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Review: probabilities in standard QFT

Before reviewing the probability interpretation of standard QFT, we recall the main
ingredients of the GBF version of Schréodinger-Feynman quantization (SFQ).
To each hypersurface ¥ on spacetime is associated its space of field
configurations Cx, on it, and also each region M has its space of field configurations
Cm. This space is the same for the hypersurface with opposite orientation:

Cs, = CE—T. If we foliate spacetime using a foliation parameter 7, we thus can write
C, instead of Cx, when we refer to a constant-7 hypersurface.
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Review: probabilities in standard QFT

The associated quantum state space }[S then consists of the Schrédinger wave
function(al)s ¥S: Cx — C. We think of the state space of the oppositely

oriented hypersurface as being the same: Hg_ S 5-[%, and therefore again write }[TS

instead of .’7{27 when we refer to a constant-7 hypersurface. The involution L%T

relating states on X, to states on X, is given by complex conjugation. We shall
denote a state on ¥ and its L%T-image on X, by the same letter, and indicate by its
subscript the orientation. That is, for ¢, € C; we write

(15, Y5 )(er) = wS—T (pr) = U5 (o)

This just says that we can move the bar from over a hypersurface towards over the
state and vice versa.
The state space }[ZST is turned into a Hilbert space by the inner product

<77>:,, Cz /DSO 5, () Cz
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Review: probabilities in standard QFT

To each region M in spacetime with boundary OM can thus be associated its
boundary state space }[gm. As a generalization of the usual quantum-mechanical
transition amplitude, each boundary state 15, is given a complex amplitude via the
linear amplitude map p5; : }[BSM — C of the region:

pra(P5m) = /D<P V() Zu(e) -

Com

The quantity Zy is called the field propagator of the region M. It is computed as
a Feynman path integral of the action:

Zyi(p) = /D¢ exp (iSu(¢)) -

dlom=¢

The amplitude map pu induces a map py : Hs, — Hs, by
s s ~ s ! S S S S
<<§2a Usy PM TS, >Ez = pu(nz, ®C§2) Vs, € 5'[21C§2 = }[§2~

In the standard situation py is just the time evolution operator u.
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Review: probabilities in standard QFT

The rest of this section is basically Section 4.1 of [RO2005]. To discuss the
probability interpretation, we start with a review of it in the standard formulation.
(In this elementary discussion of probabilities we assume for simplicity that state
spaces are finite dimensional. This avoids difficulties of the infinite dimensional case
which might require the introduction of probability densities etc.)

We consider a slice M, +,; of Minkowski spacetime bounded by two spacelike
equal-time hyperplanes ¥; and 2 at times ¢; 2. We canonically orient all equal-time
hypersurfaces ¥; backwards in time, and by a bar as in X2 we thus indicate forward
orientation. We also recall that canonically the boundary of a region is outwards
oriented, therefore OMy, 1,1 = 21 Uy,
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Review: probabilities in standard QFT

Let ¢y, = |1/)>Zl € Hs, be the normalized ket-state of a quantum system at time ¢
and "ng, = 5(n|< 5-[%2 a normalized bra-state at time t>. Usually of course one

considers only one state space, i.e., Hsx, and H5_ are canonically identified via
time-translation symmetry. However here we will distinguish them formally in order
to aid the later comparison with the General Boundary Formulation. The associated
transition amplitude A is given by

A= EQ<77|Z/A[U1JQ] |¢>21 = *TIEQ(;MQZJXH)

where Z/A{[LI,LZ] c Hy, — 7—[52 is the time-evolution operator. The associated
probability P is the modulus square of the transition amplitude: P = |A|2.
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Review: probabilities in standard QFT

What is the physical meaning of P? The simplest interpretation of this quantity is as
expressing the probability of finding the normalized state 75, at time & given that
the normalized state s, was prepared at time ¢;. Thus, we are dealing with a
conditional probability. More specifically, such a probability usually depends on
two types of data: data describing knowledge or preparation and data describing
observation, i.e., a measurement which fixes the answer to a question.

