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Motivation

Anti de Sitter spacetime (AdS)

» constant negative curvature

» global AdS; 3 coordinates:
time ¢ € [—o0, +00]
radius p € [0, §) N
angles Q = (0, ¢) on §* t
» boundary JAdS: hypercylinder
R xS at p = Z (timelike)
» static metrlc
ds? = Figs (—dt2—|—dp2+sin2p dsgrz)

COBQ

» Penrose diagram
with timelike geodesics: =

» 1o (temporally) asymptotically
free states, no standard S-matrix!

1
g:T/;L §=0 SzT/-?.
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Motivation

Review: standard S-matrix in Minkowski spacetime

» standard QFT in flat spacetime:
one Hilbert space # of free states

» S-matrix is unitary operator
S: H — #H with matrix elements

t Sne = ol IS M),
* ~ li

£ tgﬁ‘ e ]{ Snyc tlglolo +f,<< [ Ut 40 1) _,

- P TAr a » usual assumption: interaction

( v / switched off for large times,
e s states become asymptotically free

+

. >, €42

[V ad

Time-slice region M, ¢y
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Motivation

"'1>t1 €N

[V ad

Time-slice region M, ¢y
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Review: standard S-matrix in Minkowski spacetime

standard QFT in flat spacetime:
one Hilbert space # of free states

S-matrix is unitary operator
S: H — #H with matrix elements

Sne = ol IS M),
S"I,C ~ tlig.lo +t,<< |u[7t,+t] |77>7t
usual assumption: interaction

switched off for large times,
states become asymptotically free

improved assumption: interaction
negligible for large distances

—> | spacetime geometry!

Minkowski: large distances for large
times (straight geodesics)

AdS: not the case! (periodically
reconverging geodesics)
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» one solution: use different region!
natural choice: rod hypercylinder region:

M,, = RxBS,
2
» ds? o= %&% (—dt2 +dp?+sin?p dS;z)

AdS metric causes large distances
near boundary at p = 3,

» on hypercylinders ¥,, = R xS},
near the boundary p = 3
the interaction becomes negligible
and states become asymptotically free

» How can we construct S-matrix
for nonstandard regions?

= | GBF!
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Classical Klein-Gordon theory on AdS and Minkowski

Minkowski as flat limit of AdS

scalar curvature of AdS inversely proportional to curvature radius Raqs squared,
thus flat limit Raqs — oo should give us Minkowski!
use well known Minkowski results to calibrate corresponding AdS counterparts

Anti de Sitter

metric:

— flat limit —

R
dsdas = 224 (—dt?+dp? +sin®p ds? )
Laplace-Beltrami operator:

Oaas = RiZ {—cos?p 07 +tan"2p Oge

+cos’p i + 2 (‘3p}

tan p

Klein-Gordon equation:

(Oaas —m2) =0

10 Killing vector fields: (j,k =1,2,3)
1 time translation Ry5¢ Ka,0

3 "4-boosts" R LsKa;

3 rotations Kjx

3 "0-boosts" Ko;
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Minkowski (r = Raast, r = Raasp)

metric:

ds? = —d7r2 + dr? +r2dQ32

Laplace-Beltrami:

Onmink = *63 +r72 Og2
+07+ 29,

Klein-Gordon equation:

(DMink_m2) =0

10 Killing vector fields:

1 time translation Ty

3 spatial translations T}

3 rotations K

3 Lorentz boosts Ko;
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Classical Klein-Gordon theory on AdS and Minkowski

Minkowski: classical Klein-Gordon solutions |

» spherical coordinates: separation of variables gives radial DEQ of 2nd degree,
two linear independent solutions — Bessel modes + Neumann modes

» defining p% = /| E2—m?2| the modes write

(a
/’LEl)ml (t,r, Q)=

(®) —
/’(‘El'rrbl (t,r, Q)=

i
47
)
4r

e Y™ (Q) Jei(r)

YN (@) () npi(r)= {im

Ji(hr)

ng (p}:E'r‘)

it :
.
.
2r "
I
|'I| II |
pa |
° A .&’
/ / '.UL'
(X))~ [
o N mw/ [
{
~_ /
-4+ - — .
1 1 Ll Ll 1 J’L 1 L 1
o0 0.2 0.4 0.8 0.8 10 12 14
lia) G | Boundary QFT in AdS

Max Dohse (CCM-UNAM, M

JEL(M)= 4", .
B {1 LiGp)

ni(ipgr)

