals of the type

m

I(r,gml,...,g k) = /Do’> e_HGa”55[0>’T] O’>(gm1)mo'>(gmk)

wherein the indices m1, ..., my, are (not necessarily different) natural numbers

@ define functional integral

ZGauss(T) = /D0'> e*ﬁGauss[U»r]

Z, r) contributes only a o’/ (¢’)-independent constant factor to ex —H' o'’
Gauss (T) y q p p 4

o define (lousily IATEXed) contraction 6= 6= of high frequency fluctuations as

8D +q )

“maq  Tmy

_—_, 1) (g
0>(a,, V0>, ) (|gma\ 5) (27) e tr

my,

Max Dohse (IMUNAM Morelia) QG Seminar 05.06.2009
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o evaluating Gaussian integrals I(r, gml,...,gmk) one finds result given by Zguss(r) times

sum of all possible ways of contracting the o (gml) .. O> (gmk) in pairs
such that all of them are contained in some contraction:
- . f 1. . \
I(ra,, oty ) = Zeauss() D (05 (ap, )05 @pg ) o 05, 0> (ap, )
P(my,...,myg)
wherein the sum runs over all permutations P of the indices m1, ..., mg
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o evaluating Gaussian integrals I(r, gml,...,gmk) one finds result given by Zguss(r) times

sum of all possible ways of contracting the o (gml) .. O> (gmk) in pairs
such that all of them are contained in some contraction:
— X f 1. . 1
I(ra,, oty ) = Zeauss() D (05 (ap, )05 @pg ) o 05, 0> (ap, )
P(my,...,myg)
wherein the sum runs over all permutations P of the indices m1, ..., mg

@ in order to translate this result into diagrams, we remember o(q) = 0<(q9) +0>(q)
and therefore have to consider two cases for each endpoint:
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o evaluating Gaussian integrals I(r, [,

k) one finds result given by Zguss(r) times

sum of all possible ways of contracting the o (gml) .. O> (gmk) in pairs
such that all of them are contained in some contraction:
. - . f 1. . i
I(ra,, oty ) = Zeauss() D (05 (ap, )05 @pg ) o 05, 0> (ap, )
P(my,...,myg)
wherein the sum runs over all permutations P of the indices m1, ..., mg

@ in order to translate this result into diagrams, we remember o(q) = 0<(q9) +0>(q)
and therefore have to consider two cases for each endpoint:

if spin fluctuation frequency g associated to endpoint has length |q| < %
i.e.: 0(q) = 0<(q), then it is within the long wavelength regime,
which we don't integrate out, thus it's NOT contracted, just left uncontracted
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o evaluating Gaussian integrals I(r, [T k) one finds result given by Zguss(r) times

I,

sum of all possible ways of contracting the o (gml) .. O> (gmk) in pairs
such that all of them are contained in some contraction:
. - . f 1. . i
I(ra,, oty ) = Zeauss() D (05 (ap, )05 @pg ) o 05, 0> (ap, )
P(my,...,myg)
wherein the sum runs over all permutations P of the indices m1, ..., mg

in order to translate this result into diagrams, we remember o(q) = 0<(q) + 0> (q)
and therefore have to consider two cases for each endpoint:

if spin fluctuation frequency g associated to endpoint has length |q| < %
i.e.: 0(q) = 0<(q), then it is within the long wavelength regime,
which we don't integrate out, thus it's NOT contracted, just left uncontracted

whereas if [g| > 1, ie: g(g) = 0> (),
then it IS integrated out, and must be contracted with another endpoint
whose frequency also has length greater than one half
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o thus for our functional integral we obtain

(‘_/Hls“i lorau] C—?‘k(c.'auss[UQT'] f DO’> 0—7:{93“55[0>,r]—7:{1m[0.u]
_ C*HGauss[UcT‘] / DO’> C*HGauss[0>xT] (1 _ ﬂlnt[gsu] + %ﬁfm[a-u] _ )

_ C—’Hcauss[0<=T]fDa> e ~Heamslo 7 (' - x + > ()’( X) 7)
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o thus for our functional integral we obtain

