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Ashtekar Formulation of Canonical Gravity
General relativity with canonical variables (A, E) on X

{AL(2), EY ()} = i G656 53 (y, z).

G« Newton's constant plus factors of w and 2
Constraints:

G' = DLE*~0
v
Va, -_— EZFaZijO
. . . A .
H = IREPIEk (Fgc+geabcE“) ~ 0

e 3-diffeos generated by linear combo of gauss and vector
e [ he magnetic-electric duality

Bai — _ﬁEai
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solves the Hamiltonian constraint.
e To recover GR we must implement “reality conditions”
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Quantum Gravity?



Quantum Gravity?
Obviously this is too good to actually hold.

e Kodama state is in Lorenztian framework. While Witten’'s
result is in YM theory, with real-valued connections

K(1) = [ dp()yWw(L; A)exo [ 2 ses(a)]

does not (obviously) hold for a complex connection. Like defin-

ing the inverse Laplace transform due care is required in the

choice on contour.

e Is the state normalizable? Not in linearized Lorentzian case

[Freidel-Smolin CQG 21 (2004) 3831]

e Violates CPT (relevance? NPT vs. QFT)

e Using the variational calculus methods, the “invariant” for

graphs acquires tangent space sensitivity (SM hep-th/9810071)
8



Notes on Euclidean results
e Due to invariance under large gauge transformations, k£ is an

integer
e Equating YM and Kodama coefficients
1k 31 127
a2 T Al
@ p p

So 127 is an integer. Note: Small A means large k.
A

e T he deformation parameter - measure of twist - is g = exp (,j_j_—ZQ) :
a root of unity.

e Kauffman bracket is a polynomial in g, may be expressed in
terms of quantum integers

n —n

(n] =2 :

qQq—q
and as the evaluation of g spin nets using graphical recoupling
theory.




g-Quantum Gravity
Is it possible to define basic loop algebra and kinematic observ-
ables directly in terms of the ¢ spin nets?
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g-Quantum Gravity

Is it possible to define basic loop algebra and kinematic observ-
ables directly in terms of the ¢ spin nets?

Yes. Define the action of loop variables, usual algebra for loops

on spin net (a with color n) works [SM-Smolin NPB 473 (1996)
267] (for single intersection)

Tyla], TBI(s)| = it2 A a, B](s)Tylar Us ]
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g-Quantum Gravity

Is it possible to define basic loop algebra and kinematic observ-
ables directly in terms of the ¢ spin nets?

Yes. Define the action of loop variables, usual algebra for loops
on spin net (a with color n) works [SM-Smolin NPB 473 (1996)
267] (for single intersection)

Tyla), Tg181(s)] = il3 Ao, B(s)Tylax Us 5]
Removing everything but the combinatorics the operators of ¢-
Quantum Gravity on state | na,n[g) for loops «, 3
Sa|n,0):=n+1,04+|n—-1,0)
Tg|n,0) :=n]n,1)
The algebra above is
[SQ,T/B] — OéUB’

It is a choice -
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qg-Quantum Gravity

Are there other choices for the action of T, e.g. [n], such that
the algebra is consistent with combinatorics of g-spin nets at a
root of unity (or more general deformation parameter)?
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qg-Quantum Gravity

Are there other choices for the action of T, e.g. [n], such that
the algebra is consistent with combinatorics of g-spin nets at a
root of unity (or more general deformation parameter)?
qg-deformed algebra or “gummutator”

[a,b]\ := ab — A(q)ba.
i.e. for some t, = n and A(q) is
Sa|n,0) :=|n+1,0+ |n—1,0)
Tg|n,0) :=tn|n,1)

Sa, T, = Saug
consistent? Essentially, no.
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A deformation of ¢-Quantum Gravity?
Acting with algebra on state | n,0).

[soé,Tﬁ}A | n, 0) = Saug | 7, 0).

First term is simply t,(| n+ 1)+ | n — 1)). For the second and
third terms graphical methods are useful

Solm 1) VP <
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ni{
ntl n+1 1
_Tet[ N o 2] 5
 d(n+tl,n+t1,2)
1
N
n 4 2]In — 1] forn —1
= [n]
1 forn+1
[n + 2][n — 1]
:jsan’1>:{ L
1|n—1,1)
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A deformation of ¢-Quantum Gravity?

n+2ln—1],
=|n+1,1>—["_1]|n—1, 1)

[n+1]

14



A deformation of ¢-Quantum Gravity?

[n + 2][n — 1]

—in+1, -
- 9 [n—l—l] 9
Hence
tn+1 — Atp = 1, foril1<n<k-—-1
tn_l—A[n_l_Q][n_l]tn:—[n_1], for 2 <n <k
[n][n + 1] [n 4+ 1]

T he first equation immediately gives
1 -7

— 2 n—1 __
th=14+AXF+X"+..4+ A =71
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A deformation of ¢-Quantum Gravity?

Then for a consistent algebra A(q) satisfies

[n 4+ 2][n — 1]+[n— 1]
[Plln+1] [n+1]

Question becomes:. Does A exists for any k£ and all 2 < n < k7

(k < 2 trivial)

Case by case analysis shows no solutions except:

R W I Ly § W R I XL 0.

For large k arbitrarily accurate approximate solutions A =1 —
tn, = n exist for n << k. In the limit £k — oo the relation is exact.

Note: During inflation k ~ 102 which implies roots for n = 2 and
n = 100 differ by one part in 1014,

15



A deformation of ¢g-Quantum Gravity?
Summary

e On the question of the possible deformation: There does not
exist deformations of the loop algebra that are consistent with
the combinatorics of ¢ spin nets at a root of unity. Approximate
solutions exist.

e If the Lorentzian loop transform is defined simply by analytic
continuation then k is complex. The above conclusions appear
unaltered.

e Implies that quantum deformed area ~ \/[n] [n 4+ 2] is not con-
sistent with loop algebra and g spin net combinatorics.

e On the bigger picture: To be compelling, work must be com-
pleted on the definition of the loop transform (see Paternoga,
Graham PRD 62 084005 for definition of triad transform)
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I am an old man now. Let me give you a little advice:
Do not shy away from using deformation parameters that
are roots of unity. Otherwise you miss the fun in life.

— J. Frolich
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