E?>m?
E?<m?
E?>m?
E? <m?
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Classical Klein-Gordon theory on AdS and Minkowski

Minkowski: classical Klein-Gordon solutions |l

. ;

4L . B H
s i 1n(ix) :
. :
:

2 %

>
S

e

-

0.0 02 0.4 I0.§ ' ‘O.B 10
» can expand KG solution on time-slice region in propagating Bessel modes

d)(tv 7 Q) = /élE Z{(Jbglml:u‘(Ea;m_l (L, 7 Q) + d)glml :u“%‘ll)'ml (L" ) Q)}

E2>m2 bLmy
» on rod region: propagating+evanescent Bessel modes
“+ oo

(1,7, 9) = / AB Y @bt 55, 7, 2)

oo L,my

» on neighborhood of hypercylinder X,,: prop.+evan. Bessel + Neumann modes
“+o0

B(t,r,9) = / AE Y ~{ Gt 15, (07, 2) + Bl 150, (17,0 }

oo Lmy
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» spherical coordinates: separation of variables gives radial DEQ of 2nd degree,
two linear independent solutions — Jacobi + hypergeometric modes
» define magic frequencies w), := 2n +1 + M4,

and mass parameters m4y = % + v wherein v =/d?/4+ m2R2 g

» the Jacobi modes write

L4+ -
o (40, 9) = et Y @) TR () T (o)~ sin'p cos™p P (cos 2p)

» the hypergeometric modes write

Nfusz:z), (Lo, =€ “ Y@ Si(p)  SL(p)=sin'p cos™p F(a™, B 45 sinp)

— cosm‘*'p

S gS.b. _Sb. o2
WF(O& » B77 477 sinp)

PS8 (o = e Y@ 8L Shi(e)=

s

0.5k

0.0




0.0 05 10 L3
» can expand KG solution on time-slice region in Jacobi modes
— + (+) - (+)
G009 = D A By 150, (1 0.0) F By i (100}

nlm;
» on rod region in hypergeometric a-modes
“+ oo

$(t,7,9) = / dw Y~ S, 1, (17 2)

o LMy

» on neighborhood of hypercylinder ¥, in hypergeometric a and b-modes
“+o0

B(t,r,9) = / dw >~ { Gt 1, (17,2 + Gt 1, (17 ) }

oo by



Classical Klein-Gordon theory on AdS and Minkowski

AdS

ERE-SLiCE

coherent states |SFQ
dm‘hd 5)' vactuum? HG

1 coh. states
‘o}t.ky w & }=-'|’

isos v

33_,’tﬂ
Sttt

<

!

FLAT
LimeT

ROD Hrrereviinoer ROD HyeerevinoER

cohewedt states  |SF 2 coh. states SFQ

determined by voeuum ; HQ det. by vacuum: HQ
; %"'"Q R G-t Zoh, states £ et Zoh, states

/ﬂ:—\ww&}=§ pegn P YT

& ® fo e
= gk, isos v [ T™MIT 3% 1sos (v
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Minkowski

TiME - SLTEES

coh. states EEQ
det. by vacuum: HQ

=1 ety
Zoh. states
O‘e‘t‘ 57 w E{ }*'l

isos (V)

gtu:1 &l
Ste, t-ﬂ

[ g

14 / 28



© Motivation
© Classical Klein-Gordon theory on AdS and Minkowski
e Schrédinger-Feynman Quantization (SFQ)

@ Holomorphic quantization (HQ)



Schradi Fey O ization (SFQ)

SFQ: coherent states [Colosi:2009]

» consider region M foliated by hypersurfaces ¥, wherein 7 is foliation parameter

» Dirac picture coherent states determined by characterizing function n(z)

Ug(p) = exp ( / 4’z p(a) (ﬁﬂ)*n@)) U5 ()

» vacuum state given by ’L/J;’To(ap) = exp{f% /dgx p(z) (Ag,go) (g)}

s,

with vacuum operator As, = /| (g®g ™) (r,2)| M
T(r)

.