C_H’sd[a o] C—?r(gauss[o<,r]fpo.> 0—7:{93“55[0>,r]—7:{1m[0.u]
= CirﬁGB“ES[UQT] / Do, Cij:{GB“ﬁs[U)’r] (1 — ﬂlnt[mu] + %ﬁfm[o.u] — )
_ Csﬁcauss[w]fp% Cfﬁqm[a»r]( =X + Lz (X X) - )

o order u®

/Dcr> e Hoauss[o> 7] (1) =: ZGauss(r)
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e order u
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L.

| [ Doy o~Heweelos ] (7 X )

/DU} E—‘HGnm—.a:ﬁ*)J‘] (—u_, [Cﬁ}'l di}g /‘ddg;’. d’:},l

) ) o d s
o(g,) 0(g,) 0(g,) 7(a,) (27) wa21+32+23+24))
) d d d d d @
—u Zcauss(r) [ dgr [ dgz [dgs [dgg (27)° 6% (g, +9,+9,+4,)
{Uq(ﬁll qu(ggl Jqua) 0<(24)

—
+605(q) 000, 0<la,) 0<(a,)

+30.(a,) 0=(a,) Olz,) Ol }
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o order u!:
a d d a d e .
_UZGauss(TJ dth dq? d§'3 dq4 (Qﬁ) 0 (a,+9,+4,+4,) 1 x +6 +3
d d d
= uZauss(r) 1 [dar [dga [dasocia) o<la,) 0<(a,) 0c(—(g,+a,+4,)

d i Oclg,) Ocl—aq,)
+6 [d /d e L L
) Q1. qs (gi +J’)

d d (2m)% 59 (0)
43 [d /d ) el O
SR @@
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2
Int

{a) -'2—{x+eQ+38}{x+eQ+38}
() 48 3 + 72 X X)) + 72 09
{e) 36X X +48 >0 +83 ¢

(a) +3eOOO+|2©

Fig. 4.3. Second order graphs after o, integration.

o order u?: diagrams shown below, weights include % in front of H
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2
Int

{a) -lz{x+eQ+38}{x+eQ+38}
(b) a8 3 + 12 XX + 72 0O
{e) 36X X +48 >0 +83 ¢

(a) +3eOOO+|2©

Fig. 4.3. Second order graphs after o, integration.

o order u?: diagrams shown below, weights include % in front of H

@ any diagram computes according to following rules:

1. label frequencies/momenta in incoming sense at each vertex
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2
Int

{a) -lz{x+eQ+38}{x+eQ+38}
(b) a8 3 + 12 XX + 72 0O
{e) 36X X +48 >0 +83 ¢

(a) +3eOOO+|2©

Fig. 4.3. Second order graphs after o, integration.

o order u?: diagrams shown below, weights include % in front of H

@ any diagram computes according to following rules:
1. label frequencies/momenta in incoming sense at each vertex

2. external frequencies within |g| < I, internal within |q| € [, 1]
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2
Int

{a) -lz{x+eQ+38}{x+eQ+38}
(b) a8 3 + 12 XX + 72 0O
{e) 36X X +48 >0 +83 ¢

(a) +3eOOO+|2©

Fig. 4.3. Second order graphs after o, integration.

o order u?: diagrams shown below, weights include % in front of H

@ any diagram computes according to following rules:
1. label frequencies/momenta in incoming sense at each vertex
2. external frequencies within |g| < I, internal within |q| € [, 1]
3. to each internal line connecting frequencies q, and a,

associate propagator (27)%45@ (gl+g2)/(g§ +7)
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2
Int

(o)-lz{x+eQ+38}{x+eQ+38}
(6) 48 3 + 712X X)) +72 9%
{e) 36X X +48 >0 +83 ¢
(a)+3eOOO+|2©

Fig. 4.3. Second order graphs after o, integration.

o order u?: diagrams shown below, weights include % in front of H

@ any diagram computes according to following rules:
1. label frequencies/momenta in incoming sense at each vertex
2. external frequencies within |g| < I, internal within |q| € [, 1]
3. to each internal line connecting frequencies q, and a,
associate propagator (27)%45@ (gl+g2)/(g§ +7)

4. to each vertex a factor u(27)? times delta function over sum of four incoming frequencies
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2
Int

