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© Anti de Sitter Spacetime (AdS)
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Anti-deSitter spacetime (AdS)

» constant negative curvature
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Anti de Sitter Spacetime (AdS)

Anti-deSitter spacetime (AdS)

—> [9AdS=Rx§**

o AN
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» constant negative curvature

» global coordinates:
time ¢ € [—o0, +00]
radius p € [0, Z)
angles Q = (8, ¢) on S*
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Anti de Sitter Spacetime (AdS)

Anti-deSitter spacetime (AdS)

—> [9AdS=Rx§**

o AN

» constant negative curvature todr

» global coordinates:
time ¢ € [—o0, +00]
radius p € [0, Z)
angles Q = (8, ¢) on S*

» d = spatial dimension
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Anti de Sitter Spacetime (AdS)

Anti-deSitter spacetime (AdS)

—> [QAdS=Rx§**

o AN

£ %

o

» constant negative curvature

» global coordinates:
time ¢ € [—o0, +00]
radius p € [0, Z)
angles Q = (8, ¢) on S*

» d = spatial dimension

» static megric:
ds? e = fAdS (_dt2+dp2+sin2p dSSQ[H)

0s2p
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Anti de Sitter Spacetime (AdS)

Anti-deSitter spacetime (AdS)

» constant negative curvature

» global coordinates:
time ¢ € [—o0, +00]
radius p € [0, Z)
angles Q = (8, ¢) on S*

» d = spatial dimension

» static metric:
ds? e = Fags (_dt2+dp2+sin2p dsgdfl)

cos2p

» Penrose diagram
with timelike geodesics
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Anti de Sitter Spacetime (AdS)

Anti-deSitter spacetime (AdS)

» constant negative curvature

» global coordinates:
time ¢ € [—o0, +00]
radius p € [0, Z)
angles Q = (8, ¢) on S*

» d = spatial dimension

» static metric:
ds? e = Fags (_dt2+dp2+sin2p dsgdfl)

cos2p

» Penrose diagram
with timelike geodesics

» no (temporally) asymptotically
free states, no standard S-matrix
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Outline

© General Boundary Formulation (GBF)
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General Boundary Formulation (GBF)

» quantum states oM live in
Hilbert spaces associated to
boundaries of spacetime regions
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General Boundary Formulation (GBF)

General Boundary Formulation (GBF)

» quantum states oM live in
Hilbert spaces associated to
boundaries of spacetime regions

» amplitudes pm(1pam) depend on
action S of theory on region’s interior
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General Boundary Formulation (GBF)

» quantum states oM live in
Hilbert spaces associated to
boundaries of spacetime regions

» amplitudes pm(1pam) depend on
action S of theory on region’s interior

» probability interpretation:
probability of observing
outcoming particles of om
on condition that
incoming particles were prepared
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General Boundary Formulation (GBF)

General Boundary Formulation (GBF)

» quantum states oM live in
Hilbert spaces associated to
boundaries of spacetime regions

» amplitudes pm(am) depend on
action S of theory on region’s interior
» probability interpretation:

probability of observing
outcoming particles of om

on condition that B3
incoming particles were prepared »
& ) & fSQ\ € ]{
» standard QT recovered: slice 2 . RN
/ — \
amplitude L \4 ’ /
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General Boundary Formulation (GBF)

General Boundary Formulation (GBF)

» quantum states oM live in
Hilbert spaces associated to
boundaries of spacetime regions

» amplitudes pm(1am) depend on
action S of theory on region’s interior

» probability interpretation:
probability of observing
outcoming particles of ¥am
on condition that

incoming particles were prepared
» for AdS: rod hypercylinder

» metric = (radially) asymptotically
free states near AdS boundary!
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General Boundary Formulation (GBF)

» quantum states oM live in
Hilbert spaces associated to
boundaries of spacetime regions

» amplitudes pm(1am) depend on
action S of theory on region’s interior

» probability interpretation:
probability of observing
outcoming particles of ¥am
on condition that
incoming particles were prepared

» for AdS: rod hypercylinder

» metric = (radially) asymptotically
free states near AdS boundary!

» thus limit of amplitude: S-matrix
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General Boundary Formulation (GBF)

General Boundary Formulation (GBF)

» quantum states oM live in
Hilbert spaces associated to
boundaries of spacetime regions

» amplitudes pm(1am) depend on
action S of theory on region’s interior

» probability interpretation:
probability of observing
outcoming particles of ¥am
on condition that

incoming particles were prepared
» for AdS: rod hypercylinder

» metric = (radially) asymptotically
free states near AdS boundary!

