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Lagrangian Mechanics

Lagrangian Mechanics

Q : n-dimensional Configuration manifold
L:7TQ—=R

i

b .
sta) = [ (0. %))
» Hamilton's Principle

b i
asa()salt) = lo | L(q;'(w, ij’f(r)) dt

t
b
0L d oL
= /aaq(aqf_mraqf)dt
oL _
——5q'[}
+aq, q‘a
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Lagrangian Mechanics

Lagrangian Mechanics

b, oL doL oL _ ;b
as(a(e))-bale) = [ dd' (5~ Gode+ Soodl

Boundary condition~~ dq(a) = dq(b) =0

» Remove the boundary condition

Lagrange 1-form

oL _ ;
0, = =—=4q'
L o q

Symplectic 2-form

Mona Arjang Discretization of Classical Mechanics



Discretization of Mechanics

Discretization of Mechanics

Veselov Discretization,1988

Q: configuration space

QxQ : discrete version of tangent bundle of configuration spce Q
tangent vector % +—(q90,q1) € Q@ x Q

—> Discrete Lagrangian L: Q x Q = (qo,q1) — R

Action S = >} o L(qk, Gk+1)
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Discretization of Mechanics

Discretization of Mechanics

Veselov Discrete Euler-Lagrange equations, DEL

n—1
oL oL
dS(d0s s Gn)-(5G0s - 5Gn) = S (= (s Gk 1) + —=(Gkr1, Gk))0
(G0, -+ Gn)-(0G0s -, 5Gn) ;(&h(qk Gh-1) + oo (9he1: 9))q

oL oL
+7(q17 qO)(SqO + 7(%7 anl)fs%

0qo oq1
OL(q1, q) , OL(q2.91) _
dq1 dq0

Descrete Flow F: @ x @ — Q@ x @
F(g1,90) = (g2, q1) g2 is found from DEL equations

Q-1

qk Tk+1
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Discretization of Mechanics

Discretization of Mechanics

Lagrange 1-From

n—1
oL oL
d5(q0. -+ 4n)-(3q0, -+ 0Gn)) = > (5= (qh: Q1) + 5 (dk+1, Gk))0q%
— Y9 qo
oL oL
+7 bl 6 + a n n— 5 n
8qo(q1 d0)dqo qu(q dn-1)0q
_ oL
6, (91, 90)-(0g1,0q90) = -—(q1, 90)dq0
dqo

oL
0, (g1, 90)-(0q1,8q0) = 8771(671, q0)0q1
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Discretization of Mechanics

= w = —db]
w, =-—do;

0, +0/ =dL. —do, +dof =0

Discretization of Classical Mechanics

Mona Arjang




Discretization of Mechanics

Discretization of Mechanics

Modified Veselov Discretization
= Discrete Lagrangian

L7: Q" xQ=(q,qc) — R

LT:Qx Q" =(qk, q)) — R
Action S =37 1 (L~ (qk, 9 ) + L (qk. a1°))
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Discretization of Mechanics

Discretization of Mechanics

Modified Veselov Discrete Euler-Lagrange equations, DEL

aL _
dS(ql, (X3 qran_a 7qu,r)(5CI17 76qu) = ﬁéql +

1
n—1 — _
oLt 8L 8L+ 8L oL*
-+ )8qi + —x6q;F
;(ﬁqf aql Joa oqrt q
oL (qi,q) 0L (qf . Git1) ~
(+ )+ e =0 (¢ =q71)
8q,' 8(],-
8L+ . I LT i +
i (a; ,q)+3,(q,q,):0
8qi 8(];

T T T

Qe Qk ‘IL- Qe+l Qi1

Mona Arjang Discretization of Classical Mechanics



Discretization of Mechanics

Discretization of Mechanics

Modified Lagrange 1-From

oLy . _
ds(qlv ey CIme; ;Q,T)((SQL ,6(],—.:_) = 871_5(71 +

q
n—1 — _
oLr oL, aL oL+
i + ! i 5 . n 5 +

oLy

0, = (5

L 8 —
8L+

oF nsqr

L™ gy o

In this model Lagrange 1-form doesn't depend_on any Potential
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Discretization of Mechanics

Example 1,Particle in line

my
S, = 7(qn+1 - qn)2 - Vv(qn) - Vv(qn+1)

m m _
Sm = Tm(qﬁ - qn)2 — Vin(qn) + l(anrl - ‘17n-|-1)2 — Vin(qnt1)

2
8LI+ 8Ll_—i-l - + +
aql+ 6q’+ =0= dn+1 — qn+1 =dn+1 — 4y =4, —A0n
oL N oL _,
dqi  0qi

~ dn+1 —4qn = gn+1 — CI,T + q,j_ —04n = 2(qn+l - qIT) = 2(q:_ - qn)
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Discretization of Mechanics

Example 1,Particle in line

m
—Sm = Tm(qn—i-l - qn)2 - Vm(qn) - Vm(q”+1)
my

- (qn+1 - qn)2 - Vv(qn) - Vv(qn-‘rl) =5,

[mm =2m,, Vm(qn) = Vv(qn)]
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Discretization of Mechanics