Mathematically, for two independent events A and B, the conditional probability
P(A|B) of finding A given B is defined as

P(A AND B)

P(AIB) = =5
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Review: probabilities in standard QFT

Example 1.1: In order to make this more explicit, for the simplest case let us write
this probability as P(ng,[¢x,) (read: the probability of [observing] ng, conditional
on [the preparation of] ¥, ):

~ 2
P(ng,|¢s,) = 5,40 [ Uiy 1 [ ¥) 5,
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Review: probabilities in standard QFT

An important ingredient of this interpretation is that the cumulative probability of
all exclusive alternatives is 1. The meaning of the latter is specified with the help of
the inner product which defines orthonormality. Let {552,}1]% ¢ H, be an orthonormal
basis of 9{52, representing a complete set of mutually exclusive measurement
outcomes, then this implies

1= Z P(ﬁm,hwa) = Z

h € Hy h € Hy

. 2
§2<£h | Ui, 1z |¢>21 :
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Review: probabilities in standard QFT

Example 1.2: As an obvious extension of the Example 1.1 suppose now that we
know a priori that only certain measurement outcomes might occur. (We might
select a suitable subset of performed measurements in order to exclude other
outcomes.) A way to formalize this is to say that the possible measurement outcomes
lie in a closed subspace Pg_ of #5,. Suppose that the orthonormal base of 75,
restricts to an ONB {5,  fpep,cn, of Pg,.
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Review: probabilities in standard QFT

We are now interested in the probability of measuring an outcome specified by a
single state 52 m € Ps 5, with m € P conditional both on the prepared state being
¥y, and knowmg that the outcome must lie in Pg . We denote this conditional
probability by (5227m|w21, 2) According to the definition of a conditional
probability, in order to obtain it we must divide the conditional probability

P (§§2ymw)gl) by the probability P (sz |15, ) that the outcome of the measurement
lies in 73§2 given the prepared state is 1s,. The latter is simply

P(Pg,|vs:) = > P(&s,,|v=)

p € P2

>

pE P2

R 2
EQ<£P |u[t1«12] | w):l

0< P(Pg|¢s,) <1 & @#PCH
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Review: probabilities in standard QFT

Supposing the result is not zero, which would imply the impossibility of obtaining
any measurement outcome in Piz and thus the meaninglessness of the quantity
P(&mls,, Py, ), this implies
P (gfz M ’1/]21 )

P(Pg, [v=,)

| §2<§m | u[ﬁﬁz] I /ll})zl

Z | Ez<£l) Iu[th] |1/)>21

pE Py

P(fiz,mwjzl ’ 7)§2> =

| 2

n

Since the denominator is positive and smaller than 1, we have
P(ggzym‘dzzupgz) > P(§§2,m|¢21)7 as expected.
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Review: probabilities in standard QFT

Example 1.3: We can further modify the Example 1.2 by testing not against a
single state, but a closed subspace My C Ps_ . We denote the associated conditional
probability by P(Msg, |v¥s,,Pg,). This is obviously the sum of conditional
probabilities P(&g, ,,[¥=,, Pg,) for an orthonormal basis {&s, ,,}me m, c py of Mg,
(to which again we suppose the ONB of Pg, to be restrictingQ):

R EXCA ORI IO
P(M§2’¢217P§2) = 2 X »
Z | §2<£P |u[t1=t2] |w>21}
p € P

0 < P(Mg,|¢s,,P5,) <1 & M C Py C Ha
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Review: probabilities in standard QFT

Example 1.4: A conceptually different extension is the following: suppose now that
{&s,,n}ne m is an orthonormal basis of Hx,, then the quantity

P(gsynlng,) = | 5,01t .o 1 €n)s, |
describes the conditional probability of the prepared state having been £x, 1 given
that T, Was measured. This may be understood in the following sense. Suppose
somebody prepared a large sample of measurements with random choices of initial
states {=,,n. We then perform measurements as to whether the final state is 7z, or
not (the latter meaning that it is orthogonal to nEZ). The probability distribution of
the initial states &x, 5 in the sample of measurements resulting in s, 1s then given
by P(521,h|77§2)'
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Review: probabilities in standard QFT