» thus limit of amplitude: S-matrix

» on Minkowski: standard and radial
S-matrizes equivalent
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Holomorphic Quantization (HQ)
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© Holomorphic Quantization (HQ)
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Holomorphic Quantization (HQ)

Holomorphic Quantization (HQ)

INGREDIENTS:

» associate to any hypersurface ¥
space Ly, of solutions near 3
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Holomorphic Quantization (HQ)

Holomorphic Quantization (HQ)

INGREDIENTS:

» associate to any hypersurface ¥
space Ly, of solutions near 3

» symplectic structure:
wy LEXLE — R
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Holomorphic Quantization (HQ)

Holomorphic Quantization (HQ)

INGREDIENTS:
» associate to any hypersurface ¥
space Ly, of solutions near 3
» symplectic structure:
wy LEXLE — R

» complex structure:
Js: Ly — Lx
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Holomorphic Quantization (HQ)

Holomorphic Quantization (HQ)

INGREDIENTS:

» associate to any hypersurface ¥
space Ly, of solutions near 3

» symplectic structure:
wy LEXLE — R

» complex structure:
Js: Ly — Lx

» field metric:
gs() = 2ws(,Js)
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Holomorphic Quantization (HQ)

Holomorphic Quantization (HQ)

INGREDIENTS:

» associate to any hypersurface ¥
space Ly, of solutions near 3

» symplectic structure:
wy LEXLE — R

» complex structure:
Js: Ly — Lx

» field metric:
gx() = 2ws(Js )
» inner product:

{’7 '}E = gE('v')+2in(’7')
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Holomorphic Quantization (HQ)

Holomorphic Quantization (HQ)

INGREDIENTS:

» associate to any hypersurface ¥
space Ly, of solutions near 3

» symplectic structure:
wy LEXLE — R

» complex structure:
Js: Ly — Lx

» field metric:
gE('ﬁ ) = 2“}2('7 Js )
» inner product:
{’7 '}E = gE('v')+2in(’7')
» Lemma: region M, boundary OM:
solutions on M: L C Lom
then Lom = Ly @ JomLy;
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Holomorphic Quantization (HQ)

Holomorphic Quantization (HQ)

INGREDIENTS:
» associate to any hypersurface ¥
space Ly, of solutions near 3
» symplectic structure:
wy LEXLE — R
» complex structure:
Js: Ly — Lx

» field metric:
gE('ﬁ ) = 2“}2('7 Js )

» inner product:
{’7 '}E = gE('v')+2in(’7')

» Lemma: region M, boundary OM:
solutions on M: L C Lom
then Lom = Ly @ JomLy;

» for ¢ € Loy thus ¢ = ¢ + Jomo!
with ¢%, @' € L
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Holomorphic Quantization (HQ)

Holomorphic Quantization (HQ)

INGREDIENTS:
» associate to any hypersurface ¥
space Ly, of solutions near 3
» symplectic structure:
wy LEXLE — R
» complex structure:
Js: Ly — Lx

» field metric:
gs(-) = 2ws(-,Js-) » states are holomorphic function(al)s:
wg : LE — C

» inner product:
{’7 '}E = gE('v')+2in(’7')

» Lemma: region M, boundary OM:
solutions on M: L C Lom
then Lom = Ly @ JomLy;

» for ¢ € Loy thus ¢ = ¢ + Jomo!
with ¢%, @' € L
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Holomorphic Quantization (HQ)

Holomorphic Quantization (HQ)

INGREDIENTS:

>

Colosi,Dohse,Oeckl (CCM Morelia)

associate to any hypersurface
space Ly, of solutions near 3
symplectic structure:

wy LEXLE — R

complex structure:

Js: Ly — Lx

field metric:

g=() = 2ws(,Jz )

inner product:

{’7 '}E = g2(7)+21w2(7)
Lemma: region M, boundary 0M:
solutions on M: L C Lom

then Lom = L ®JomLyy

for ¢ € Loy thus ¢ = ¢ + Jomo!
with ¢%, @' € L

» states are holomorphic function(al)s:
wg: Lz — C

» normalized coherent states: ¢ € Ly
290 = N expd {0, M)y
with N = exp—; {9, ¢}y
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Holomorphic Quantization (HQ)

Holomorphic Quantization (HQ)