(o)-lz{x+eQ+38}{x+eQ+38}
(6) 48 3 + 712X X)) +72 9%
{e) 36X X +48 >0 +83 ¢
(a)+3eOOO+|2©

Fig. 4.3. Second order graphs after o, integration.

o order u?: diagrams shown below, weights include % in front of H

@ any diagram computes according to following rules:
1. label frequencies/momenta in incoming sense at each vertex
2. external frequencies within |g| < I, internal within |q| € [, 1]
3. to each internal line connecting frequencies q, and a,
associate propagator (27)%45@ (gl+g2)/(g§ +7)
4. to each vertex a factor u(27)? times delta function over sum of four incoming frequencies

5. each external leg obtains spin fluctuation variable o< (q) = (o’(29)
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2
Int

{a) -lz{x+eQ+38}{x+eQ+38}
(b) a8 3 + 12 XX + 72 0O
{e) 36X X +48 >0 +83 ¢

(a) +3eOOO+|2©

Fig. 4.3. Second order graphs after o, integration.

o order u?: diagrams shown below, weights include % in front of H

@ any diagram computes according to following rules:
1. label frequencies/momenta in incoming sense at each vertex
2. external frequencies within |g| < I, internal within |q| € [, 1]
3. to each internal line connecting frequencies q, and a,
associate propagator (27)%45@ (gl+g2)/(g§ +7)
4. to each vertex a factor u(27)? times delta function over sum of four incoming frequencies
5. each external leg obtains spin fluctuation variable o< (q) = (o’(29)

6. integrate over frequencies of internal and external lines according to rule 2.
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(a) 'E{x+eQ+38}{x+sQ+38}
(b) 48 € + 72X X)) + 72 88
{c) 3604—48—)—9—-{-8_)_(_

@ +36 OO0 +12 o>

Fig. 4.3. Second order graphs after o, integration.

© now achieved (up to certain order in u): calculate exp —H/,[o,r,u] in terms of r,u, 0«
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{a) 'E{x+eQ+38}{x+eQ+38}
() a8 > + 72X X)) + 72 0O
e 38 XX +48 >0 +8 3 ¢

(a0 +3GOOO+|2©

Fig. 4.3. Second order graphs after o, integration.

@ now achieved (up to certain order in u): calculate exp —H;4[a,r,u] in terms of r,u, o«

@ really want: 7—~{’S4[a/,r/,u/], thus remains to take logarithm,
replace o< (q) by o’(¢'), and express r’,u’ in terms of r,u
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(a) %{x+69+38}{x+69+38}
(6) 48 € + 712X X)) + 72 89
) 36 XX +48 98 + 383 ¢

@ +38 OO0 +|2©

Fig. 4.3. Second order graphs after o, integration.

o really want: ﬁ;4[a/,r’,u’], thus remains to take logarithm,
replace o< (q) by 0’(¢'), and express /', v’ in terms of r,u
@ can show: if and only if ﬁ,’nt is sum of all connected graphs to all orders in u,

then exp —ﬁ,’m is sum of all connected and disconnected graphs to all orders in «
thus taking logarithm equivalent to removing all disconnected diagrams
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(a) %{x+69+38}{x+69+38}
(6) 48 € + 712X X)) + 72 89
) 36 XX +48 98 + 383 ¢

@ +38 OO0 +|2©

Fig. 4.3. Second order graphs after o, integration.

o really want: ﬁ;4[a/,r’,u’], thus remains to take logarithm,
replace o< (q) by 0’(¢'), and express /', v’ in terms of r,u
@ can show: if and only if ﬁ,’nt is sum of all connected graphs to all orders in u,

then exp —ﬁ,’m is sum of all connected and disconnected graphs to all orders in «
thus taking logarithm equivalent to removing all disconnected diagrams

@ only study o’-dependent terms, thus drop Zgauss(r) and all diagrams without external lines
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(a) %{x+69+38}{x+69+38}
(6) 48 € + 712X X)) + 72 89
) 36 XX +48 98 + 383 ¢

@ +38 OO0 +|2©

Fig. 4.3. Second order graphs after o, integration.