These four examples are supposed to illustrate two points. Firstly, the modulus
square of a transition amplitude can be interpreted as a conditional probability in
various different ways. Secondly, the roles of different parts of a measurement
process, in respect to which is considered the conditional one and which the
depending one, are not fixed. In particular, the interpretation is not restricted to
“final state conditional on initial state”.
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Probabilities in the GBF: without projectors

This section is basically Section 4.2 of [RO2005]. In the General Boundary
Formulation the dependence of probabilities on preparation data and observation
data is preserved. The considerations of the previous section together with the GBF
context lead to the following formulation of the probability interpretation.

Consider a process taking place in a spacetime region M with a boundary OM. Let
How be the generalized state space describing the given physical system or
measurement setup, i.e., the state space associated with the boundary OM. Then,
both types of data are encoded through closed subspaces of Hzy: we suppose that a
certain "prepared” knowledge about the process amounts to the specification of the
closed preparation subspace Pay C Hoy. That is, we assume that we know the
state describing the measurement process to be part of that subspace.
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Probabilities in the GBF: without projectors

Say we are now interested in answering the question whether the measurement
outcome corresponds to a closed measurement subspace Mgy C Poy C Hom.
That is, we are interested in the conditional probability P(Mawm|Pam) of the
measurement process being described by the measurement subspace Mo, given that
its preparation is described by the preparation subspace Pam.
Let again be {&,}h e g an orthonormal basis of #Haw which reduces to an ONB
{&p}pepcu of Pom and further to an ONB {&n}tmemc pcu of Mau. Then a first
way of expressing P(Mawm|Pam) is:

> lpuen)l?

me M

Z |pM(§p)|2

pEP

P(M6M|p8M) =

(One might be tempted to interpret the numerator and the denominator separately
as probabilities. However, that does not appear to be meaningful in general.) As a
special case, if Mgy has dimension one, being spanned by one normalized vector &,
we also write P(Moam|Pam) = P(&|Pom).
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Probabilities in the GBF: without projectors

Let us check that P(Mam|Pam) indeed has the properties of a quantum
mechanical probability:
By construction we have probabilities in the unit interval:

0 < P(Mom|Pam) < 1.

It might now happen that the denominator is zero. This would imply that the
probability of observing anything given the preparation Psv vanishes and thus the
conditional probability is physically meaningless. Moreover, because of (M C P) this
implies that the numerator vanishes, too, and thus P(Meam|Psm) is undefined. Thus
the knowledge encoded in Pay does not correspond to any physically allowed process.
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Probabilities in the GBF: without projectors

For two mutually exclusive observations encoded by orthogonal subspaces Mawm,1
and Moawm,2, we have additive probabilities:

P(MaM,1 @ Mom,2 | PE)M) = P(MGMJ}P@M) + P(MBMQ’PBM)
i}

PM@M,1 © PM@M,z apm = 0 = PM@M,z © PM6M,1 asm Y agm € Hou ,

(with PMaM,l the projection operator onto subspace Moawn,1 C Howu) as can be seen
at a glance by inserting the probability definition into the equation above.
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Probabilities in the GBF: without projectors

Arbitrary outcome has unity probability for any (allowed) preparation and
M C P, i.e., the probability for M = P equals unity.

lpwi(en)|”

1= P(Pam|Pam) = 77";13
- - 2
p;})'pM(fp)'
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Probabilities in the GBF: without projectors

If we have Man,2 implies Mam,1 implies Powm, then the following probability chain
rule holds:

Mom,2 € Mom,i € Pom C Howm
= P(MaM,z}PaM) = P(MGM,QIMSMJ) P(MSMJ}P&M)-

This can quickly be checked by inserting the probability definition into the chain rule.
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Probabilities in the GBF: without projectors