» operator (T(r) Up)(@) = (g Xf (1) +cp Xp (7)) Uk ()

wherein ¢, b are factors determining the vacuum and Ug(z) is an ONB on X

Minkowski equal-time plane: Ugim, (r, ) = ji(per)Y;" (2) and Tp(t) = ¢ &

Minkowski hypercylinder: Ugim, (t,2) = *iEtYlm’ (@) and Y gi(r) = jEi(r)+itE (r)
AdS hypercylinder: Ugim, (t,2) = ¢ F1Y™ (@) and Twi(p) =777 S (0)+777 S%(0)
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» free amplitude with B= (2 |'f'(‘r)|2 A%T)_l is independent of 71 2
P (V81 098) = e [d' (BT~ fnn — 4T5¢)
» amplitude with source field p(z), Feynman propagator Gr

S, ) S, D, ) 3 4 »
ot (R @uR S ) = o («szl’@w?,i)exp(l /dx 9] 1) 6" %))

M[f1,"'2]
exp(% /d4w /d“fc’ Vi0g@)g"| p) Gp(z,x’)u(w'))
Mizy vy Mz, 7g)

= amplitude with source field is independent of 71 2, too!



Schradi Fey O ization (SFQ)

SFQ: amplitudes for rod hypercylinder M, [ColDo:2010]

» free amplitude with B = (2 |Y(r)’2 Alér)i1 is independent of rg

pzm(lp ) - eXp( /dtd 0 {Z%BE+ZB§})

» amplitude with source field u(z), Feynman propagator Gr

p'ro <w2ro> = 'ro ( exp( /dx |u(-’«) ¢(E>(-’«)>
eXp(é /d4x /d4fv’ |g<m)g<x’>|u(z)Gm,m’)u(z'))
Mry My

— amplitude with source field is independent of rg, too!
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» action for general field interaction with potential V:

Sr,v(¢) = Sro(¢) + /d4w V(z, ()

p<R

expiSr,v(¢) = [exp i /idﬂ:c lg(z)| V(w, —i%(m))] expiSr,.(¢)

p<R

nw=0
» amplitude:

prv (W) = {expl /dx 9@V (2, i ))} pru(¥)

p<R

n=0

— | amplitude again independent of hypercylinder’s radius R




Schradi E. Quantization (SFQ)

Y

SFQ: rod-slice correspondence [ColOe:2008]

» let rod and time-slice cover all of spacetime

» exponentials quadratic in p agree in p[stl“ ta] and p,sa(‘)“

» exponentials with coupling of y and special KG solution agree if ¢(&) = ¢("¢
» Minkowski: this induces relation ¢ < (n,() such that free amplitudes agree:

PST? . <1/12DTY ®1/J272) = pzm (d’zro >

» thus in Minkowski rod and time-slice amplitudes with source are equivalent!

— | Can we contruct the same for AdS?
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AdS

ERE-SLiCE

coherent states |SFQ

dm‘hd 5)' vactuum? HG

=1 coh. states

‘o}t.’ay w & J,:-?
isos v

3&.,tﬂ

Sttt

<

!

(SFQ)

FLAT
LimeT

ROD wyeereviinoen

coherent states SF 2
JM{AJ byVagAum: HQ -
?¢u~ I . ctotes
., ®£a2=§ m
g';_/ LimPT

fsos \/
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TiME - SLTEES

coh. states
det. by vacuum:

SFQ
HQ

=4 1]

e Zoh stakes

O‘e‘t‘ 57 w & }*’l
isos (V)

=
Stk

Sﬂt—‘ tzj

[ g

RCJD HYPERCYLINDER

coh. states SFQ
det., by vacuum s HQ

et i Zoh. states
¥ Ak, vk

S
P 3% 1sos (v7)

dary QFT in AdS
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Holomorphic quantization (HQ)

Holomorphic quantization [Oeckl:2012]

» associate to any hypersurface ¥ space Ly of solutions near
» symplectic structure: wy : Lz xLs — R
» complex structure: Jg : Ly — Ly with J4 = —1 and ws(-,-) = ws(Js -, I *)
» field metric: g5 (-,-) = 2ws(-,Js )
» inner product: {-, -} = gx(-,)+2iws(,-)
» states are holomorphic function(al)s: ¢& : Ly — C
» coherent states determined by characteristic solution ¢ € Ly via
27N = exp g {, s

» amplitude for region M with boundary OM (rigorous path integral)

oar’ (WDanf) = eXP(—%gBM(Qf’]R, ¢') = 380 (0, ¢H))
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» isometry K:
K: M — KrM
K: OM — KroM = 9(K>M)

» isometry invariance of amplitude
requires two properties:

1. symplectic structure K-invariant:
wisam (KX, Ko ¢) = wam(\, )

2. complex structure commutes with K:
Jiwont (K>X) = Kb (Jon A)
for all A\, ¢ € Lom




