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[Barrett,Crane '97]
Quantization of the classical tetrahedron imposing a set of constraints a la

Dirac: [Baez,Barrett '99]

Clyp) =0
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[Barrett,Crane '97]
Quantization of the classical tetrahedron imposing a set of constraints a la
Dirac: [Baez,Barrett '99]

Clyp) =0

unique solution of the constraints  [Reisenberger "99]
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Quantization of the classical tetrahedron imposing a set of constraints a la
Dirac:

Clip) =0

Boundary states do not agree with LQG states and problems in the
calculation of non diagonal components of the propagator.
and talk by Carlo Rovelli. J
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SP[B,LU]:/ BIJ/\F]J(w)+gbIJKLBIJ/\BKL

— constrained BF theory
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SP[B,LU]:/ BIJ/\F]J(w)+gbIJKLBIJ/\BKL

— constrained BF theory
Constraints:

IJ KL
erskLB,, Bog = Veuwap
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Sp|B,w| = / B'" A Frj(w) + ¢y B A BEE

— constrained BF theory
Constraints:

IJ KL
erskLB,, Bog = Veuwap

Two sectors of solutions:
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— Simplicial discretization of a 4-dimensional space time: 4-simplices (v),
tetrahedra (¢) and triangles ( f)

Roberto Pereira, Loops’07 Morelia 25 - 30 June 2007

-

|

-p.5



Regge discretization

r\
«
Y o

“0g puy$' "
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Regge discretization

— Simplicial discretization of a 4-dimensional space time: 4-simplices (v),

tetrahedra (¢) and triangles (f)
— Curvature is concentrated on triangles

In 2d:

e
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x ) Regge discretization

o

— Simplicial discretization of a 4-dimensional space time: 4-simplices (v),
tetrahedra (¢) and triangles ( f)
— Curvature is concentrated on triangles

In our case:

()
t4

v34

t3

vnl
v23

v12
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Discrete variables
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Toeacht: e(t) =e(t)lvrdx®
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2/ Discrete variables

h

Toeacht: e(t) =e(t)lvrdx®

To each pair (v,t):  e(v)l = (Vi)' se(®)!  (Vip :=Vi,Y)

a vt
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Toeacht: e(t) =e(t)lvrdx®
To each pair (v,t):  e(v)l = (Vi)' se(®)!  (Vip :=Vi,Y)
Toeach f=tnt': e(t') = Uy e(t)

and :B(t)!) = el kre(t)Fe(t)) — Bs(t) = ff B(t) (B{')=U,B(t)Uy)
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% Discrete variables
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To each pair (v,t):  e(v)l = (Vi)' se(®)!  (Vip :=Vi,Y)
Toeach f=tnt': e(t') = Uy e(t)
and :B(t)!) = el kre(t)Fe(t)) — Bs(t) = ff B(t) (B{')=U,B(t)Uy)

Flatness implies: Uy t, = Vi1 Vo _1yntn
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Discrete variables

h

Toeacht: e(t) =e(t)lvrdx®
To each pair (v,t):  e(v)l = (Vi)' se(®)!  (Vip :=Vi,Y)
Toeach f=tnt': e(t') = Uy e(t)

and :B(t),y = €'/ kre(t)q e(t)y — Br(t) = [, B(t) (BW)=Uy,B(t)U,)

)

V(v23t3)

v23

V(t2v23)

V(tlv12) Vvi2e2
Vv(n—l)ntn (V122

LFIatness implies:  U,t, = Vijugo---
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% Discrete variables

o N

Toeacht: e(t) =e(t)lvrdx®

To each pair (v,t):  e(v)l = (Vi)' 5 e(t)? (Vi == Vvll)

Toeach f=tnt': e(t') = Uy e(t)

and :B(t)!) = el kre(t)Fe(t)) — Bs(t) = ff B(t) (B{')=U,B(t)Uy)
Flatness implies:  U,:, = %11)12...%(”_1)”%

