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Outline
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and in collaboration with Daniele Colosi
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Motivation

Anti de Sitter spacetime (AdS)

I constant negative curvature
I global AdS1,3 coordinates:

time t ∈ [−∞,+∞]
radius ρ ∈ [0, ιπ

2
)

angles Ω = (θ,ϕ) on S2

I boundary ∂AdS: hypercylinder
R×S2 at ρ = ιπ

2
(timelike)

I static metric:
ds2

AdS =
R2

AdS
cos2ρ

(
−dt2+dρ2+sin2ρ ds2

S2
)

I Penrose diagram
with timelike geodesics: =⇒

I no (temporally) asymptotically
free states, no standard S-matrix!
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Motivation

Review: standard S-matrix in Minkowski spacetime

Time-slice region M[t1,t2]

I standard QFT in flat spacetime:
one Hilbert space H of free states

I S-matrix is unitary operator
S : H → H with matrix elements

Sη,ζ = 〈out ζ |S | η〉in

Sη,ζ ∼ lim
t→∞

〈
+t

ζ |U[−t,+t] | η〉−t

I usual assumption: interaction
switched off for large times,
states become asymptotically free

I improved assumption: interaction
negligible for large distances

=⇒ spacetime geometry!

I Minkowski: large distances for large
times (straight geodesics)
AdS: not the case! (periodically
reconverging geodesics)
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Motivation

AdS: hypercylinder

I one solution: use different region!
natural choice: rod hypercylinder region:
Mρ0 = R×B3

ρ0

I ds2
AdS =

R2
AdS

cos2ρ

(
−dt2+dρ2+sin2ρ ds2

S2
)

AdS metric causes large distances
near boundary at ρ = ιπ

2
,

I on hypercylinders Σρ0 = R×S2
ρ0

near the boundary ρ = ιπ
2

the interaction becomes negligible
and states become asymptotically free

I How can we construct S-matrix
for nonstandard regions?

=⇒ GBF !
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Classical Klein-Gordon theory on AdS and Minkowski
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Classical Klein-Gordon theory on AdS and Minkowski

Minkowski as flat limit of AdS

I scalar curvature of AdS inversely proportional to curvature radius RAdS squared,
thus flat limit RAdS → ∞ should give us Minkowski!
use well known Minkowski results to calibrate corresponding AdS counterparts

Anti de Sitter =⇒ flat limit =⇒
I metric:

ds2
AdS =

R2
AdS

cos2ρ

(
−dt2+dρ2+sin2ρ ds2

S2
)

I Laplace-Beltrami operator:
2AdS = R−2

AdS

{
− cos2ρ ∂2

t +tan−2ρ2S2

+cos2ρ ∂2
ρ + 2

tan ρ
∂ρ
}

I Klein-Gordon equation:
(2AdS−m2) = 0

I 10 Killing vector fields: (j, k = 1, 2, 3)

1 time translation R−1
AdSK4,0

3 "4-boosts" R−1
AdSK4,j

3 rotations Kjk

3 "0-boosts" K0j

Minkowski (τ = RAdSt, r = RAdSρ)

I metric:
ds2

Mink = −dτ2 + dr2 + r2 dΩ2
2

I Laplace-Beltrami:
2Mink = −∂2

τ + r−2 2S2

+ ∂2
r + 2

r
∂r

I Klein-Gordon equation:
(2Mink−m2) = 0

I 10 Killing vector fields:
1 time translation T0

3 spatial translations Tj
3 rotations Kjk

3 Lorentz boosts K0j
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Classical Klein-Gordon theory on AdS and Minkowski

Minkowski as flat limit of AdS
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Classical Klein-Gordon theory on AdS and Minkowski

Minkowski: classical Klein-Gordon solutions I

I spherical coordinates: separation of variables gives radial DEQ of 2nd degree,
two linear independent solutions → Bessel modes + Neumann modes

I defining pRE =
√
|E2−m2 | the modes write

µ(a)

Elml
(t, r,Ω)=

pRE
4 ιπ

e−iEtY
ml
l (Ω) ̌El(r) ̌El(r)=

®
jl(pREr) E2>m2

i−l jl(ipREr) E2<m2

µ(b)