INGREDIENTS:

» associate to any hypersurface ¥
space Ly, of solutions near 3
» symplectic structure:
wy LEXLE — R
» complex structure:
Js: Ly — Lx
» field metric:
g=() = 2ws(,Jz )
» inner product:

{’7 '}E = gE('v')+2in(’7')

» Lemma: region M, boundary OM:

solutions on M: L C Lom
then Lonv = L1\7[ EBJGMLM

» for ¢ € Loy thus ¢ = ¢% + Jomo!
with ¢%, @' € L

Colosi,Dohse,Oeckl (CCM Morelia)

AdS S-Matrix from General Boundary QFT

» states are holomorphic function(al)s:
wg: Lz — C

» normalized coherent states: ¢ € Ly

57 (A) = NGt exp 3 {6, A}y
with /\fqlf = exp—1{¢, ¢}5
amplitude region M, boundary 0M
S ¢)

PM M T
_eXP(a §g6M¢ <Z5) anM(¢7¢))
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e HQ on AdS
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Klein-Gordon Modes

» free Klein-Gordon equation:
(Oaas— m2)¢(t» p,) =0
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Klein-Gordon Modes

» free Klein-Gordon equation:
(Oaas— m2)¢(t» ) =0

» two types of Klein-Gordon modes: .
both diverge approaching boundary
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Klein-Gordon Modes

» free Klein-Gordon equation:
(Daas—m?)g(t,p,2) = 0

» two types of Klein-Gordon modes: .
both diverge approaching boundary

S?-modes:

a —1 t m, L
B (80, 2) = 7 Y™(Q) S51(p)

is regular on time axis p =0

__k

.
"y »
L L L L L
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HQ on AdS

Klein-Gordon Modes

» free Klein-Gordon equation:

(DAdS - m2)¢(t» ) =0
» two types of Klein-Gordon modes:

both diverge approaching boundary i ' ]
S%-modes:

a —1 t m, L
B (80, 2) = 7 Y™(Q) S51(p)

is regular on time axis p = 0
S°-modes:

(b) _ —iwt m, b
B (89, Q) = €70 Y™ @) 82,(0)

is divergent on time axis p =0
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HQ on AdS

Klein-Gordon Modes

» free Klein-Gordon equation:
(DAdS - m2)¢(t» ) =0

» two types of Klein-Gordon modes: . . . .
both diverge approaching boundary

L3R

S?-modes:

luwlm[(f P, Q) = e_lw/ Y,V”(Q) Sw](/’) o
is regular on time axis p = 0 h

S’-modes:

iwt nL
wlm,“ p, ) = € St I(Q) Swl(ﬂ) 0.3
is divergent on time axis p =0

w = frequency

l, my = angular momentum numbers
Y, " (22) = spherical harmonics
8%%(p) = "F»*(m,w, I, sin? p)”
hypergeometric functions

—

e
"'""."'"""""‘."f

0.5 1.0 13
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HQ ingredients for AdS

» field expansion near ¥, with cj)z’li’nl = momentum representation
— [ 1 ‘e j (a) b (b)
¢(t! P Q) - jdw Z A {@Z/m; cwl ﬂw[m; (tf P Q) + @wlm, CSI :U’w/,”,] (tf P, Q)}

L,my
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HQ ingredients for AdS

» field expansion near ¥, with d)z’li’nl = momentum representation
¢ 1 La j (a) b n . (b)
¢(t! P Q) - jdw ZZ A {@w/m; cwl Mw[m((t" P Q) + @u}lm; Cuwl :u’w/,,,,](tf P, Q)}
UL

» complex structure: p-independent!
- 1 t VR O) ; 0
(I, 0)(tp,0) = [dw 37 4 {—@Lzm, Cast Pyt (2> )+ Bty €t Py, (81 Q>}

I,m;
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HQ ingredients for AdS

» field expansion near ¥, with d)z’li’nl = momentum representation
¢ 1 La j (a) b n . (b)
¢(t! P Q) - jdw ZZ A {@w/m; cwl Mw[m((t" P Q) + @u}lm; Cuwl :u’w/,,,,](tf P, Q)}
UL

» complex structure: p-independent!
- 1 t VR O) ; 0
(I, 0)(tp,0) = [dw 37 4 {—@Lzm, Cast Pyt (2> )+ Bty €t Py, (81 Q>}

I,m;

» b= ¢+, ¢
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HQ ingredients for AdS

