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Evolution of spatial volume

Raychaudhury identity:

dθ

dτ
= − 1

3
θ2

↓
expansion

− σab

↓
shear

σab + ωab

↓
twist

ωab − Rab
↓

Ricci

γa γb

↓
tangent to γ

Evolution of Ω :
LγΩ = θΩ ⇐⇒ {H, Ω} = θΩ
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Expansion factor and singularities.

Atractive or Repulsive interactio?

θ > 0 or θ < 0

Classical GR+the strong energy condition (Rabγaγb ≥ 0) implies:

θ → −∞

Divergence of θ is a necessary condition in singularity theorems
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Friedmann-Robertson-Walker singularity resolution

Ashtekar, Pawlowski and Singh:

θ is bounded:

H2
eff =

θ2
eff

9
=

1

4 λ2

↓
4
√

3πγl2
Pl

γ
↓

Immirzi

sin2(2λ β)
↓

canonical coordinate

≈ 8πG

3
ρ(1− ρ

ρcrit
↓

0.41ρPlanck

) −→
ρ<<ρcrit

8πG

3
ρ

ρ ≈ 3

8πG γ2

sin2 (λβ)

λ2
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Black Hole Interior (Kantowski-Sachs)

Symmetry group: R×SU(2)

[ξi , ξj ] = εk
ij ξk
↓

∈su(2)

[ξi , ζ
↓
∈R

] = 0

+If induced vector fields are spacelike=⇒space is homogeneous

+No matter

+ Einstein Field Equations

=⇒ Schwarzschild Interior:

ds2 = −
(

1− 2m

T

)
dR2 +

1(
1− 2m

T

)dT 2 + T 2dΩ2
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Hamiltonian formulation in Ashtekar variables

Kantowski-Sachs (R× SO(3)) symmetric connection and triads:

A = Aa
i τi
↓

−iσi /2

dxa = L−1cτ3dx + bτ2dθ − bτ1 sin θdφ + τ3 cos θdφ,

Ẽ = pc τ3 sin θ ∂x + L−1pbτ2 sin θ ∂θ − L−1pbτ1 ∂φ, (1)

Canonical structure:
{b, pb} = G γ, {c, pc} = 2G γ. (2)

Metric recovery:
qqab = δij Ẽ a

i Ẽ
b

j , (3)

ds2 = −N(t)2dt2 + gxx (t)dx2 + gθθ(t)dθ2 + gφφ(t)dφ2, (4)

gθθ = gφφ sin2 θ = pc , gxx =
p2

b

L2pc
. (5)

Geometrical quantities

S2 − area: A = 4πpc ; (I × S2)− volume: Ω = 4πpb
√

pc . (6)

Expansion Factor: θ =
Ω̇
Ω

(7)

Shear: σ =
1√
3

(
1

pb
ṗb −

1

pc
ṗc

)
(8)

Twist: ω = 0 (9)

Hamiltonian ”al gusto”
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ṗc

)
(8)

Twist: ω = 0 (9)

Hamiltonian ”al gusto”

William Cuervocolaboration with Jeronimo Cortez and Hugo Morales (Universidad Autonoma Metropolitana - Facultad de Ciencias, UNAM)The Raychaudhuri Equation for the Interior of Effective Loop Quantum Black HolesNov 7 de 2012 6 / 15



Hamiltonian formulation in Ashtekar variables

Kantowski-Sachs (R× SO(3)) symmetric connection and triads:

A = Aa
i τi
↓

−iσi /2

dxa = L−1cτ3dx + bτ2dθ − bτ1 sin θdφ + τ3 cos θdφ,
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Ẽ = pc τ3 sin θ ∂x + L−1pbτ2 sin θ ∂θ − L−1pbτ1 ∂φ, (1)

Canonical structure:
{b, pb} = G γ, {c, pc} = 2G γ. (2)

Metric recovery:
qqab = δij Ẽ a
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Classical dynamics

Hcl = −
N

2G γ2

[
2bc
√

pc + (b2 + γ2)
pb√
pc

]
.

On phase space:

θ =
1

Ω
{Ω, H [N = 1]} = 2

γ

2
b
√

pc
↓

divergences?

+
c
√

pc

pb
↓

divergences?


On the constraint surface:

θ ≈ 1

γ

1

b
√

pc
↓

divergences?

