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Overview

@ Quantum theories are most often obtained through a process of
quantization, starting from a classical theory.

@ We have seen how the Schréodinger-Feynman quantization
scheme fits naturally into the GBE. However, both of its
ingredients, the Schrodinger representation and the path integral
are in general not well defined.

@ [t turns out that a version of geometric quantization known as
holomorphic quantization can be adapted to the GBF.

@ In the special case of linear field theory, i.e., given a quadratic
Lagrangian, this leads to a rigorous and functorial quantization
scheme.
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Review of Schrodinger-Feynman quantization

We consider for each hypersurface X the associated space Ky, of field
configurations of the classical field theory. In the Schrodinger

representation the state space Hs is the space of wave functions on Ky
with the inner product

W) = fK YT @ dus(e).

But what is the measure ux? And, how exactly, is Ky defined?

For a spacetime region M the amplitude map is given by the Feynman
path integral,

@)= [ 9(6on) exp (1S1(6) dian(®),

Here Sy is the action in M. The integral is over the space Ky, of field

configurations in the region M. But what is Kj; exactly? And what is
the measure 1),?
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Lagrangian field theory (I)

Formulate field theory in terms of first order Lagrangian density
A(p, do, x). For a spacetime region M the action of a field ¢ is

(@) = fM AG(),96(0),)

Classical solutions in M are extremal points of this action. These are
obtained by setting to zero the first variation of the action,

oA oA
(dSM)¢(X):LXa(6¢a - H(Sa )@) f X' H"éa QD ((P)

under the condition that the infinitesimal field X vanishes on M. This
yields the Euler-Lagrange equations,

ON
(6(P Héa )(qb)
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Lagrangian field theory (II)

The boundary term can be defined for an arbitrary hypersurface X.

©O2)o%) = - | X0u1550)

This 1-form is called the symplectic potential. Its exterior derivative is
the symplectic 2-form,

2
((UZ)q)(X, Y) = (d@z)(P(X, Y) = _% fz ((beu _ YbXa) ay.l%(¢)
U

+(Y?9, X" - X°0,Y") 0 J‘SZ—A(qs)) .
1760, 9,7

We denote the space of solutions in M by Ly; and the space of germs of
solutions on a hypersurface X by Ly.
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Lagrangian field theory (III)

Let M be a region and ¢ € Ljy;. Then ¢ may or may not be induced
from a solution in M. If ¢ arises from a solution in M and X, Y arise
from infinitesimal solutions in M, then,

(Wan)p(X, Y) = (dOym)p(X, Y) = —=(ddSm)e(X, Y) = 0.
This means, L); induces an isotropic submanifold of L.

It is natural to require that the symplectic form is non-degenerate. We
are then led to the converse statement: If given X we have

(wan)p(X, Y) = 0 for all induced Y, then X itself must be induced. This
means, Ly induces a coisotropic submanifold of Ly,.

Taking both statements together yields,

Ly induces a Lagrangian submanifold of Ljy,. J
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Encoding classical field theory

A classical field theory may be encoded by “general boundary” data:

@ For each hypersurface X there is a manifold Ly (of germs of classical
solutions near X). Ly carries a non-degenerate symplectic form wy
(from Lagrangian field theory).

@ For each region M there is a manifold Ly, (of classical solutions in M)
and an embedding 71 : Lyr — Lo

@ The submanifold rps(Lys) € Ly is Lagrangian with respect to w .

@ These structures are compatible with orientation change,
decomposition of hypersurfaces and gluing of regions.

This defines in (various different ways) a category of classical field
theories.
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Geometric quantization: Prequantization

Geometric quantization is designed to output the structures of the
standard formulation of quantum theory, i.e., a Hilbert space of states
and an operator algebra of observables acting on it. Its main input is
the space L of solutions of the classical theory in spacetime with its
symplectic structure w. It proceeds roughly in two steps:

1 We consider a hermitian line bundle B over L with a connection V
that has curvature 2-form w. Define the prequantum Hilbert space
H as the space of square-integrable sections with inner product

()5 = f (5 (), $(n)y dus().