Now let’s see how the GBF’s probability definition reproduces the probability
interpretation in the standard situation of the slice region M = M, .,; of examples
1.1 -1.4. First of all, according to the core axioms the boundary state space factors
into a tensor product of two state spaces: Hoy = Hs, ®5~[§2.
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Probabilities in the GBF: without projectors

Example 2.1: For Example 1.1 we select a normalized state 95, € Hx, and set

Pom = " s, ®57'[§2 7 C Howm
Pom = {062 E}[aM|E|77§2 € -7‘[52 foax = YPs, ®7I§2} C Hou
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Probabilities in the GBF: without projectors

Let us denote by {¢s, ®§§2 p}p € p=H, an orthonormal basis of Poy. Then, the
probability of “observing” the normalized s, € FH=

Sy which corresponds to setting

Mom = s, @15,
subject to the "preparation” of 15, € Hs, turns out as

2
2

)PM(fﬁEl@ngz)
P<MBM|778M) = 7 = ‘PMW)Zl@ﬁg?)
> s, @ &5, )

P Z2.p

(We comment on unity denominator at the end of this section.)
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Probabilities in the GBF: without projectors

Comparing the notation to the standard formalism, i.e., recognizing

s, ®n5,) = 5,0 Uiy.1 | ),

shows that we recover the standard result P (7752 [¥s,),

(s, ®ng,) = (15,5 LE2/71‘/11¢21>E2 = *7752(@2;sz1) = 5,(1 U 01 |5, -
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Probabilities in the GBF: without projectors

The condition that the cumulative probability of all exclusive alternatives is 1, is now
reproduced by construction:

2
p;p Pz, ® &5, )
L= P¥mess,,[Po) ;-
pEP Y s, ® g, )
pEP
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Probabilities in the GBF: without projectors

Example 2.2: Similarly, Example 1.2 is recovered by setting
Pom = " ¥s, ®7D§2 7C Ty ®-7'[§2 7 C Hom
Pom := {OéaM € Hoy | 37752 € 73§2 toaem = Psy ®7’I§2} C Hou
Mom = Y5, ®&s, ,, m € Py

for an orthonormal basis {5, ®&5, ,}pe py of Pom with (@ # P2 C Hz). Then we
get agreement of P(&g, ,[¥s,, Py,) with

2

|pratis, @ 65,.,0)

2.

pE P2

P(MBM‘POM) =

5 -

pu(ds, ® &5, )
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Probabilities in the GBF: without projectors

Example 2.3: For Example 1.3 we keep Pam and its orthonormal basis and assume
that it restricts to an ONB {¢x, ®§§2 myme My of May with (Mz C P2 C Hs) and

Mom = 7 Ps, ®M§2 TC Ty, ®P§2 7 C Hom
Mou = {aom € Hou | I, € Mg, : aom = ¥s, @75, } C Hou.
Then we recover P(Mg, [¢s,,Pg,) via

2

2

m € Mg

2.

pE P2

P ® &5, )

P(MaM}PBM) =

2

P (s ® & )

200
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Probabilities in the GBF: without projectors

Example 2.4: For Example 1.4 we have

»

Pow =" Hs, 7%, C Hou
Pom = {OéaM € Howm ‘ s, € 7'[21 tasm = Ys, ®77§2} C Hou

and denote by {{s,,» ® 75, }p e p,—n, an orthonormal basis of Pau.