o really want: ﬁ;4[a/,r’,u’], thus remains to take logarithm,
replace o< (q) by 0’(¢'), and express /', v’ in terms of r,u
@ can show: if and only if ﬁ,’nt is sum of all connected graphs to all orders in u,

then exp —ﬁ,’m is sum of all connected and disconnected graphs to all orders in «
thus taking logarithm equivalent to removing all disconnected diagrams

@ only study o’-dependent terms, thus drop Zgauss(r) and all diagrams without external lines

e replacing o< (q) by ¢’(¢') by substituting (o’ (2q) for external line instead of o< (q)
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© Averaging out high frequency fluctuations

@ Recovering the original Hamiltonian
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@ changing variables from ¢ to g’ = 2q and using the results obtained up to now

we arrive at our desired primed Hamiltonian H’S4[o/,r’,u/] in the form
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/

~ "d
Hslo! ru] = %/dqu’gmmw o'(9) 0’ (~a)

d d d I ! / ! /
+ [dq1[d g2 [dgs uy(a;.q,.95.mu) 0'(a,) 0" (a,) 0 (a,) 0" (—a;—a,—4a,)

+ terms of order (¢”)% and higher ...

Max Dohse (IMUNAM Morelia) QG Seminar 05.06.2009 33 /54



~ "d
Hslo! ru] = é/dqu’g@nw o'(9) 0’ (~a)

d d d I ! ! ! /
+ [dq1[d g2 [dgs uy(a;.q,.95.mu) 0'(a,) 0" (a,) 0 (a,) 0" (—a;—a,—4a,)

+ terms of order (¢”)% and higher ...

1
uz(q,ru)7<‘2/2d{ +r+12u/dp T’r)

1 1
— 96u? /ﬂpl/dpz
T4m) 3+ (Ga—p, —py)*+7)

+ terms of order u® and higher ...
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~ "d
Hslo! ru] = é/dqu’g@nw o'(9) 0’ (~a)

d d d I ! ! ! /
+ [dq1[d g2 [dgs uy(a;.q,.95.mu) 0'(a,) 0" (a,) 0 (a,) 0" (—a;—a,—4a,)

+ terms of order (¢”)% and higher ...

1
uz(q,ru)7<‘2/2d{ +r+12u/dp T’r)

1 1
— 96u? /ﬂpl/dpz
T4m) 3+ (Ga—p, —py)*+7)

+ terms of order u® and higher ...

, _ 4 53d 2 [q¢ 1 !
Uy (g,,9,95:mw) = (/2 {“ —12u /dp ®2+7r) (Gq, +iq, —p)2+7)
p 241 Tzd2 T £

— 2 permutations

+ terms of order u® and higher ... }
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~ " d
Hislo!ru) = & /dqu’z@r,u) o' (@) o’ (—9)

d d d / / ’ / /
+/d¢h/d QZ/d g3 Uy(9,:95:957w) O (9,)0 (2,) 0 (25) 0 (-9, —9,—43)

+ terms of order (6”)% and higher ...

@ again make approximations to cast new Hamiltonian H’S4 o/, u']
in same form as original Hamiltonian

~ 1 d
Hoaloru] = E/dq (@ +7)cwoc-o
d d d
+u/d a1 /d q2 /d q3 0(q,) 0(a,) 0(a,) O(—a,—a,—a,)

Wilson shows: these approximations are good for dimensions near d = 4
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o first calculate ’Ué(ﬂ,'r,u) only up to linear order in u, set

¢ = gl+d/2

Max Dohse (IM i QG Seminar



o first calculate uf(q,r,u) only up to linear order in u, set

C — 21+d/2
o further approximate
=:4c
——
|pl<1 Ip|<1
d 1 1 d
dp ~ / dp
/ (®*+7) (I+7)
Ip|>% lp|>2
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o first calculate uf(q,r,u) only up to linear order in u, set

C — 21+d/2
o further approximate
=:4c
——
|pl<1 Ip|<1
d 1 1 d
dp ~ / dp
/ (®*+7) (1+7)
o> lpl>1
Ipl<1 |pl<1

/dd 1 1 1 /dd
p = p
@ +r) (Ge, +39,-p*+7)  (1+7)?
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@ then renaming ufl(gl 10575 ) by u’ we can write the recursion relations as