Elml
(t, r,Ω)=

pRE
4 ιπ

e−iEtY
ml
l (Ω) ňEl(r) ňEl(r)=

®
nl(pREr) E2>m2

il+1 nl(ipREr) E2<m2
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Classical Klein-Gordon theory on AdS and Minkowski

Minkowski: classical Klein-Gordon solutions II

I can expand KG solution on time-slice region in propagating Bessel modes

φ(t, r,Ω) =

ˆ

E2>m2

dE
∑
l,ml

{
φ+
Elml

µ(a)

Elml
(t, r,Ω) + φ−Elml µ

(a)

Elml
(t, r,Ω)

}
I on rod region: propagating+evanescent Bessel modes

φ(t, r,Ω) =

+∞ˆ

−∞

dE
∑
l,ml

φaElmlµ
(a)

Elml
(t, r,Ω)

I on neighborhood of hypercylinder Σr0 : prop.+evan. Bessel + Neumann modes

φ(t, r,Ω) =

+∞ˆ

−∞

dE
∑
l,ml

{
φaElmlµ

(a)

Elml
(t, r,Ω) + φbElmlµ

(b)

Elml
(t, r,Ω)

}
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Classical Klein-Gordon theory on AdS and Minkowski

AdS: classical Klein-Gordon solutions I

I spherical coordinates: separation of variables gives radial DEQ of 2nd degree,
two linear independent solutions → Jacobi + hypergeometric modes

I define magic frequencies ω+
nl := 2n+ l + m̃+,

and mass parameters m̃± = d
2
± ν wherein ν =

√
d2/4 +m2R2

AdS

I the Jacobi modes write

µ(+)

nlml
(t, ρ,Ω) = e−iω+

nl
t Y

ml
l (Ω) J (+)

nl (ρ) J (+)

nl (ρ)∼ sinlρ cosm̃+ρP (l+1/2,ν)
n (cos 2ρ)

I the hypergeometric modes write

µ(S,a)

ωlml
(t, ρ,Ω)= e−iωt Y

ml
l (Ω)Saωl(ρ) S

a
ωl(ρ)= sin

l
ρ cos

m̃+ρF (α
S,a

, β
S,a

; γ
S,a

; sin
2
ρ)

µ(S,b)

ωlml
(t, ρ,Ω)= e−iωt Y

ml
l (Ω)Sbωl(ρ) S

b
ωl(ρ)=

− cosm̃+ρ

(sin ρ)l+d−2
F (α

S,b
, β

S,b
; γ

S,b
; sin

2
ρ)
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Classical Klein-Gordon theory on AdS and Minkowski

AdS: classical Klein-Gordon solutions II

I can expand KG solution on time-slice region in Jacobi modes

φ(t, ρ,Ω) =
∑
nlml

¶
φ+
nlml

µ(+)

nlml
(t, ρ,Ω) + φ−nlml µ

(+)

nlml
(t, ρ,Ω)

©
I on rod region in hypergeometric a-modes

φ(t, r,Ω) =

+∞ˆ

−∞

dω
∑
l,ml

φaωlmlµ
(a)

ωlml
(t, r,Ω)

I on neighborhood of hypercylinder Σr0 in hypergeometric a and b-modes

φ(t, r,Ω) =

+∞ˆ

−∞

dω
∑
l,ml

{
φaωlmlµ

(a)

ωlml
(t, r,Ω) + φbωlmlµ

(b)

ωlml
(t, r,Ω)

}
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Classical Klein-Gordon theory on AdS and Minkowski
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Schrödinger-Feynman Quantization (SFQ)
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Schrödinger-Feynman Quantization (SFQ)

SFQ: coherent states [Colosi:2009]

I consider region M foliated by hypersurfaces Στ wherein τ is foliation parameter
I Dirac picture coherent states determined by characterizing function η(x)

ψD,η
Στ

(ϕ) = exp

Åˆ
d3
x ϕ(x) (Υ̂(τ))−1η(x)

ã
ψS,0

Στ
(ϕ)

I .vacuum state given by ψS,0
Στ

(ϕ) = exp

ß
− 1

2

ˆ

Στ

d3
x ϕ(x)

(
ÂΣτϕ

)
(x)

™
with vacuum operator ÂΣτ = i

√
|(g(3)gττ)(τ, x)| (∂τ Υ̂)(τ)

