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Motivations from quantum field theory

The evolution from ¥y = {1} x R®to ¥ = {} x R®, where OM = ¥ LI ¥,
M = [t;, &] x R®. Is given by the amplitude transition

pmHs, @ Hyy; — C

"p(vr @ ¢3) :/K . Y2(p2)Zu(e1, p2)i1 (1) Dp1 Do

”ZM(901 7 902) — / eiSM(tb)'Dd)//
Kt ], 1y =i
or alternatively as an operator

pm: Hs, — Hs,, pm € Hy, ® Hs,
Thus we have a “rule"that assigns (state) vector spaces to (oriented)
hypersurfaces ¥, and unitary (evolutionary) maps to regions M



Axioms from quantum theory

> (A-1) Duals:
Hs = Hs
Where we take a dual vector space.
In the previous slide, this allows a coupling of "in” state 5, , with an "out”
state 12 € Hs,.
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» (A-2) Tensor products:
Hs,ux, = Hx, ® Hs,

This is a tensor product and not a cartesian product i.e. quantum states
demand an algebraic structure
It follows that Hom = Hs; 5, = Hy, ® Hx, thus

pm € Hom

We consider algebraic duals and tensor products. For physically relevant
theories we woukd like Hsx to be infinite dimensional Hilbert spaces. In
this case Hilbert space (continuous) duals and Hilbert space
(completed) tensor products will not be considered. In the formal TQFT
models we will just have finite dimensional Hilbert spaces, so duals and
tensor products are algebraic.



Gluing axiom

(A-3a) If M is a manifold with 9M = ¥4 U ¥ U ¥ while M; = Us M obtained by
identifying ¥ with ¥, then
Ay = (Pm)s,
where (pu)x is the contraction
Hs, ® Hs @ Hy — Hs,

(A-3b) When two regions M;, Mz with OM; = ¥4 U X, with
oMy =%, LY, 0M: = ¥/ LU Y, are glued along a boundary diffeomorphism
f:¥ — ¥, we obtain jum,um, € Hy, ® Hs, as the contraction (5w, , im,)
where

('7 ) : H; ® (Hf ® H;E) Q@ Hs, — H; ® Hs,

This axiom encodes the "time evolution” composition
" Zvy o, = / 2w, (1, 0x) 2w, (05, p2) Dy
Ks

with @ mum, — gSmy oS,



More abstract axioms

» (A-4a) For the empty hypersurface ) = I,
Hp =C

It follows that for & (My Ur M2) = 0, pu,um, = Py, @ P,
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More abstract axioms

» (A-4a) For the empty hypersurface § = %,
Hp =C

It follows that for & (My Ur M2) = 0, pu,um, = Py, @ P,

> (A-4b) For the empty region with empty boundary gy =1:C — C
Also for the empty region with non empty boundary ¥ LI ¥,
pp =id € Hy ® Hs.

» (A-5a) There are hermitian structures in Hx and Hs compatible with
duals i.e. there are conjugate-linear maps ts : Hx — Hs, vs : Hy — Hs,
such that vs o ts = id and the following diagrams commutes

Hs & Hy ——C

iLZ \L/d \LZHZ
M

Hs ® Hy ——C
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» (A-5b) pum is unitary



"Topological field theories”
» (A-6) For any cylinder region X x [0, 1],
Prxpo1) = id € Hy ® Hs,
where 9 (£ x [0,1]) = LU L.
(Physics commment: This axiom encodes “kinematical theories”, i.e.

theories with null Hamiltonian where the action Su(y), ¢ € Ky is
diffeomorphisms invariant

Su(f ) = Su(p), forall f: M O, f € Diffy(M), ¢ € Ku

Null hamiltonian evolution in Minkowski space-time yields the
identification H;, ~ H;, ~ H. Thus solutions g, should be interpreted as
vacuum states)

» Example: BF theories modulo gauge. For simplicity take dim M = 2,

Ser(B, A) = / BAFA Be Q°(M,R),Ac Q'(M,q)
M

where g is the Lie algebra of G, and A is a connection for a G—principal
bundle (for physicists ¢ = B x A s a field configuration and F* is the
field strength.) Then for every f € Diffy(M)

Ser(f* B, f*A /f*B/\F’A /f* B/\FA)_/ BAFA = /B/\FA
(M



"Area almost topological field theories”
Example: Yang-Mills theories. For simplicity take M compact, dim M = 2 with
area form w € Q*(M,R)

SYM(A):/Mtr(FA/\*FA):/Mtr(FZ)w,AeQ‘(M,g)

Then for every
f € Diffy, .M := {f € DiftM | f'w =w}

we have the invariance

Sy(f*A) = /

M

tr(F o f)?f'w = / tr(F?)w = Sym(A)
M

Theorem (Moser)

Letw,w’ two area forms in M such that they give the same total area
t=[,w= [, then there exists a difftomorphism isotopy
fs € DifyM,0 < s <1 such that ffw' = w.