» isometry K:

» isometry invariance of amplitude

K: M — KpM
K: OM — KroM = 9(K>M)

requires two properties:

. symplectic structure K-invariant: » then we have:
!
wisam (KX, K> ¢) = wam(A, @) Srvom (K>, K>A)

. complex structure commutes with K: = WKrOM (K > A, Jrwon (K D)‘))
JKvom (KD)\) S KD(J@M )\) =le>6M(K[>>\,KI>(J3M)\))
for all A, ¢ € Lom = wam (A, JoamA)

= gaM()‘a )‘)



Holomorphic quantization (HQ)

Rod hypercylinder M,; in AdS: Symplectic structure [Dohse:2013]

» boundary dM,, is hypercylinder ¥,,, KG solutions near boundary: Ls,

$(t,1,9) = / dw Y a5, e YT @) SEue) + 61, €Y (@) Sl |

I,my

» symplectic structure induced by Lagrange density turns out to be:

5, (n,¢) = %/dtdZQ Riastan’p (10,¢ — C0pn)

T RAas /dw (20+1) {ﬁjifnl fjl —my nflinl ijl —ml}
l,my
» isometry actions: (Kl>w) m,¢) = w(K ton, K1) with (K 'on) (@) = (k=)
» to show isometry invariance of w, we translate action of K on coordinates

into action in solution space: K : nfﬂnl — (KDn)wlml which gives

(Kpws,)(1,0) = 1R /dwz @+ {(Kem e, (K%, .,

lymy
—(Kom)3t, (KeQ%S, .}
= ws,(n,¢) for all isometries of AdS
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» KG solutions Ly 0

blt,7,9) = / dwY " a5, e YT @) SEie) + 61, €Y @) Sl
I,mg

(o) = [awd {(30)50, naienm+ (36), WS wmo0}

wlmg
l,mg



Holomorphic quantization (HQ)

Rod hypercylinder Ml,; in AdS: Complex structure J

» KG solutions szo

b(t,7,0) = /dwz {650, e Y @) S2uo) + 85, ¢ Y (@) Shuto) }

l,my

(1) (t.r ) = /de{ (o) mm o)+ (30) 00 uGt oo}

l,my

» most general ansatz for action of J:
S,a ’ .S,aa (wlmy S,a .S,ab (wlmy S,b
(J¢)wlml - /dw Z { J w’l’m; (z)w’l’m; +J w’l/mz ¢w/l”m;
,m/! )
L)
~S,aa (wlmy ~S,ab(wlmy S,b
3 (S g T (A ) o |
- l - l l
S,b ’ .S,ba (wlmy S,a .S,bb (w1 my S,b
(00)50, = Jaw S50 (A ) g 455 (400 05
l/,m;

wlmy

~Sba fwl my ~S,bb (w l my S,b
+7 < /l/m;)¢ ' / +J ( ’l’m2>¢m’l/m,2 }
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Holomorphic quantization (HQ)

Rod hypercylinder Ml,; in AdS: Complex structure J

» KG solutions Lgpo

Bit,r, @) = / dwY " a5, e YT @) SEie) + 61, € Y @) Sl

l,my
(16)(t.r) = /de{ J9)° o 1 (69, ) + (J¢>)wlm uS . p,m}
l,my

» [J,K] =0 with J? = —1 and ws(-,-) = ws(Js -, Jx ) imply

(o). = 3505, (o), = =G ol

wherein 5, must fulfill

S — s (my4w—1—3)(my—w+l) jSab S (my —w—1=3)(m4 +w+1)
WLl ! (20+3) (20+1) wHLHL “t (20+3) (20+1)

T(a®) T(55°)

. .S l
candidate: jg; = (-1) T ) T TS ) TS 1)

we have many more...
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Holomorphic quantization (HQ)

AdS

ERE-SLiCE

coherent states |SFQ
dd:ermnd 5)« Vacuums HQ

1 coh. states
‘o}t.’ay w & J,:-'?

isos v~

33_"“]
Sttt

<

!

FLAT
LimeT

ROD Hreereriinoen ROD wHyeercyLinoER
coherent states SF 2 coh. states SFQ
J:*#m'-md by voeuum ; HQ ~ det. by vacuum HQ
- R 2 Zoh. states e %oh. states
| /a:. by @£}=2 ﬁnm . det. by w8 J=( 7]
? ® % .
% st isos v [|5TMT 3%, 1sos (v
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Holomorphic quantization (HQ)
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