Υ̂(τ)

I operator (Υ̂(τ)Uk)(x) = (cakX
a
k (τ)+cbkX

b
k(τ))Uk(x)

wherein ca,bk are factors determining the vacuum and Uk(x) is an ONB on Στ

Minkowski equal-time plane: UElml (r,Ω) = jl(pEr)Y
ml
l (Ω) and ΥE(t) = e−iEt

Minkowski hypercylinder: UElml (t,Ω) = e−iEtY mll (Ω) and ΥEl(r) = ̌El(r)+iňEl(r)
AdS hypercylinder: UElml (t,Ω) = e−iEtY mll (Ω) and Υωl(ρ) =???Saωl(ρ)+???Sbωl(ρ)
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Schrödinger-Feynman Quantization (SFQ)

SFQ: amplitudes for time-slice M[t1,t2] [ColDo:2010]

I free amplitude with B̂ =
(
2
∣∣Υ̂(τ)

∣∣2 ÂR
Στ

)−1 is independent of τ1,2

ρS,0
[τ1,τ2]

Ä
ψD,η

Στ1
⊗ψD,ζ

Στ2

ä
= exp

ˆ
d3
x
Ä
η B̂ ζ − 1

2
η B̂ η − 1

2
ζ B̂ ζ
ä

I amplitude with source field µ(x), Feynman propagator GF

ρS,µ
[τ1,τ2]

Ä
ψD,η

Στ1
⊗ψD,ζ

Στ2

ä
= ρS,0

[τ1,τ2]

Ä
ψD,η

Στ1
⊗ψD,ζ

Στ2

ä
exp

Å
i
ˆ

M[τ1,τ2]

d4
x
√
|g | µ(x)φ(η,ζ)

(x)

ã
exp

Å
i
2

ˆ

M[τ1,τ2]

d4
x

ˆ

M[τ1,τ2]

d4
x′
√
|g(x)g(x

′
)| µ(x)GF(x, x

′
)µ(x

′
)

ã
=⇒ amplitude with source field is independent of τ1,2, too!
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Schrödinger-Feynman Quantization (SFQ)

SFQ: amplitudes for rod hypercylinder Mr0 [ColDo:2010]

I free amplitude with B̂ =
(
2
∣∣Υ̂(r)

∣∣2 ÂR
Σr

)−1 is independent of r0

ρS,0
Σr0

Ä
ψD,ξ

Σr0

ä
= exp

Å
−1

2

ˆ
dt d2

Ω

ß
ξ
ĉb

ĉb
B̂ ξ + ξ B̂ ξ

™ã
I amplitude with source field µ(x), Feynman propagator GF

ρS,µ
r0

Ä
ψS,ξ

Σr0

ä
= ρS,0

r0

Ä
ψD,ξ

Σr0

ä
exp

Ç
i
ˆ

Mr0

d4
x
√
|g | µ(x)φ(ξ)

(x)

å
exp

Ç
i
2

ˆ

Mr0

d4
x

ˆ

Mr0

d4
x′
√
|g(x)g(x

′
)| µ(x)GF(x, x

′
)µ(x

′
)

å
=⇒ amplitude with source field is independent of r0, too!
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Schrödinger-Feynman Quantization (SFQ)

SFQ: interacting theory [ColOe:2008]

I action for general field interaction with potential V :

SR,V (φ) = SR,0(φ) +

ˆ

ρ<R

d4
x V (x, φ(x))

exp iSR,V (φ) =

ñ
exp i

ˆ

ρ<R

d
d+1
x
√
|g(x)| V̂

Ä
x,−i δ

δµ(x)

äô
exp iSR,µ(φ)

∣∣∣∣
µ= 0

I amplitude:

ρR,V (ψ) =

ñ
exp i

ˆ

ρ<R

d4
x
√
|g(x)| V̂

Ä
x,−i δ

δµ(x)

äô
ρR,µ(ψ)

∣∣∣∣
µ= 0

=⇒ amplitude again independent of hypercylinder’s radius R
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Schrödinger-Feynman Quantization (SFQ)

SFQ: rod-slice correspondence [ColOe:2008]

I let rod and time-slice cover all of spacetime
I exponentials quadratic in µ agree in ρS,µ

[t1,t2]
and ρS,µ

r0

I exponentials with coupling of µ and special KG solution agree if φ(ξ) = φ(η,ζ)

I Minkowski: this induces relation ξ ⇔ (η, ζ) such that free amplitudes agree:

ρS,0
[τ1,τ2]

Ä
ψD,η

Στ1
⊗ψD,ζ

Στ2

ä
= ρS,0

Σr0

Ä
ψD,ξ

Σr0

ä
I thus in Minkowski rod and time-slice amplitudes with source are equivalent!