Here the measure dy is given by the 2n-form w A -+ A w if L has
dimension 2n. Classical observables, i.e., functions on L, act
naturally as operators on H with the “correct” commutation

relations.
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Geometric quantization: Polarization

2 This Hilbert space is too large. Choose in each complexified
tangent space (Tq)L)C a Lagrangian subspace P with respect to
wg. We then restrict H to those sections s of B such that

if X, € Py, for all ¢ € L. This is called a polarization. The subspace
H of H obtained in this way is the Hilbert space of states. Not all
observables are well defined on it as they might not leave the
subspace H C H invariant.
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Kéahler polarization

We are interested in a Kéhler polarization. Then P is determined by a
complex structure ], in T, L that is compatible with wg. |, satisfies
](p o ](/) =-1land w¢(]¢X,]¢Y) = w¢(X, Y) Then

Py = {X € (TyL)® : iX = JX}.
Jo yields a real inner product on T L:
8o (X, Yo) = 2w5(Xg, /o Y o).

We shall require g, to be positive definite. We also obtain a complex
inner product on Ty L viewed as a complex vector space:

{Xq), Y¢}¢ = g¢(X¢, Y‘P) + 2ia)¢(X¢, Y‘P)

The Hilbert space H obtained from H through a Kahler polarization is
also called the holomorphic representation.
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Linear field theory

To be able to deal with the field theory case where L is generically
infinite-dimensional we restrict ourselves to the simplest setting of
linear field theory. That is, we take L to be a real vector space and the
symplectic form w to be invariant under translations in L. Not much is
known beyond this setting.

Then, L can be naturally identified with its tangent space. Moreover,
the symplectic form w, the complex structure J, the real and complex
inner products g, {-, -} all become structures on the vector space L. The
line bundle B becomes trivial and its section (the elements of H) can be
identified with complex functions on L. For a Kihler polarization the
elements of the subspace H C H are precisely the holomorphic
functions on L. Moreover, the inner product formula simplifies,

W = [T exp (- 350m)aucn.
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The measure
What is the measure dyu?

It turns out that on an infinite-dimensional vector space L no
translation-invariant measure exists. Instead, we should look for a
Gaussian measure

1
dv ~ exp (—Eg(n/ n))du-

However, not even that exists on the Hilbert space L. The measure
does exist if we extend L to a larger vector space L. Concretely v and L
can be constructed as an inductive limit of finite-dimensional quotient
spaces of L. It turns out that L can also be identified with the algebraic
dual of the topological dual of L.

A priori, wave functions are thus really functions of L rather than on L.
But, a function that is square-integrable on L and holomorphic is
completely determined by its values on L. This allows us to “forget”
about L to some extent.
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Encoding linear (semi)classical field theory

A semiclassical linear field theory is encoded as:

@ For each hypersurface X there is a real vector space Ly (of classical
solutions near X). Ly carries a non-degenerate symplectic form wy
(from Lagrangian field theory). Moreover, Ly carries a compatible
complex structure [y (for geometric quantization). Ly, is a real
Hilbert space with ¢y and a complex Hilbert space with {-, -}5.

@ For each region M there is a real vector space Ly, (of classical
solutions in M) and a real linear map 7 : Lyy — L.

@ The subspace r)1(Lyr) € Ly is Lagrangian with respect to wyp.

@ These structures are compatible with orientation change,
decomposition of hypersurfaces and gluing of regions.

It follows: Lyps = rpm(Lyt) @R Jopmrm(Ly) is an orthogonal sum.
Define: up : Loy — Lom as up(rm(v) + Jomrm(w)) = rm(0) = Jamrm(w).
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State spaces

For each hypersurface X we define a Hilbert space of states Hy by

using the geometric quantization prescription. Thus, Hy is a space of
holomorphic functions on Ly with the inner product,

W) = fL TOU(@) dve(@).
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Amplitudes

For each region M we define the linear amplitude map py : Hypy — C
by

om(®) = fL () dvai(9).

Here ﬁM is an extension of Ly; and v, is a Gaussian measure on ﬁM,
depending on g,y that heuristically takes the form

1
dvy = exp (—ZgM(n, n)) du

with p a (fictitious) translation-invariant measure.

It can be shown that this prescription is here equivalent to the
Feynman path integral prescription. J
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Main Result

We obtain a quantum theory in terms of the data of the GBF.