' (ru) = 4(7" + 30u/(1+r)) + higher orders in u

o (ru) = 24_d<u — chQ/(l—H")Q) + higher orders in u
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@ then renaming ufl(gl 10575 ) by u’ we can write the recursion relations as

' (ru) = 4(7" + 3cu/(1+r)) + higher orders in u

o (ru) = 24_d<u — 90u2/(1+r)2) + higher orders in u

repeating many times the process of integrating out the high fluctuation frequencies,
after starting at initial couplings ro and ug, and using recursion relations

4(7‘k + 3cuk/(1+rk))

Ukl (T ug) = 247d (uk — 90u2/(1+rk)2)

Tht1 (Th k)

after k steps we get effective Hamiltonian ﬁii)
with integrated out all fluctuation frequencies |g\ € [2—’“, 1],
i.e.: describes behaviour of fluctuations with low frequencies |g| € [0, 27Kk

QG Seminar 05.06.2009 36 / 54
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Outline

@ Calculation of critical exponent v
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Outline

@ Calculation of critical exponent v
@ Fixed points and critical points
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o for temperatures T' above but near the critical temperature T,
the critical exponent v describes power law behavior of the correlation length £(7):

&) = (TﬁTcrit)iu =77
———

.
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o for temperatures T' above but near the critical temperature T,
the critical exponent v describes power law behavior of the correlation length £(7):

&) = (TﬁTcrit)iu =77
———

.

@ we had sacrificed for simplicity the connection between spins s, on lattice sites n
and their discrete Fourier transform o/[s,q]

@ now we would like to have back something similar to the lattice spins,
therefore introduce spin field:

Sloa] = / dq €92 g(g)

lgl<1
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@ 2-point spin correlation:

C(z,ru) = Z*(nu)/Da s() s(0) e~ Metlomul
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@ 2-point spin correlation:

C(z,ru) = Z*(nu)/Da s() s(0) e~ Metlomul

which can be written as Fourier transform

d . ~
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@ 2-point spin correlation:

Dzru) = Z*(r,u)/Da s(z) s(0) e sl
which can be written as Fourier transform
a .~
o define:

52(7' u) = _|: df(g’r’u)/dQQ :|
—0

I:(gmu)

call so defined ¢ effective range of correlation
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@ integrating out high frequencies we obtain a new 2-point spin correlation, which is related to
the original one by the scaling relation

f/(g’:Zgyr’yu’) =24/¢? 1:(g,r,u) = if(gmu)

05.06.2009 41 / 54
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@ integrating out high frequencies we obtain a new 2-point spin correlation, which is related to
the original one by the scaling relation

f/(g’:Zgyr’yu’) =24/¢? 1:(g,r,u) = if(gmu)

@ the scaling relation for effective correlation ranges is

£’y = $E(ru)

05.06.2009
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@ at a fixed point of the recursion relations we will have

Trtl (g uk) = Tk

Upet1 (Thsup) = Uk

which implies for the effective correlation range i1 (ripa unp) = &k (i ug)
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@ at a fixed point of the recursion relations we will have

Trtl (g uk) = Tk

Upet1 (Thsup) = Uk

which implies for the effective correlation range i1 (ripa unp) = &k (i ug)
o together with £y = L& this implies
that at fixed points we have either vanishing or infinite effective correlation range,
but the vanishing case can be ruled out,
thus fixpoints correspond to critical points of the system
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Thp (i ug) = 4(1”k +3cuk/(1+rk))

24-d (uk — 90u%/(1+rk)2)

U1 (Tgrug)

@ as in Gaussian model, recursion relations always have one trivial fixpoint

r* = u* = 0, also called Gaussian fixpoint

Max Dohse (IMUNAM Morelia) QG Seminar 05.06.2009 43 / 54



Thtt (Tgug) = 4<rk +30uk/(1+rk)>

uk—Fl(Tkvuk) = 24_d(uk — QCuz/(l—i-'rk)Q)

@ as in Gaussian model, recursion relations always have one trivial fixpoint
r* = u* = 0, also called Gaussian fixpoint