Corollary

The Yang-Mills action Syw of the cylinder ps 0,1, depends only on the total
areat.

The transition amplitude of the cylinder p; s« 0,1 : Hs — Hsx, depends just on
the total area t of the cylinder © x [0, 1]



Objects

Simplifying (mathematical) hypothesis: A) regions M and hypersurfaces
correspond to a compact manifolds.
B) There is no "time” foliation in M, we rather regard space-time M as an
"evolving movie” of space X where space topology may change.
Recall the assignment M — gy, X — Hsx, the "source” for this rule can be
described as the n—dimensional cobordisms Cob(n). This category consists
of
Objects Obj(Cob(n)) : hypersurfaces X are identified with diffeomorphism
classes of oriented closed (9% = §)) (n — 1)—dimensional manifolds
There exists a operation of objects: ¥4, ¥, — ¥ LI ¥5. The empty object is a
unity of the operation:

fpur=r=3xu0



Morphisms

Morphisms Morphconn) (X1, X2) : regions M are identified with equivalence
classes of cobordisms M : X4 ~» X,

it

21 M " 11 22
out
The "in” diffemorphism inverts orientation in Xy with respect to the induced
orientation in M, the "out” diffeomorphism preserves orientation. The
equivalence relation of cobordisms M’ ~ M

The cobordism class of the composition of two cobordisms M, o My is well
defined trough the cobordism class of the gluingM; UsMo.
¥ x [0,1] : ¥ ~~ X is the identity morphism in the object %.



Examples of nonequivalent morphisms

1. The cylinder
¥ x[0,1]
NS>

2. A bended cylinder M; : £ U'X ~~ @, or equivalently

AN
&

3. Another bended cylinder M> : § ~ ¥ LI ¥, or equivalently

b

~
N\

pu



Symmetric monoidal categories

The operation of objects defined by disjoint union is associative, and
symmetric: there is a twist morphism

T:XiUYo ~ 2o LY,
There is also an operation of morphisms, M; : &1 ~ ¥} and Mz : o ~ X,
My UM, ;X4 HZQWXQ le/z

There exists the empy morphism @y : @ ~ @ There is also a symmetry for the
disjoint union of morphisms, and the unity morphism

All this constitutes a symmetric monoidal category (Cob(n), L, ().



Examples from 2d TQFT

In this case dim M = 2, dim £ = 1 and therefore ¥ = S'. Hence
Obj(Cob(2)) = {0, S",s'us", s'us'us', ...} ~{0,1,2, ...}

Obj(Cob(2)) is a set!, (Obj(Cob(2)), L, 0) is a monoid that corresponds to
the additive monoid structure on the natural numbers

Proposition
Let My, M, be two compact connected oriented surfaces with boundary. The

surfaces My, M» are diffeomorphic iff they have the same genus g and the
same number of boundary components k.

This will allow a complete description of morphisms:

Morpheob(2) (X1, X2)



The category of vector spaces Vect

On the other hand we organize the spaces Hy also in a category Vect
Objects Obj(Vect) : are vector spaces V
Morphisms are linear maps
We have as operation a tensor product ®
This is symmetric
VoW~WeV

It has a unit
CoVeVaVeC

Hence (Vect, ®, C) is also a symmetric monoidal category



The functorial hypothesis

One of the first attemps to formalize TQFT is regarding the rule ¥ — Hs and
M — p as a functor

The formal definition can be written as follows

Definition

A TQFT is a monoidal functor between monoidal symmetric categories

Z : (Cob(n),u,0) = (Vect,®, C)
Z(Z) = H):, 221 ’XZ(M) = ﬁM

The interpretation of Atiyah’s axioms as a functorial relation between
categories does not cover physically relevant theories, nevertheless it
clarifies conceptual insights for further research and also for calculations



Generating cobordisms in 2d

Let V be the vector space associated to ¥ = S', i.e. V = Z(1) € Vect.
From the topological classification of surfaces it follows that every cobordism
in 2d can be obtained as a composition of one or several cobordisms in the
following list. The corresponding morphisms associated by using the functor
Z are dscribed below

I,Y\ /“ ( (
e I
0 Q/D 3\‘ LAD
zZy
e CoV mVV-Vid: V-V i V-VeV e V-C,

T:VeV-VeV

They are called unit, multiplication, identity, comultiplication, trace and
twisting respectively



Relations among generators
The previous maps coming from generators have relations induced by the
cobordism equivalence (surface classification)
For instance the multiplication m: V ® V — V is associative as can be
deduced from the following equivalence of cobordisms (in graph notation)

id
S

This also may be expressed as a commutative diagram

Ve (Ve V)2 s ve v

VeV)e V™o vev



The unit e and multiplication m have the property



Frobenius relation

One important relation is Frobenius relation wich follows from the
diffeomorphism

g\m N 5

0\5\ "o RS T /ﬁfiﬁ

I 1

Finally we have a vector space V which is also a unital commutative algebra
with additional structures such as the coproduct, the counit and the Frobenius
relation. This relation encodes a compatibility between the product and the
coproduct. A (commutative) Frobenius algebra is an algebra V provided
with the operations and relations we have just mentioned. Using commutative
diagrams

Ve(Ve Vs v v

|

VoV —2(VaV)eV



Finite dimension

Theorem
A Frobenius algebra V has finite dimension

Proof. Consider the Frobenius relation then it follows that the following
composition should coincide with the identity

v (Ve V)e VI, cg v
Vac —2Yg e V) v

Let (a| b) := e(m(a® b)) then the previous composition yields

avi '—>a®231®bﬂ—>za/®bl®aza,(b,|a)—a

i=1 i=1

Therefore ay, ..., an is basis for V.