Theorem

With an additional integrability assumption, the GBF core axioms are
satisfied by this quantization prescription.

The quantization prescription may be viewed (in various ways) as a
functor from classical field theories to general boundary quantum field
theories.
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Coherent States

The Hilbert spaces Hy are reproducing kernel Hilbert spaces and
contain coherent states of the form

Ke(9) = oxp 316,01z

associated to classical solutions £ € Ly. They have the reproducing
property,
(Ke, Prx = 9(8),

and satisfy the completeness relation

<1P',¢>2=L(lP',KQz(Kg,yb)zdvz(é)-

They can be thought of as representing quantum states that
approximate specific classical solutions.
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Complex conjugation and evolution (I)

Given a region M we recall the map uys : Lyys — Loy It has a quantum
counter part Uy : Hypr — Hyy given by

(Umy) (@) := Y(um).
This is compatible with coherent states in the sense
UpmKs = Kyypz-

The maps up; and Uy have remarkable properties. They are involutive
(i.e, square to the identity), conjugate linear and isometric. In fact, they
act like a complex conjugation in the classical respectively quantum
setting. In particular,

pm(Unm(¥)) = pm().
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Complex conjugation and evolution (II)

At the same time the maps u); and U, play the role of generalized
evolution maps. Suppose M is a region with boundary M = X; U X,.
The classical dynamics of the theory in M can be described as an
evolution between the hypersurfaces X1 and X, precisely if 1,
restricted to Ly, € Lyy; = Ly, ® Ly, has image Ly, C L. In this case

um(pr + ¢2) = (o) + H(p1) where ¢; € Ly, ¢ € Ly,

with t: Ly, — Ly, the classical evolution map.

Uy plays a similar role in the quantum theory. Under the same
conditions we have

U1 ® (y2) = T2 ® (Typ1)  where 1 € Hy,, i € Hy.
Here T : Hy, — 5, is the unitary quantum evolution map with

pm(P1 ® L(2)) = (P2, TP1);.
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Amplitude formula

Remarkably, the amplitude of a coherent state can be calculated
explicitly. Let & € Ljyy;. Then,

pm(Ke) = exp (%{5, MMé}aM)-

This has a simple and compelling physical interpretation. It becomes
more evident in a slightly different presentation. Set

&= ER + [HmEl € ry(Lat) @r Jamram(Ly)- Let K: denote the normalized
coherent state associated with &. Then,

- 1 i
pm(Kg) = exp (—EgaM(EI, &h - %gaM(éR, 51))-
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Klein-Gordon Theory

Spacelike Hypersurfaces

Parametrization of solutions near hypersurface at time #:

d’k —i(Et=kx) | 11\ i(Et=kx
2= [ G (ot ),
Additional structures:
d3k —_—
w162 = 3 | Gosag (#200916) - 01(0192(8),
J(PN(k) = —1¢(k)

3 I I
901,9) = [ o (6103200 + 0a),

3 -
grah =2 [ S o kil
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Klein-Gordon Theory

Timelike Hypersurfaces I
Parametrize solution near constant x; hypersurface,
dE d’k

AN 7 7 —i(Et—k%)
nt0,%) = | oo (NERSFE E e

+1(E, 0 f(E K, x1>ei<’ff—’2’"‘>),

where ¥ := (x, x3), k := (ko, k3), k1 := +/|E2 — k2 — m2| and

k% = cos(kyxy) + isin(kixg) if E2 — k%> —m? >0

f(E K, x1) := {

Two classes of solutions:
e Propagating waves: E? — k?> — m? > 0, oscillate in space

e Evanescent waves: E2 — k? — m? < 0, exponential in space
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Klein-Gordon Theory

Timelike Hypersurfaces II

Additional structures:

dE d%k - = = -
@) =5 | G (PERMED ~mE R E D),
(](n))(E/ TC) - —lT](E, k)/
dE d%k T - =
galm ) = [ s (mE RE D) + ma(E R E.P)

dE d’%k
el =2 [ S5 m(E P,

Space of solutions decomposes L, = Lgl ®LS .

Hilbert space H,, has subspaces H! and H¢ such that
Hy, = HE @ HE .
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