@ thus for d > 4 recursion relations only have Gaussian fixpoint r* = u* = 0
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P (reun) = 4(rk+ Beur/(1474) )
U1 (Tr>uk) = 247d(uk - 9Cuﬁ/(1+rk)2)
o d < 4: choose up small, with increasing iterations u will increase

until the second term in its recursion relation becomes comparable to the first,
and a new non-Gaussian fixpoint is approximately given by
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24-d _1

u* &
9c
* * 4 4—d
r* & —4cu =3 (2 -1)
o defining
e:=4—-d

and expanding in € we find for small, positive € that fixpoint is given by

eln2
9c

*

Q

4
r*x~——¢e¢ln2 <0
9
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U
Upey N+
Up+i=Up Un+1=Un .
/’ ,/
s ’
7 Id
rs rd
ré 7
rd ’/
e Un4 ) ’
L2 e Up 4q(u)
)
d 1
7| {
[ 1
ry Fl
Ut U Un u, u* Up

Fig. 4.4. The iteration formula for u,,.
(a) If u, > u*, the iteration scheme leads up to u* from above.
(b) If u, < u*, uy, approaches u* from below.
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Outline

@ Calculation of critical exponent v

@ Linearized recursion relations
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o recall definitions (after rescaling j to 1) of temperature-dependent couplings

b B
r=rg:= — —2d = —2d
J kT

1/5* = L/(kT)

S
\
g
o
Il
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o recall definitions (after rescaling j to 1) of temperature-dependent couplings

b B
r=rg = — —2d =
J kyT

w=ug := /5% = L/(ksT)

—2d

@ in non-Gaussian case u # 0 we can be at a critical temperature
without having ro and ug at fixed point values,
because for being at T¢,; one only needs to adjust one parameter,
but for being at fixed point one has to adjust two parameters
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o recall definitions (after rescaling j to 1) of temperature-dependent couplings

b B
r=ro:= — —2d =
J kT

w=ug := /5% = L/(ksT)

—2d

@ in non-Gaussian case u # 0 we can be at a critical temperature
without having ro and ug at fixed point values,
because for being at T¢,; one only needs to adjust one parameter,
but for being at fixed point one has to adjust two parameters

o study theory for temperatures near T to calculate critical exponent v

o first step: study sequence {(7(T),ur(T))} generated by repeatedly iterating
recursion relations starting from (ro(T), uo(T))
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o recall definitions (after rescaling j to 1) of temperature-dependent couplings

b B
r=rg:= — —2d = —2d
J kT

1/5* = L/(kT)

S
\
g
o
Il

@ in non-Gaussian case u # 0 we can be at a critical temperature
without having ro and ug at fixed point values,
because for being at T¢,; one only needs to adjust one parameter,
but for being at fixed point one has to adjust two parameters

o study theory for temperatures near T to calculate critical exponent v
o first step: study sequence {(7(T),ur(T))} generated by repeatedly iterating

recursion relations starting from (ro(T), uo(T))

k— K . L
o expect Tk (Tuir)  ——° 7% and uk(T) — ——° u* as on line A in figure 4.5
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Max Dohse (IMUNAM Morelia)

Fig. 4.5.
Plot of the iteration scheme for three

different initial choices of parameters.
Sequence A(T=T_) goes into the fixpoint (u* r*).
Sequences B and C begin for choices of u and r
slightly removed from criticality.

These sequences eventually deviate far

from the fixed point
but approach the unique curve D,
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@ because recursion relations analytic, expect linear behavior for fixed k and T' near T¢::

/—J%
Te(T) = Tk(Tair) + Pk (T - Tcrit)
Up(T) = Uk (Teie) + Pk (T - Tcrit)

———

T
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@ because recursion relations analytic, expect linear behavior for fixed k and T' near T¢::

T

—N—
TR(T) = Tk (Teir) + P (T — Terit)
UR(T) = Uk (Terie) + i1 (T — Terit)

———

i
e now if k is sufficiently large, then
~ * ~ *
Tk (Teir) = T = (T =r
Uk (Terie) = U™ = up(m) ~u”
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@ in matrix form this reads

Thy1 —T° ~ M rg —r*
Up41 — u* up —u*

4 — 12cu™ 12¢
+ro)? a+r)
M = 1800 .
2°18cu 2€ _ 2el8cu
(1+47*)3 (1+47*)2
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@ in matrix form this reads

