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NEW STUFF

THEOREM
Let A be a closed and oriented combinatorial d-manifold, d € {3,4}, and
(G,H,>,t) be a Lie (finite) 2-group. The partition function

7 = |G|—A0+|A1|—A2Hle—A1+|A2|—A3( H /dgjk> ( H /dhjké)
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< IT do(rhue)ginsies;, >< 11 Jy(hjgmh,«u(gjk>h,:gj”)h];,}l)>.

(jke)e A, (jkem)€ A3

is invariant under Pachner moves and therefore well defined on equivalence
classes of combinatorial manifolds.

The g’s decorate the edges, the i’s decorate the faces. A; set of i-simplices.



WHY 2-GROUPS?

Generalization of lattice gauge theory:
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Parallel transport of strings.

Construct more sensitive topological invariant, i.e. information on 7.

Make sense of the topological symmetry B — B 4 day (when B is a
2-form).



2-GROUPS IN A PEDESTRIAN WAY

[Baez, hep-th/0206130]

A strict Lie (resp. finite) 2-group is given by (G, H, t, o) where

G and H Lie (resp. finite) groups.

t : H— Gis aLie (resp. finite) group morphism.
e «:G x H— Hisanaction, i.e. a(g)(h) = g > h.
tgr>h)=gt(h)g™', t(h)>h" =hh'h~".

We really have in mind that 4 transport g; into g,. ¢ is called the target map

t(h)g1 = g».
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(hi,g1) o (W',g}) = (h"-hi,g1)

There are identity and inverse for each one.






EXAMPLES

e Poincaré 2-group:

(H=TR" G = 80(n,d),t = 1, = action by rotation).
e Adjoint 2-group:

(H=G,G,t =1, = adjoint action)).

e Automorphism 2-group:
(H,G =Aut(H),t: H— Inn(H), o = action of the automorphisms)).
Inn(H) is set of automorphisms of H of the type a; (k') = hh'h~!



HoOLONOMY AND 2-HOLONOMY

This structure allows to circumvent the Eckman-Hilton no go theorem [staing
that any group decoration of surfaces need to be abelian].

Holonomy is given by

t(his)gngn =83 & t(hin)gngngy =1
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Use the composition of morphisms to define the 2-holonomy.




2-holonomy from tetraedron:

h = hisahios(g12 & by )by,
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2-GAUGE TRANSFORMATIONS

[F. Girelli and H. Pfeiffer, hep-th/0309173]
Consider a 2-lattice gauge where the fundamental lattice is given by

Usual gauge transformations: g, = 7,” 1g,yny,
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2-GAUGE TRANSFORMATIONS

Usual gauge transformations — 2-gauge transformation

g, =n"gn, — & =n"1n,)g,m,
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2-GAUGE TRANSFORMATIONS

‘We have also a transformation for the faces:

h=n;"> (1, h-n3')
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LIE 2-ALGEBRAS

In the same way one can define a Lie 2-algebra. A strict Lie (resp. finite)
2-group is given by (H, G, T, da)) where

e G and H Lie Lie algebras.
e 7 :H — His a Lie algebra morphism.
e da:GxH — Hisanaction, i.e.da(X)(Y)=X>Y,VX €G,Y € H.
e TX>Y)=[X,7(Y)], 7(Y)>Y =][Y,Y]
T¥Y)=X— X1, X;€G, YEH.

A Lie 2-group can be seen as the exponential of a Lie 2-algebra. [Bacz, crans,
math/0307263]



DIFFERENTIAL PICTURE

We consider a 2-principal bundle (Baez, Schreiber, hep-th/0412325].
Connection (A, By, ):

gul0) ~ e,
hu(0) ~ et

Curvature (Fpu, Gapuv):

]

F =dA+ 1A Al +7(B),
G=dB+A>B.

t(h120)8238ke8 13
h = hisahio3(g12 & hosy ) o)

|

But careful! We have by construction F,,,, = 0, since t(hjkg)gjkgkggjz1 =1.



2-GAUGE TRANSFORMATIONS

A A+ A, where
B — B+ 0B, where
F—F+0F, where
G+— G+ 4G, where

0A =dy(X)+7(Y)
5B =d,(Y) +X1> B,
OF = [F,X],
0G=arG.

X is a scalar with value in G. Y is a 1-form with value in H. [To have well defined

transformations, it is essential that 7 = 0].

Note the topological symmetry!
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EXAMPLE OF AN ACTION

Consider the adjoint 2-group (H = G,G,t = 1, aadjoim).
Introduce ¥ and C, resp. (d — 2)-forms with value in G and (d — 3)-form
with value in H.

S Y +68 with 6% = [3,X]
C— C+6C with é6C=Xp>C

S = / trg(E A Fa) + tri(C A G),
Jm
Equations of motion:
di(S) + [B,C] =
da(C) =

Fy =
G =

S o oo

In the 3d case, this action can be interpreted as topological matter coupled to
gravity (X ®PEA model). (r. B. Mann and E. M. Popescu, gr-qc/0607076]
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PARTITION FUNCTION

Just as in the standard BF case, we can discretize the partition function

Z = f[DC] ['DB] [DA} [DZ]ei Su{Trg {EAF}+Tr {CAG}}

!
Z = [[DA|[DB] §(F) 6(G).

§(F) — ¢ (gigu(gn)™"),
o(G) — dm (hﬂmhjké(gjk > h{e:n)h,ii)

f[DA] = H(jk)eAl fG dgj
f [DX] = H(jké)eAz fH dhjke.

A; = set of i-simplicies.
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TOPOLOGICAL INVARIANCE

THEOREM
Let A be a closed and oriented combinatorial d-manifold, d € {3,4}, and
(G,H,>,t) be a Lie (finite) 2-group. The partition function

7 = |G|A0+|A1|A2H|A0A1+|A2|A3( H /dgjk> ( H /dhjké)

(ke g (ke)ehr i

( I dc(t(hie)gingnes;, >< 11 JH(h.ifmhjkf(gjkth_éln)h];z:z))'

(jk€) N, (jkem)€E€ A3

is invariant under Pachner moves and therefore well defined on equivalence
classes of combinatorial manifolds.
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OUTLOOK

e Using Lie 2-groups, we have constructed a topological invariant some finite

versions existed already c.f. work by Yetter, Porter, Mackaay.

o We need a 2-Peter-Weil theorem to construct the state sum in terms of
2-representations (mathematicians are working on it).

e Diagrammatic to show the topological invariance? let’s ask Robert!

e What is the notion of 2-Quantum group to regularize the partition
function?

e We should find application of this general scheme to models of
interests, such as the ones dealing with strings presented by Alejandro
and Winston...

e [s there a relation with Area metric introduced by F. Schuller and co?



