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General relativity as a constrained
BF theory

Plebánski (1977)

Σi = e0 ∧ ei +
i

2
εi

jke
j ∧ ek,

Ai = Γi + iω0i, Γi = −
1

2
εi

jkω
jk
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Σi = e0 ∧ ei +
i

2
εi

jke
j ∧ ek,

Ai = Γi + iω0i, Γi = −
1

2
εi

jkω
jk

Einstein’s equations:

DΣi := dΣi + εi
jkA

j ∧ Σk = 0,

Σi ∧ Σj =
δij

3

(

Σk ∧ Σk

)

,

F i = C i
jΣ

j, Tr
(

C i
j

)

= C i
i = 2iλ
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General relativity as a constrained
BF theory

Action principle

S =

∫
[

Σi ∧ F i[A] −
1

2
CijΣ

i ∧ Σj − ρ
(

C i
i − 2iλ

)

]
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Cartan dynamics

Cartan’s first structure equations

deI + ωI
J ∧ eJ = T I , (7)

Cartan’s second structure equations

dωI
J + ωI

K ∧ ωK
J = RI

J , (8)

thefirst Bianchi identities

dT I + ωI
J ∧ T J = RI

J ∧ eJ , (9)

and thesecond Bianchi identities

dRI
J + ωI

K ∧ RK
J − ωK

J ∧ RI
K = 0. (10)

International Conference on Quantum Gravity LOOP’S 07 – p. 6/10



Cartan dynamics

eI , ωI
J , T I , andRI

J are interpreted as coordinates
for the points of a suitable phase space.

International Conference on Quantum Gravity LOOP’S 07 – p. 7/10



Cartan dynamics

eI , ωI
J , T I , andRI

J are interpreted as coordinates
for the points of a suitable phase space.

Equations (7)-(10) are interpreted as equations of
motion for a dynamical system that will be called
Cartan theory, Cartan dynamicsor Cartan fields.
The solutions of (7)-(10) define, by construction, the
space of solutions of the theory.
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Cartan dynamics

Action principle

S[e, ω, T,R] =

c2

∫

[

(eI ∧ eJ) ∧
(

dωIJ + ωIK ∧ ωK
J

)

−2TI ∧ DeI + TI ∧ T I
]

+

∫

(

c1R
IJ + c3∗R

IJ
)

∧

(

dωIJ + ωIK ∧ ωK
J −

1

2
RIJ

)

(11)
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Cartan dynamics

Equivalent action principle

S3[e, ω] =

∫

(c2LNY + c1LP + c3LE)

LNY = (eI ∧ eJ) ∧
(

dωIJ + ωIK ∧ ωK
J

)

− ηIJDeI ∧ DeJ

LP =
1

2

(

dωIJ + ωI
K ∧ ωKJ

)

∧
(

dωIJ + ωIL ∧ ωL
J

)

LE =
1

4
εIJKL

(

dωIJ + ωI
M ∧ ωMJ

)

∧
(

dωKL + ωK
P ∧ ωPL

)
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