=⇒ Can we contruct the same for AdS?
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Schrödinger-Feynman Quantization (SFQ)
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Holomorphic quantization (HQ)
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Holomorphic quantization (HQ)

Holomorphic quantization [Oeckl:2012]

I associate to any hypersurface Σ space LΣ of solutions near Σ

I symplectic structure: ωΣ : LΣ×LΣ → R
I complex structure: JΣ : LΣ → LΣ with J2

Σ = −1 and ωΣ(·, ·) = ωΣ(JΣ ·, JΣ ·)
I field metric: gΣ(·, ·) = 2ωΣ(·, JΣ ·)
I inner product: {·, ·}Σ = gΣ(·, ·)+2iωΣ(·, ·)
I states are holomorphic function(al)s: ψH

Σ : LΣ → C
I coherent states determined by characteristic solution φ ∈ LΣ via
ψH,φ

Σ (λ) = exp 1
2
{φ, λ}Σ

I amplitude for region M with boundary ∂M (rigorous path integral)
ρH,0
M (ψH,φ

∂M ) = exp
(
− i

2
g∂M(φR, φI)− 1

2
g∂M(φI, φI)

)

Max Dohse (CCM-UNAM, Morelia) General Boundary QFT in AdS GBF Seminar, 23. Mayo 2013 23 / 28



Holomorphic quantization (HQ)

Invariance under isometry actions

I isometry K:
K : M → K .M
K : ∂M → K .∂M = ∂(K .M)

I isometry invariance of amplitude
requires two properties:

1. symplectic structure K-invariant:
ωK.∂M(K .λ,K .φ)

!
= ω∂M(λ, φ)

2. complex structure commutes with K:
JK.∂M (K .λ)

!
= K . (J∂M λ)

for all λ, φ ∈ L∂M

I then we have:
gK.∂M(K .λ,K .λ)

= ωK.∂M
(
K .λ, JK.∂M(K .λ)

)
= ωK.∂M

(
K .λ,K . (J∂Mλ)

)
= ω∂M(λ, J∂Mλ)

= g∂M(λ, λ)
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Holomorphic quantization (HQ)

Rod hypercylinder Mρ0 in AdS: Symplectic structure [Dohse:2013]

I boundary ∂Mρ0 is hypercylinder Σρ0 , KG solutions near boundary: LΣρ0

φ(t, r,Ω) =

ˆ
dω
∑
l,ml

¶
φS,aωlml e

−iωt Y
ml
l (Ω)Saωl(ρ) + φS,bωlml e

−iωt Y
ml
l (Ω)Sbωl(ρ)

©
I symplectic structure induced by Lagrange density turns out to be:

ωΣρ(η, ζ) = 1
2

ˆ
dtd2

Ω R2
AdS tan2ρ

(
η ∂ρζ − ζ ∂ρη

)
= ιπR2

AdS

ˆ
dω
∑
l,ml

(2l+1)
¶
ηS,aωlml ζ

S,b
−ω,l,−ml − η

S,b
ωlml

ζS,a−ω,l,−ml

©
I isometry actions:

(
K .ω

)
(η, ζ) = ω(K−1 .η, K−1 .ζ) with (K−1 .η)(x) = η(Kx)

I to show isometry invariance of ω, we translate action of K on coordinates
into action in solution space: K : ηS,aωlml → (K .η)S,aωlml which gives(

K .ωΣρ

)
(η, ζ) = ιπR2

AdS

ˆ
dω
∑
l,ml

(2l+1)
¶

(K .η)S,aωlml (K .ζ)S,b−ω,l,−ml

− (K .η)S,bωlml (K .ζ)S,a−ω,l,−ml

©
= ωΣρ(η, ζ) for all isometries of AdS
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Holomorphic quantization (HQ)