Thy1 —1T° ~ M ry —r*
Up41 — u* up —u*

o after iterating the linearized recursion relations many times the relation reads

Than =T\ oy (TF 7"
* ~ *
Uk4n — U U — U
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@ in matrix form this reads

T —r* rp —r*
Uk+1 — U U — U
o after iterating the linearized recursion relations many times the relation reads
* *
T —-r TR —T
(k+n *)zMn(k )
Uk4n — U U — U

@ by diagonalizing M explicit form of M™ neglecting eigenvalue 1 can be obtained:

M™ = A" (1 ”) (1)

w VW

A= 4(1 — %e ln2)
v = +4c(1 + %5 1n2)
w = —40(1 + ge ln2)
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@ because we are considering T' =~ T, for fixed k we have

TR(T) = Tk (Tert) ~ (T — Terit) =
Uk (T) — Uk (Terie) ~ (T - Tcrit) =T
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@ because we are considering T' =~ T, for fixed k we have

TR(T) = Tk (Tert) ~ (T — Terit) =
Uk (T) — Uk (Terie) ~ (T - Tcrit) =T

so that for sufficiently large k&

(re™) —r*) +v(up(T) —u*) = cx(T — Tait) = ck T
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@ because we are considering T' =~ T, for fixed k we have

TR(T) = Tk (Tert) ~ (T — Terit) =
Uk (T) — Uk (Terie) ~ (T - Tcrit) =T

so that for sufficiently large k&

(re™) —r*) +v(up(T) —u*) = cx(T — Tait) = ck T

and thus from the matrix equation (1) we deduce

Than — 7" = A" ¢ (T — Terit) (2)
Uk4n — u* = A"w Ck (T - Tcrit)

Max Dohse (IMUNAM Morelia) QG Seminar 05.06.2009



@ now we can calculate v, we had seen above that £(r,u) defined for any 7, u,
since these depend on T" we have £ = £(T)

o we had also seen the scaling relation

E(rktnsukin) = 27+ £ ug)
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o from (2) we read off the following:

Thtnt1(T) — r*] = [m+n(T> - r*]
[ T—Teiv=7/A T—Tyix=T1

.
Uk g1 (T) — ' | = [wrpn(m —u']
[ " T—Teie =7/ " T—Teg=7
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o from (2) we read off the following:

* *
Pt () =] = [rhgnr) = 17]
[ " T T =7/ " T =7

[ nsrcr) — ] [t ) — ]

T—Teyir=7/X T—Teiv =7

or written more clearly

Tktn+1Tait+7/X) = Thtn (Teric+7)
Uk+n+1(Teie+7/X) = Uk4n (Terie+7)

Max Dohse (IMUNAM Morelia) QG Seminar
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or written more clearly

Tktnt1Teit+7/X) = Than(Teric+7)
Uk 4n4+1Teie+7/A) = Uktn (Teig+T)

thus

E(Pkfnt1:Uhtnt1 IT=Tytr /N = §(rign SUken) =Ty 41
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@ thus

E(rkfnt1:Uhtnt1 IT=Tptr /X = §(rign Ukt )T =T, 47

which with the scaling relation implies

27kt D e (1 tr/n) = 27 FF g (1 4m) ®3)
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which with the scaling relation implies
27Dt /n) = 27 (Tt ®3)
thus assuming power law behavior for the effective correlation range
E(Teietr) ~ 777

(3) for arbitrarily small T gives us

(t/N)7Y =277
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@ thus assuming power law behavior for the effective correlation range

g(Tcrit+7') ~TY

(3) for arbitrarily small 7 gives us

(/A7 = 2777

thus

In2 1
Inx ~ 2—¢/3

Max Dohse (IMUNAM Morelia) QG Seminar

05.06.2009

53 /



@ up to linear order in € this writes

]
Q
N =
+
<
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@ up to linear order in € this writes

]
Q
N =
+
g

@ for nonzero € our v differs from value % obtained in Gaussian and mean field model,
experimentally (d=3) v ~ 0.6...0.7,
in 3-dim. (2-dim.) Ising model one has v = 0.64 (1.0),
here obtained for (d = 3), (e = 1) that v = 0.58,
for (d=2),(e=2) that v = 2
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