Curvature is given by the holonomy around a link: U¢(t1) := Vi, vy Va1t
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Discrete constraints

ZfEt B(t)f =0
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Discrete constraints

[¥Closure: Drer Bt)y=0

Simplicity constraints:

Cyp = *By-Br=0
Cff/ = *Bf-Bf/IO
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Discrete constraints

%Dfmﬁ“’ =
Closure: > ., B(t)f =0
Simplicity constraints:
C¢p = *By-By=0

Cff/ = *Bf-Bf/IO

— the solutions to these constraints correspond to the two sectors of

Plebanski theory.
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Boundary variables

tetrahedra (¢) — nodes (n)

faces (f) — links (1)
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Boundary variables:

Boundary variables

tetrahedra (t) — nodes (n)

faces (f) — links (1)

Bf — Bl
U — U
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Boundary variables

I— tetrahedra (¢) — nodes (n)

faces (f) — links (1)

Boundary variables:
Bf — Bl
Uy — U

— phase space of a SO(4) Yang-Mills lattice gauge theory (!!)
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Dynamics I: bulk

Sputk = Y Tr[B(t)Us(t)]
f
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Sputk = Y Tr[B(t)Us(t)]
f

— approximates GR in the continuum limit
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. 1) Dynamics I: bulk

Sputk = Y Tr[B(t)Us(t)]
f

— approximates GR in the continuum limit

— clear relation with the Regge action (!!):
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Dynamics II: boundary
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Dynamics II: boundary
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¢ Summary of the classical theory

%

OF pHY'

o N

Star= ) Tr[Bs®Ust)]+ > Tr[Bs(t)Us]
f€intA feoA

ZfEt Bf(t) =0,
Crr="By(t)- Bf(t) =0,
Crpr="By(t) - By (t) = 0.

Boundary variables : {(B;,U;)}
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Quantization: constraints
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% Quantization: constraints
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For Cts, no problem:  j© =
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 / Quantization: constraints

h | -

Vot~ (g 9= (@l DY (gH)-®,, i ) (®ZD“'1 ><g;>-®nz‘;)

J; I inin
For Cts, no problem:  j* =5~

The off diagonal simplicity constraints do not form a closed algebra under
poisson brackets:  [Ci2,C13] ~U  [Baez,Barrett '99]
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= % Quantization: constraints
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Vit it 090 =(@ D90 6@, i) (@09 )@, i )

J; I inin
For Cts, no problem:  j* =3

The off diagonal simplicity constraints do not form a closed algebra under
poisson brackets:  [Ci2,C13] ~U  [Baez,Barrett '99]

Solution: impose them weakily.

X)s 1) € Hphys < (X|Crp ) =0
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= % Quantization: constraints

o _ N

Vit it 090 =(@ D90 6@, i) (@09 )@, i )

J; I inin
For Cts, no problem:  j* =3

The off diagonal simplicity constraints do not form a closed algebra under
poisson brackets:  [Ci2,C13] ~U  [Baez,Barrett '99]

Solution: impose them weakily.

X)s 1) € Hphys < (X|Crp ) =0

Motivation: Gupta-Bleur, doubled system.
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A state [¢) in He == Inv (Hj, ) ® ... ® H(j,.5,)) €aN be written (in a given

pairing) as:

Solution

) = Z Citi-|iTi7)

o |

Roberto Pereira, Loops’07 Morelia 25 - 30 June 2007 -p. 14



:ﬁ%z;(@ _;? °

Ry Solution

I— A state [¢) in He = Inv (Hj, ) ® ... ® H(j,.5,)) €aN be written (in a givenT
pairing) as:

) = Z Citi-|iTi7)

A solution to the constraints imposed weakly is given by symmetric states:

Citi— = Ci—4i+

o |
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Solution

I— A state [¢) in He = Inv (Hj, ) ® ... ® H(j,.5,)) €aN be written (in a givenT
pairing) as:

) =D - |iTiT)
A solution to the constraints imposed weakly is given by symmetric states:
Citi— = Ci—it
Is there a subspace of H. that matches the space of a SO(3)

intertwiner (as in LQG) ?

|
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Solution

L
I— A state [¢) in He = Inv (Hj, ) ® ... ® H(j,.5,)) €aN be written (in a givenT
pairing) as:

) =D - |iTiT)
A solution to the constraints imposed weakly is given by symmetric states:
Citi— = Ci—it
Is there a subspace of H. that matches the space of a SO(3)

intertwiner (as in LQG) ?

Yes (!1). It is given by a suitable projection
He — |nv (H2j1 X ... X H2j4)

o |
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[—Spinor notation for I € H.:

I(Al...Ale)(A’l...A’zjl)

Projection by symmetrization:

T IAA’...DD’ N I(AA’)...(DD’)

(Dl...D2j4)(D’1...D§j4) _. JAA’ ... DD’
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Projection
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Spinor notation for I € H.:
I(Al...A2j1)(A’1...A’2j1) (Dl...D2j4)(D’1...Déj4) _. jAA . DD/ A .. D .A . D

Projection by symmetrization:

T I.A.A/,..DD’ . I(A.A’)...(DD’) _. an p

The projection chooses the highest SU(2) irreducible in the

decomposition: j®j=06& ... & 25
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¢ e | 55 PrOj eCtiOn

.

pinor notation for I € H.:

I(Al...A2j1)(A’1...A’2j1) (Dl...D2j4)(D’1...Déj4) _. jAA . DD/ A .. D .A . D

Projection by symmetrization:
o . JAALDD | [(AA)..(DD') _. ja..d
The projection chooses the highest SU(2) irreducible in the

decomposition: j®j=06& ... & 25

The projection of the complete hilbert space of SO(4) s-nets can be
defined and it matches the hilbert space of SO(3) s-nets (!)
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2, Embedding
I— The image of a SO(3) T

intertwiner i, f(7) can be expanded in the SO(4) basis:

Z z-l—z |Z—|—7

’L+ 7,_
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2y Embedding
I— The image of a SO(3)

intertwiner i, f(7) can be expanded in the SO(4) basis:

F) = > flei ligsio)

i i

lts components can be seen as the evaluation of a 155 symbol:
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B

-

To every projection there is an embedding. The image of a SO(3)
intertwiner i, f(7) can be expanded in the SO(4) basis:

F0) = 3 i ieic)

The image of the embedding f [Inv (Hs2j, ® ... ® Haj, )] =: K can be
interpreted as a subspace of H. obtained by imposing a geometrical
constraint.  Attention: It depends on a different choice of quantization:
Bf — *Jf.
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Dynamics I: setup
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o

onsider one 4-simplex. The amplitude is given by :

AUy = / 1] dva 6(VaUa Vi)
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Ky Dynamics I: setup

o

onsider one 4-simplex. The amplitude is given by :
AUy = / 1] dva 6(VaUa Vi)

The quantum amplitude for a given boundary state ) is given by

A() = / AU A(Up) ¥(Uas)

Roberto Pereira, Loops’07 Morelia 25 - 30 June 2007
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A{Gar} (")) = AW gy qioy) = D 18] ((‘%%”) ;(z"i,i‘i)) fhie
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Dynamics II: vertex

I—For our model the vertex amplitude is given by:

A}, (i) = AW gypey) = Y 15] ((‘%%”) ;(z’i,i‘i)) fhie

Yy 2 Q

Z+1_

The final amplitude is obtained by gluing 4-simplices:

z =3 [l@m)* ][ AGr.i)

jfaie f
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# Lattice (covariant) formulation of GR
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I__. Lattice (covariant) formulation of GR
# Clear analysis of the constraints
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Conclusion