Max Dohse (CCM-UNAM Morelia) GBF: Probabilities GBF Seminar (06.Mar.2013)

33 / 56



Probabilities in the GBF: without projectors

Then, the probability of “observing” (respectively ”having observed” since #1 < t2) a
state &s, ,m € Hs,, which corresponds to setting

Mom = 521,m®n§27

subject to the "preparation” (respectively ”post-preparation”) of g, € }[52 turns out
as

2
2

‘pM(ﬁzl,m@) m5,)
P(Mon|Pout) = 7 = 'PM(&zl,k® 5,)

Y |pulEs, ,®ng)
pEP

which recovers P (s, k[ng,). The important point here of course consists in
"post-preparing” the experimental setup at time t2 > ¢; and "measuring” the initial
state retroactively. This again illustrates nicely that for certain data the "preparation
vs. observation” interpretation is independent of the temporal sequence of the events
described in the data.
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Probabilities in the GBF: without projectors

Thus preparation in a generalized sense can be expressed as “fixing some (input and
output) parts” of an experiment while leaving some parts unfixed. In other words,
preparation is fixing the question asked to the physical system and fixing the possible
answers. Measurement can then be seen as "fixing the parts left undetermined” in
the preparation, or determining which of the possible answers occured.

Here input (output) denotes anything flowing into (out of) the spacetime region
within which the experiment is conducted.
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Probabilities in the GBF: without projectors

We recall that in Example 1.1 we had chosen s, to be normalized while
{522 ,Yp€ Py =, Was an orthonormal basis of #5, . Moreover, the induced map

pm : Hg, — Hs, should be an isomorphism Wthh conserves the inner product.
This then implies for these examples that

Z ‘PM(lﬁEl ®§§21p) Z ’(Efbpv "Zzﬁszl >§2

pE Py pE Py

2

Either ts,pm maps s, directly to one vector of the orthonormal base {552‘13} (which
can of course be arranged by choosing the ONB adequately) and hence the sum is
over Kronecker deltas all vanishing but one, or the sum is achieved by summing over
all inner products (now each < 1) of v, pmts, with the vectors {&s,,} of the ONB.
By similar reasoning, the normalization factor in Example 1.4 equals unity, too (but
not the ones in the second and third example, since therein not the whole Hilbert
space 5, is covered by Px).
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Probabilities in the GBF: projection operators.

This section is basically Section 3 of [RO2007]. We consider the same setting as in
the previous subsection: with preparation encoded by a closed preparation subspace
Pom C Honr and measurement outcomes by a closed measurement subspace

Mom C How. And again we are interested in the conditional probability
P(Mom|Pasm) of the measurement process being described by Mawm given that its
preparation is described by Pam. The second (equivalent) way for expressing this
probability is

H pm © PPBM ° lsMaM H2

P(M P, =
Moo} = oo T

with ppaM and ISMBM being the orthogonal projectors onto the subspaces Pom
respectively Mgy, while o denotes the composition of maps.
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Probabilities in the GBF: projection operators.

There is a slight difference between the presentation of the probability interpretation
in this section and the one in Section 2. There, the subspace Mgy was restricted to
be a subspace of Pay. This restriction is lifted here, which represents more a formal
than a physical difference. Conceptually, making Mgy a subspace of Pay just means
taking into account the knowledge about the preparation when the question is asked.
In particular, if ISPBM and Py o commute, then we can replace Moawm by Moawm N Pam
without any change to P(Mam|Psm). Thus the projector prescription for the
probabilities is somewhat more flexible with respect to which measurement subspaces
Mo it allows.
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Probabilities in the GBF: projection operators.

The expressions in denumerator and denominator which the norm is taken of are
linear maps Hpy — C and thus elements of H;y,. The norm of such maps is defined
here as follows: let

ﬁaM € }[;M : -7'[8M — C

be a bounded linear map. Then there exists its dual *Bay € Hoy such that

Bom(Vart) = {"Boam, Yom) oy, Y Yom € Hom
and we define
| Bore s == 1 "Bora |, -

However, the amplitude map pwm is generically not bounded. Thus Pav must be
“small enough” such that it makes py o Pp,, into a bounded map. This condition is
satisfied in standard situations.
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Probabilities in the GBF: projection operators.