Rod hypercylinder Mρ0 in AdS: Complex structure J

I KG solutions LΣρ0

φ(t, r,Ω) =

ˆ
dω
∑
l,ml

¶
φS,aωlml e

−iωt Y
ml
l (Ω)Saωl(ρ) + φS,bωlml e

−iωt Y
ml
l (Ω)Sbωl(ρ)

©
(
Jφ
)

(t, r,Ω) =

ˆ
dω
∑
l,ml

¶(
Jφ
)S,a
ωlml

µ(S,a)

ωlml
(t, ρ,Ω) +

(
Jφ
)S,b
ωlml

µ(S,b)

ωlml
(t, ρ,Ω)

©
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Holomorphic quantization (HQ)

Rod hypercylinder Mρ0 in AdS: Complex structure J

I KG solutions LΣρ0

φ(t, r,Ω) =

ˆ
dω
∑
l,ml

¶
φS,aωlml e

−iωt Y
ml
l (Ω)Saωl(ρ) + φS,bωlml e

−iωt Y
ml
l (Ω)Sbωl(ρ)

©
(
Jφ
)

(t, r,Ω) =

ˆ
dω
∑
l,ml

¶(
Jφ
)S,a
ωlml

µ(S,a)

ωlml
(t, ρ,Ω) +

(
Jφ
)S,b
ωlml

µ(S,b)

ωlml
(t, ρ,Ω)

©
I most general ansatz for action of J:(

Jφ
)S,a
ωlml

=

ˆ
dω′

∑
l′,m′

l

ß
jS,aa
Ä
ω l ml
ω′l ′m′

l

ä
φS,a
ω′l′m′

l

+ jS,ab
Ä
ω l ml
ω′l ′m′

l

ä
φS,b
ω′l′m′

l

+ ̃S,aa
Ä
ω l ml
ω′l ′m′

l

ä
φS,a
ω′l′m′

l

+ ̃S,ab
Ä
ω l ml
ω′l ′m′

l

ä
φS,b
ω′l′m′

l

™
(
Jφ
)S,b
ωlml

=

ˆ
dω′

∑
l′,m′

l

ß
jS,ba
Ä
ω l ml
ω′l ′m′

l

ä
φS,a
ω′l′m′

l

+ jS,bb
Ä
ω l ml
ω′l ′m′

l

ä
φS,b
ω′l′m′

l

+ ̃S,ba
Ä
ω l ml
ω′l ′m′

l

ä
φS,a
ω′l′m′

l

+ ̃S,bb
Ä
ω l ml
ω′l ′m′

l

ä
φS,b
ω′l′m′

l

™
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Holomorphic quantization (HQ)

Rod hypercylinder Mρ0 in AdS: Complex structure J

I KG solutions LΣρ0

φ(t, r,Ω) =

ˆ
dω
∑
l,ml

¶
φS,aωlml e

−iωt Y
ml
l (Ω)Saωl(ρ) + φS,bωlml e

−iωt Y
ml
l (Ω)Sbωl(ρ)

©
(
Jφ
)

(t, r,Ω) =

ˆ
dω
∑
l,ml

¶(
Jφ
)S,a
ωlml

µ(S,a)

ωlml
(t, ρ,Ω) +

(
Jφ
)S,b
ωlml

µ(S,b)

ωlml
(t, ρ,Ω)

©
I [J,K] = 0 with J2 = −1 and ωΣ(·, ·) = ωΣ(JΣ ·, JΣ ·) imply(

Jφ
)S,a
ωlml

= jSωl φ
S,b
ωlml

(
Jφ
)S,b
ωlml

= −(jSωl)
−1 φS,aωlml

wherein jSωl must fulfill

jSω−1,l+1 = −jSωl
(m̃++ω−l−3)(m̃+−ω+l)

(2l+3) (2l+1)
jS,abω+1,l+1 = −jSωl

(m̃+−ω−l−3)(m̃++ω+l)

(2l+3) (2l+1)

candidate: jSωl = (−1)l
Γ(αS,a) Γ(βS,a)

Γ(αS,b) Γ(βS,b) Γ(γS,a) Γ(γS,a−1)
we have many more...
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