Corollary

(a]-): V — Cis non degenerate from every a ¢ V
V~ve

Vo Vsx



This last result impose an obstruction for considering V as an infinite
dimensional Hilbert space. This obstruction may also be clarified by a straight
calculation:

If§: V — V& Vis acoproduct defined as (|¢;)) = |¢i) ® |¢;) for an
orthonormal basis an linearly extended. Then:

a) This map is basis dependent.

b) Furthermore the trace ¢ : V — C can be defined (or redefined) as €|¢;) = 1
and extended linearly. The Frobenius relation implies that e becomes infinite.
Thus a trace can exist only for finite dimensional Hilbert spaces.

In physics literature this discussion is the main limitation of the categorical
interpretation of Atiyah’s axioms in order to produce formalisms for physically
relevant models.



Classification of 2d-TQFT

Despite the limitations we have described for the categorical point of view,
one of the most appealing features of this formalism is that it provides a
complete classification of 2d-TQFT. Namely we have the following theorem:

Theorem
The monoidal functors Z : Cob(2) = Vect have themselves a category
structure. Furthermore the following categories are equivalent

2d — TQFT ~ cFA

Where the r.h.s. corresponds to the commutative Frobenius algebras
category.

Natural transformations of functors Z correspond to morphisms in the
category 2dTQFT, equivalence of categories are defined by full, faithful and
essentially surjective functors.



Explicit calculations for BF theories

Problem: Let M, be a closed (OMy = 0) oriented surface of genus g. We are
interested in calculating gy, € C.

|. Bf theories: Consider the action Sgr then boundary configurations
correspond to the Lie group G modulo the adjoint action, thus V = Hg is the
Hilbert spaces

Cess(G) = {f: G—C | f(g™" - x-g) = f(x)}

of class functions on G. By Peter Weil theorem there exists an ON basis {xa}
on Cepass(G) = LZ(G) given by characters

Xa(g) = tr(a(g))

associated to irreducible representations . Any state in Cgass(G) may be
written as ¢ = > YaXa-

Algebra product m: V ® V — V is given by convolution, characters are
nilpotent mod coefficients: m(x; ® x;) = a;dijxi



We consider as "building blocks” of the surface M as the unit, outwards

bended tube, the triple product each one is represented in the vector space
morphisms:

a) Cap:
e=)> faXa=» Wa€V, Wo = faXa

b) Three holed sphere:
t:ZC(xX(x®X(x®X(x S V® V® 4
¢) Two holed sphere:

H=D Xa®XaEV OV



The identity relation yields the relation among coefficients c.f, = 1
A direct calculation yields

p(Wa, Wo) = 2 = ¢ 2

Also
t= " Cola @ Wo ® Wa
For instance take g = 2, a contraction of suitable oriented graphs yields the
contraction of the tensor (u@ p@ u, t@t) =3, A
N’\?\_\ /_/NF\:’\_\

Py .l > @M <~ .I oM

N~ N4



For general genus we have the contraction of 3(g — 1) times u with 2(g — 1)
times t hence
Z(Mg) =pm = Z Ci(gfﬂ

vol(G)

After some calculations from group representation theory ¢, = GG ama



Calculations in other models
Il. Dijkgraaf-Witten model: it uses finite gauge group G, then V = Ceiass(G)
is a Frobenius algebra. Here the categorical interpretation of 2d TQFT is fully
incorporated. Nice calculations of representation theory yield

Z(Mg) = |G‘2g 22 W

Ill. Electromagnetism: recall that T > 0 is the total area of the region

a) Cap: ,
e— Z e—Toe /2Xa

a€Z
where x.(0) = €%, a € Z,0 € [0, 27).
b) Three holed sphere:
t= Z e*T"‘z/zxcx ® Xa ® Xa
a€Z

¢) Two holed sphere:
N:Ze_Ta /2 % ®Xa

a€EZ

Mg) Z e Ta?

a€Z

Invariant



IV. 2d Yang Mills:
a) Cap:
e= Zdim ae” /2%y

o

b) Three holed sphere:

t= z e_T/2cz(&)/ dimaxa ® Xo @ Xa

o

c) Two holed sphere:

—T/2C (). * *
p=> e PN e

Invariant



More general building blocks for example balls, may be considered in any
dimension, but we have to describe TQFT with corners
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