We recall that projectors are orthogonal if and only if they are hermitian. Thus, for
any map (am as above, any orthogonal projector Ps,,, onto a subspace Som C Hom
and for all ¥aym € Hay we have

(BomoP spu ) o = (*(Bowt © Psyy)s Yom),,
= Bow (Pspytom) = (Bou, PSOM¢6M>8M = (Psyy, Bou, You),,,

= *(ﬂBM © ISSBM) = PSaM*ﬂE € Hom

In the same way we can show that for several projectors {ISSQMJ }i=1,....x we have

*(ﬁc’)M o PSaM,1 PSBM,I.:) = PSaM,k,“- PSaM,1 (*ﬁaM)-
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Probabilities in the GBF: projection operators.

P(Mom|Pam) again has the properties of a quantum mechanical probability:
By construction we have probabilities in the unit interval:

0< P(M3M|P,9M) <1.

It might again happen that the denominator is zero. This would imply that the
probability of observing anything given the preparation subspace Psm vanishes and
thus the conditional probability is physically meaningless. Moreover this implies that
the numerator vanishes, too, and thus P(Moaw|Psum) is undefined. Thus the
knowledge encoded in Pay does not correspond to any physically allowed process.
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Probabilities in the GBF: projection operators.

For two mutually exclusive observations encoded by orthogonal subspaces Mawm,1
and Mam,2 we have additive probabilities:

P(MBM,l @ Mow,2 ‘ PaM) = P(MaM,l ’PBM) + P(M(‘?M,2 ‘PE?M)
(3

PMon © P Marrs tom = 0 = Pty o 0 PMpy, Gom V aom € Hou
because of

. . 2
P P
P(MaM,1 S Mowm,2 ‘PBM) = H P10 T Pow © T Mowa ®Mou,2 H

| 320 Py |

_ || pm © 157)6[\/[[0 (pMaM,1 +15M8M,2) H2

[ 310 Prgs ||

<* (pMOppamo (pMaM,l""pMaM,z )) y (pMOpPBMO (pMaM,1+pM8M,2))>

OM

N 2
e

P (Mo, 1|Pou) + P(Mom,2|Pom) + (2Re N) / || prr 0 Py H2

wherein N vanishes:
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Probabilities in the GBF: projection operators.

<* (pMOPPaMOPMaM 1) *(pMOPPBMOPMOMvQ)>

oM
D * D 1 *
< 8M1OP7’E)M PMy PM@M.2OPP8M pM>6M
< BMOPM6M2OPM6M 1OPP6M° PMy PM>8M = 0.
N—_— ——

=0

Max Dohse (CCM-UNAM Morelia) GBF: Probabilities GBF Seminar (06.Mar.2013)

44 / 56



Probabilities in the GBF: projection operators.

Arbitrary outcome has unity probability for any (allowed) preparation
subspace:

Ty
2

H pm o 157’2 ° Pﬂam
1= P(}[BM‘POM) = 5 YV Pomt C Howm

‘ PMoppz
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Probabilities in the GBF: projection operators.

If we have Mo, implies Mawm,1 implies Pawm, then the following probability chain
rule holds:

Mom,2 € Mom,i € Pomt C Houm
= P(MaM,z}PaM) = P(MaM,2’MaM,1) P(MBMJ}P@M).

This can quickly be checked by inserting the probability definition the chain rule and
applying the premise to the projection operators.
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Probabilities in the GBF: projection operators.

Now let us verify again how the GBF probabilities via projectors reproduce the
examples of the standard formulation. Again, following the core axioms we have to
suppose for the standard case that the state space factors into a tensor product of
two state spaces: Hou = Hs, ®}[§2.
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Probabilities in the GBF: projection operators.

Example 3.1: For Example 1.1 we select two normalized states s, € Hx, and
15, € Hz, and set

Pom = " s, ®5'[§2 7 C Hou

Mom = 7 Hs, ®1%, T C Hou
Pom = {aaM € Hoy | Hﬂgg € 5'[52 taem = Yz, ®,3§2} C Hom
Moy = {OtaM € Hou | 3B, € 57{):1 taam = Py ®77§2} C Houm
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Probabilities in the GBF: projection operators.

