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Quantum Pendulum
or Polymer Harmonic
Oscillator

Tower of Harmonic
Oscillators

Tower of Fermi
Oscillators

Supernumbers “more” than numbers

Superalgebras “more” than algebras

Fermi Oscillators
requires “super
stuffs”

| Supervectors |—’| “more” than vectors |

| SuperHilbert | —’| Quite obvious? |
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0. Supernumbers "idea".

@ Take objects {¢;},j=1,2,3,..., nwith the relation

§-&k=—C & V j#k, and §-§=0.

© Let us take the elements 1,¢;,¢; - &, ... as generators of
the algebra denoted by A,.

© Any element of A, is of the form

1 1
Z =20+ Zi& + 52Kk - & + 52Kk § &1+t

where zg, zj, Z - - - € C. Any Za,a,...a,,, With m > 1 is totally
antisymmetric.

Q Take n — oo, then "\, — A"
@ A supernumber is an element z € A.
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1. SuperHilbert Space

| Super Hilbert Space | Super Clifford Algebra | | Dynamics

(“Standard”)

| SuperHilbert Space is a supervector space together with a |
particular biyection (named “inner product”) between the
supervector space and its dual.

@ Supervector Space:
F ={V¥: Ry — Ax|V is super analytic}. Any ¥ € F may
be written as W(x) = Vg + Vqx.

@ (V.2)(x):=(Vo2z2) + (Vy2)x.

@ SuperDual: F7* with elements written as

=[() [w(x) <x+ g)} dx.

@ w(x) € F'is atest function.
@ "Inner” product f : F — F*; lll(x) — fy ().

@ fy(P fd) |:\U* (x) <X-|—a—>:| dXZ¢0W0+¢1W1.
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2. Super Clifford Algebra.

Super Hilbert Space | Super Clifford Algebra | | Dynamics

(“Standard”’)

' Super Clifford Algebra is a algebra with two |
multiplication by supernumbers.

@ Clifford Algebra generators satisfy [Xa, Xp]. = Adap1.

@ Any elementis: ag + ajX; + bx; X2, where ag, a;, b € C.

@ SClifford Algebra replace C — A, now ag, a;, b € A.

@ Generators are "even" under supernumber multiplication.

X1V (x) = @\U(X) (X + ;%), XoV(x) = —i@\lf(x) (x — %)

= L (X X2 — XXi) —  HY(x) = E¥(x)
=+%, YV (x)=x,V_(x)=1.

© o
m
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2. Super Weyl Algebra

o W(hy,02)W(x) = el Xtibe%e — o + Uy x, 6,0, € R
Vo = (14 56162) Wo + Y21 (01 — ) Wy,
Uy = (1 86165) Wy + Y2 (61 + 62) Wo.
o W(dy,0,) W(bs,0,) = e%(‘%@f@zf’z)vAV(é1 + 01,05 + 02).
@ Any finite combination A = L] (91,,92,) aj € N
° X1W(x) = 55 Gz W(01,02)¥(x)o,—6,-0
XV (X) = 55 W(01,02)¥(x)o,—6,-0
@ The uniparametric groups elements are formed with:
U(61) = W(by,01), V(1) := W(01,01)
° Wv may be seen "pictorically" as
W(91 L02)W(x) = eh9192e\g (01+02) (X + @(91 — 92))
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3. "Polymer" Super Hilbert Space.

@ Let us take any pair of sets {x;} and {V,} each one having
N elements such that x; € Ry, and ¥; € A..
@ "Polymer" svector space is Fp = {< V| = Z/’-V V; < x|}
e Sum is the same as in bosonic case.
0 z- < V| ::Z]'-Vzlllxj<x,-|, <\|J|-z::2;\'lllxj<xj|~z.
° (V)" =3 <x.
" " N
@ "Polymer” sdual 75 = {|W >= 3"/ [x; > Wy }.
o All the operations are implemented in the same manner as
in Fp.
@ < Xj|xx >:= dx x, allows us to define < ®lw >:= w(P).

@ The "inner" product f, is just : B
< q)‘f\u >= fw((b) = Z/ ¢jwj-

(Fp, fp) is our candidate for a "Polymer" Super Hilbert Space.J
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4. Representation of Super Weyl Algebra.

Representation on a Sdual polymer Ket.

V2h

W(61,05)|x; >= e+ 25002, 1 —5 (01 —62) >

In terms of wave functions...

_ 10105+ Y20 x;(01+62)
J

We say "Polymer", because as they are not super analytic
then we can not recover SClifford Algebra by differentiation.
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5. Next steps...

A hamiltonian candidate...

Ho — W(5.02) + W(~8y,—b2) + 2

Something like the physical polymer SHilbert Space...

V3R HO
X0€[0,¥22(01—05)) " “POly

Eigenvalues...

Ep — i% + (factor)if; 05
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Thanks!
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