» Qur variation of framework and that proposed by Veselov et al
lead to the same space of solutions and that the induced
geometric structures in the space of solutions agree.
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Discretization of Mechanics

Example 2,Particle in circle

Example 2,Particle in circle

S=> L (k) + LT (0f 04)

k=1
_ m _ _
Ln = Tm((pn — ©n + 27Tzn )2 - Vm(@")
m
Lj,_ = Tm(‘ﬂ;r — ¢n+ 2772:)2 — Vin(en)
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Discretization of Mechanics

Example 2,Particle in circle

» DEL equations

oLf N oL _,
dpi  dpi
oLt oL; N oV
L — = mp, (i — (o + 272" i— (o7 —2mz7))-2(52)=0
;T = Mm (i = (B 212 i = (o — 2mz7)) =25 )
oL N OLi\y _ 0
opf Oy
oL Ol _ + ot -
s + o7 = —pi+2rz +¢] —(2rz  +piy1) =0
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Discretization of Mechanics

Example 2,Particle in circle

— — — — — 8\/I'TI n
9,., = (mm((Pn _(90n+27rzn )))dgon +(mm(90n+27rzn_90n )_8;90))0,()0”
03 = (malid—pr+ 22 ) +Hmmlon—2n25 —07) - oy,

» Lagrange 1-Form
0 = mp (91 — (1 +212;)) doy +mm (O — n +212]) dp;t
NO POTENTIAL

Mona Arjang Discretization of Classical Mechanics



Discretization of Mechanics

Example 2,Particle in circle

_ _ _ —_ — 8\/,7, n
9,., = (mm((Pn _(90n+27rzn )))dgon +(mm(90n+27rzn_90n )_8;90))0,()0”

03 = (malid—pr+ 22 ) +Hmmlon—2n25 —07) - oy,

» Lagrange 1-Form
0=mn ((pl_ —(p1+ 27rzl_)) do; +mp (cp —n+ 27z, ) dot
NO POTENTIAL

» Symplectic Form

oLy PL | adoundor 0Lt
8@16 — linitialdatad 1 Y1 = 8 (9

A A+ | Finaldata dQDn/\d‘pn
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Reisenbergers model

Review of Reisenbergers model

Plebanski Action
1.
(X, A) = /Z,- AF'— ECD’JZ,- NL;

Reisenberger Discrete Action

Ir(e,h k. d) =D (D esitl — —Oqsg' > esies sgn(s, 3))

v<A s<v s,5<v

= tr[Jigas]
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Reisenbergers model
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Reisenbergers model

Reisenbergers model in 2 Dimesion

» Single v
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Reisenbergers model

Example:SO(2) Gauge Theory for BF

» Action
4

= le(Ps+2mze)| =D LT g = hy+hytkntky,

s<v i=1
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Reisenbergers model

Example:SO(2) Gauge Theory for BF

> Action
4
= le(Ps+2mze)| =D LT g = hy+hytkntky,
s<v i=1
» DEL equations for single v
oLs oL
+ =0 =6 —6 =0
ohy, Ohy, v
oLs oL
=0 =e —6 =0
oh, o, &
4
oL
28”20 :>Z¢S;+27TZS;:O
i=1 Ev s<v
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Reisenbergers model

Example:SO(2) Gauge Theory for BF

» Lagrange 1-Form

4

0=> (e,dkj, + e,dk))
i=1
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Reisenbergers model

Example:SO(2) Gauge Theory for BF

» Lagrange 1-Form

4
0=> (e,dkj, + e,dk))
i=1
» Lagrange 2-Form
4 .
w=Y (de, A dkj, + de, A dk},) = de, A Z (dki, + dk.)
i=1
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Reisenbergers model

Example:SO(2) Gauge Theory for BF

Equation of motion: Yoy P + 21z, =0

4
=Y ki+2rz,=0
i=1

Also for w we have
4 .
w=de,NY (dk} +dkj,) = de,,/\z d(k +k;,) = de,Ad(k-+27zs,)

=w=0
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Reisenbergers model

Example:SO(2) Gauge Theory for 2-D Gravity

» Action

4

S/, e) =) [e(Ps +27mzg) — A2 — 1) =D L3

s<v i=1

d>S — hll + h/2 + kr1 + kr2
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Reisenbergers model

Example:SO(2) Gauge Theory for 2-D Gravity

» DEL equation for single v

oLs oL

- = 0 = y — €y = 0
oh, | oy v
oLsi oLt
4 —_— = 0 = v — €y = O
oh,  oh, e
4 LS
. 8ez =0 = Z[‘Ds; +27z5] —4 x 2 e, =0
=1 s<v
4
oLsi 5
2., ¢ ¢
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Reisenbergers model

» Lagrange 1-Form

4

0="> (e,dkj, + e,dk)
i=1
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Reisenbergers model

» Lagrange 1-Form

4

0="> (e,dkj, + e,dk)
i=1

» Lagrange 2-Form
w=—df

w—Zde,, A (dk) + dk})

DEL~~ de =0=w =0
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