# Lattice (covariant) formulation of GR
# Clear analysis of the constraints

#® Weak constraining given by the projection
— agreement with LQG states
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&) Conclusion
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# Lattice (covariant) formulation of GR
# Clear analysis of the constraints

#® Weak constraining given by the projection
— agreement with LQG states

#® Connection with other approaches: [Livine,Speziale
'07;Alexandrov '07]
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# Lattice (covariant) formulation of GR

Conclusion

# Clear analysis of the constraints

#® Weak constraining given by the projection

— agreement with LQG states

#® Connection with other approaches: [Livine,Speziale
'07;Alexandrov '07]

#® (Geometrical interpretation forces quantization with the
dual SO(4) generators
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Conclusion

# Lattice (covariant) formulation of GR
# Clear analysis of the constraints

#® Weak constraining given by the projection
— agreement with LQG states

#® Connection with other approaches: [Livine,Speziale
'07;Alexandrov '07]

#® (Geometrical interpretation forces quantization with the
dual SO(4) generators

#® Next step: semiclassical analysis and propagator.

o |
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[—COO(T*R x T*R) > f ((q1,p1), (q2,p2)) and {qa, s} = dab T
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Doubled system

((q1,p1), (g2, p2)) @and {qa, po} = dap

g1 —q2 =0
p1—p2=20
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s g, Doubled system

C¥(T*R x T*R) > f ((¢1,p1), (g2, p2)) and {qa,pp} = dab

g1 —q2 =0
p1—p2=20

Redefining: ¢+ = (¢g1 + ¢2)/2and p+ = (p1 £ p2)/2 = q_ =p_ =0and

{g—,p-} =1
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Doubled system

C¥(T*R x T*R) > f ((¢1,p1), (g2, p2)) and {qa, pp} = dap
g1 —q2 =20
p1 —p2 =0

Redefining: ¢+ = (¢g1 + ¢2)/2and p+ = (p1 £ p2)/2 = q_ =p_ =0and

{g—,p-} =1

Yet, z = (p— —ig_)/vV2and z = (p_ +ig_)/V2= [,z =land 2=z =0
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Doubled system

C¥(T*R x T*R) > f ((¢1,p1), (g2, p2)) and {qa,pp} = dab

g1 —q2 =0
p1—p2=20

Redefining: ¢+ = (¢g1 + ¢2)/2and p+ = (p1 £ p2)/2 = q_ =p_ =0and

{g—,p-} =1

Yet, z = (p— —ig_)/vV2and z = (p_ +ig_)/V2= [,z =land 2=z =0

Elg) = 0= (g]z]) =0

Solution: impose half of them (!) :

|

-p.20
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m : DU (g g7 ) gr —

DU (g, 1) AN 5y = DD (g))%,
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Complete proj. and emb.

. D(J’])(gl gl )’A‘A BB ——

DU (g, i) A gy = DD (g))%,
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Prbjection as a geometrical constraint
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Classically, the constraints C's;/ force the By, to span a 3d space.
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%‘Prﬂjectlon as a geometrical constraint

. N

Choose a fixed vector n! = §} normal to the tetrahedron.
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Classically, the constraints C's;/ force the By, to span a 3d space.
Choose a fixed vector n! = §} normal to the tetrahedron.
Associate to each B the dual of a SO(4) generator x.J.

Then 4Cy = J;7J;7 JZ‘7 J}J = 2(C

The quantum constraint reads, up to quantization ambiguities:
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C = 03+Z—\/204—|-h2—|-§:()
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Classically, the constraints C's;/ force the By, to span a 3d space.
Choose a fixed vector n! = §} normal to the tetrahedron.
Associate to each B the dual of a SO(4) generator x.J.

Then 4Cy = J}JJ7 = J7 JY = 205

The quantum constraint reads, up to quantization ambiguities:

h? h
C = 03+Z—\/204—|—h2—|-§:()

This constraint selects the highest SU(2) irreducible.
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