(
3b2 − γ2

)

R00 = − 1

3
θ2 − σabσab + ωabωab −

dθ

dτ

=
1

2γ2pbpc

(
b2pb + 2bcpc + p2

b

)
≈ 0→ Eintein Field Eq. in vac
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Effective Semiclassical Black Hole InteriorS

”Holonomize” classical connection::

b −→ sin(µbb)

µb
, c −→ sin(µc c)

µc

Discreteness parameters (∆ = 2
√

3πγl2
pl ):

µ0−scheme:
µb = cte, µc = cte

µ̄-scheme:

µ̄b =

√
∆
pb

, µ̄c =

√
∆
pc

,

Very succesfull µ̄′-scheme:

µ̄′b =

√
∆
pc

, µ̄′c =

√
pc ∆
pb

.

Hamiltonian

Heff = − N

2G γ2

[
2

sin(µbb)

µb

sin(µc c)

µc

√
pc + (

(
sin(µbb)

µb

)2

+ γ2)
pb√
pc

]
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Effective expansion factors

µ0 :

θ0 = +
1

pb

1

γ

√
pc

sin(µc c)

µc
cos (µbb) +

1
√

pc

1

γ

sin (µbb)

µb
cos (µbb)

+
1
√

pc

1

γ

sin(µbb)

µb
cos(µc c)

µ̄ :

θ̄ = +
1

pb

1

γ

1√
∆

pc sin

(√
∆
pc

c

)
cos

(√
∆
pb

b

)

+
1
√

pc

1

γ

1√
∆

p
1
2

b sin

(√
∆
pb

b

)
cos

(√
∆
pb

b

)

+
1
√

pc

1

γ

1√
∆

p
1
2

b sin

(√
∆
pb

b

)
cos

(√
∆
pc

c

)
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Effective expansion factors
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1

pb

1

γ

√
pc
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√
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∆
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∆
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b

)
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1
√

pc

1

γ

1√
∆

p
1
2

b sin

(√
∆
pb

b

)
cos
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∆
pb

b

)

+
1
√

pc
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γ

1√
∆

p
1
2

b sin

(√
∆
pb

b

)
cos

(√
∆
pc

c

)

William Cuervocolaboration with Jeronimo Cortez and Hugo Morales (Universidad Autonoma Metropolitana - Facultad de Ciencias, UNAM)The Raychaudhuri Equation for the Interior of Effective Loop Quantum Black HolesNov 7 de 2012 9 / 15



Effective gravitational repulsion

µ̄′

θ̄′ =
1

Ω
[Ω, Heff ]

=
1

γ

1√
∆

[
sin

(√
pc ∆
pb

c

)
cos

(√
∆
pc

b

)
+

+ sin

(√
∆
pc

b

)
cos

(√
pc ∆
pb

c

)
+ sin

(√
∆
pc

b

)
cos

(√
∆
pc

b

)]

θfis =

pc sin (bµb)

(√
− γ4∆2 csc2(bµb )

p2
c

− sin2 (bµb)− 2γ2∆
pc

+ 4 + cos (bµb)

)
− γ2∆ cot (bµb)

2γ
√

∆pc

BOUNDED ON ALL PHASE SPACE

Gravitational repulsion

without energy conditions violations
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Shear is bounded:

σ̄′ =
1√
3

(
1

pb
ṗb −

1

pc
ṗc

)

=
1√
3

1

γ

1√
∆

(
sin

(√
pc ∆
pb

c

)
cos

(√
∆
pc

b

)

+ sin

(√
∆
pc

b

)
− 2 sin

(√
∆
pc

b

)
cos

(√
pc ∆
pb

c

))
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Expansion factor evolution

θ̇ = (bounded terms on all phase space)

+ (bounded terms on the constraint surface)

+
1

γ2

1

∆

[√
pc ∆
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Qualitative analysis of the constraint
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c = 0 is not on the constraint surface, unless pc → ∞

For finite pc , pb is bounded above onshell.

As pc is bounded below and pb 6= 0, V = 4πpb
√

pc 6= 0. (Clasically V→ 0 on the physical
singularity and on the horizon).
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Numerical analysis is on work...
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Conclusions

Loop quantization techniques can be useful to solve the problem of singularities in GR.

At the quantum level gravitational interaction can be repulsive.

Semiclassical considerations could be enough to resolve the singularities.

Geometrical quantities should play an important role in this issue.

THANKS !
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