Let us now denote by {&x, ; ®£§2’k}j7k:17_,_7(dim sty ,) AN orthonormal basis of Hay
with §§2,k = L§25M§Ehk, and further such that ¢x, is one of the s, ;. Then, the
probability of "observing” s, € }[gz subject to the "preparation” of ¢s, € Hsx, after
the calculation below turns out as:

2

R 2
P(Mon|Pow) = |(ns £ (U | 9),,

2? wf2>§2

which again recovers the standard result P(ng, [vs,).
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Probabilities in the GBF: projection operators.

The calculation goes as follows: the two relevant projectors are

PP@M = wEl W’Eu '>21®Id 5
di

im
= Y5, <"/’21a '>zl® Z §§2,k<’£§2,k’ '>EQ
k=1

Prgy = Idﬂzl ®7I§2 <77§2’ : >§2
dim s,

> Eml€sin s, 05, (05, s,

k=1
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Probabilities in the GBF: projection operators.

The probability for Example 3.1 via projectors then is:

|| pM © ppam o f)Mc?M H2

P(Mom|Pom) = - 5
B |

<* (PMpPaMPM@M>a *(pr)PE}MpMOM)>8M
<* (PMISPQM>’ *(pMISPE)M)>

<15M6M15738M oM 15/vlaMlspm *PM>6M

oM

<p7’aM *pu pPaM *PM>B

M

dim s, dim 2,
<PM6MP'P8M 1;1 Eo1k ®£§2,k » Py Proy kzl Es1 k ®€§27}“>0M
- dim 2, dim 2,

<15736M kz::l £,k ®85, 4 P, kzz:l 621,k®€§27k>

OM
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Probabilities in the GBF: projection operators.

‘We now consider the term in the denominator:

dim 6, dim %5, "8y a” =45,
PP@M] Z &1,a ®£§270, = Z s, <"/)21’ §E1¢l>21 ® Efz,b<§§2,b’ §§2,a>§2
a=1 a,b=1

= Y5, ® iy, puts, -
——

=

T2

The norm of this is unity since s, is normalized and pu is an isomorphism.
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Probabilities in the GBF: projection operators.

Let us move on with the denumerator:

dim sy

P MouPPou Z 521«1@552,& = Pmgy Y5y ®¢§2 = Y5, ® s, <77§27 7/)§2>§2
a=1

2

The norm squared of this according to core axioms is just ’<77§2’ 1/)§2)§2 and thus

we have derived:

2

P(Mowm|Pom) = ‘<77§2’ ¢§2>E

2

5,7 | Uit [ V),
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Probabilities in the GBF: projection operators.

Example 3.2: For Example 1.2 we set

Pom = "z, ®Sg,” C "5 0%Hg,"  C Hou

Mo = " Hs, @ng,” g, € S5,

Pom = {OéaM € Hou |3 Bg, € Sz,  com = ¥, ®ﬂ§2} C Hou
Mom = {CXBM € How |3 Ps, € Hs, : com = PBx, ®7EZ} C Hom

We leave the calculation of the probability as a homework for the inclined readership.
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Probabilities in the GBF: projection operators.

Example 3.3: For Example 1.3 we keep Pam and set

Mom = " Hs, ®M§2 TC Ty, ®77§2 7 C Hou
Moy = {OtaM € Hou |3 Bz, € Hs,, g, € Mg, 1 aou = B, ®1l)§2} C Hom -
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Probabilities in the GBF: projection operators.

Example 3.4: For Example 1.4 we set:

Pom = " Hs, @n5,”  C Hou
Mom = "5, @Hg,”  C Hou
Pom = {OéaM € How |APs, € Hs, : ctom = ,321®77§2} C Hom
Moy = {OéaM € Hou |3 Bg, € My, : aom = V5, ®ﬁ§2} C Houm.

This reproduces the correct probabilities also for this case of retroactive measurement
as the active readership can verify following the steps of the first example. In the
definition of probabilities via projectors this is not unexpected, since here we can see
with respect to Example 3.1 we have only interchanged Pam with Moawm.
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