» field expansion near ¥, with d) = momentum representation

w lml

— 1 / (a)
Bt p, ) = [dw " 4= {@Zim, Cost Mrigim, (£, £, 2) + rb/,,,, ot ,lu/,,,,(t P Q)}

L,my
» complex structure: p-independent!
— T 1 t j (@) : o (b)
(U, 00,0 = [d S 2 {= b, @ B (0000 F 01, i 100}

I,m;
» ¢ =¢"+Js,, ¢
R (t,p, Q) = fdwz = {owlm[ ¢, /1Mm,(/ P 2)}

I,my
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HQ ingredients for AdS

» field expansion near ¥, with d) = momentum representation

w lml

— 1 / (a)
Bt p, ) = [dw " 4= {@Zim, Cost Mrigim, (£, £, 2) + rb/,,,, ot ,lu/,,,,(t P Q)}

L,my

» complex structure: p-independent!
(I5,8)(00, ) = [dw 3 o {=0Lim, o 1y (120 9) + B, €Lt B (10, }

I,m;
» ¢ =¢"+Js,, ¢
R (t,p, Q) = fdwz = {owlm[ ¢, /1Mm,(/ P 2)}

I,my

i g 1 b J (a)
¢ (t7p7 Q) = jdw Z A {(D;dlm,( Ci;[ Hw[,,,]@aﬂaﬂ)}

L,my
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HQ ingredients for AdS

» field expansion near ¥, with d) = momentum representation

wlm; —

— (a) b (b)
¢(t)p7 Q) = jdw 4n {éw/my Col Mwl,y,](t:p:Q) +®wlm7 c::l ,U/w[m’](tﬁp,Q)}

lml

» complex structure: p-independent!
(I5,8) (00,9 = [dw 3 2 { =B, i 1500, 120, 0) + Doty ot 1 (00,0}

I,m;

» ¢ =¢"+Js,, ¢
R (t,p, Q) = Jdw > H {Owlm, ‘wz ;13’1)"”(/,,,;.52)}

Lymy
P (tp0) = fdw > L~ {o imy €t ;Lg’l),,,]<t,p,ﬂ)}
Lmy
> symplectic structure: p—independent! (:Llc:j;l = ﬁ
s, (1, ¢) jdtd ') R? s tan?p (77 0pC — Qapn)
_ o O S i ity — by
31y
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HQ ingredients for AdS

» field expansion near ¥, with d) = momentum representation

wlml

— (a) b (b)
¢(t)p7 Q) = jdw 4n {(j Imy wl N’vu[,,,](t:p:Q) +@wlm7 CLL'Z ,U/w[m’](tﬁp,Q)}

lml

» complex structure: p—independent'
T, 80,2 = fdw Y 2 {=bhun, cly 10, (102 + Bty €Lt 1 (10,0}

I,m;
» ¢ =¢"+Js,, ¢
¢ (t,0,Q) = fdw Z E {@Zlm, Col /1_(,,:1[)77”(’:/’-52)}

L,my
8,09 = fdw Y = {bhin ey 1S (00 )}
L,my
» symplectic structure: p-independent! ¢ et = ﬁ
g d—1
ws,(,¢) = + [dtd" Q Riustan’p (9o — (Ipm)
R2 a D 0 a
= /‘dw Z 1%(:53 {nwlml C’fuul.fm[ - 71lel (*WJ,*'NLZ}

Lmy

» field metric: p-independent!

ng (777 C) = 2w2p (777 JE,)O = Ridsfdw Z i {nth C—aw,l,wzg + ”/cbmn, C—hw,l,frn[}

L,my

Colosi,Dohse,Oeckl (CCM Morelia) AdS S-Matrix from General Boundary QFT MexiLazos (Morelia, Nov 2012) 11/



HQ amplitude for AdS

» amplitude: AdS rod region M,,, boundary hypercylinder X,,

H(] (T/EPO) —

1 .b . b
— 353 Pwim; P—w,l,—my
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Invariance under AdS isometry actions
Outline

© Invariance under AdS isometry actions
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Invariance under AdS isometry actions

Invariance under isometry actions

» isometry K:
K: M — KM
K: oM — KpoM = 9(Kp>M)
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Invariance under AdS isometry actions

Invariance under isometry actions

» isometry K:
K: M — KM
K: oM — KpoM = 9(Kp>M)

» isometry invariance of amplitude
requires two properties:

Colosi,Dohse,Oeckl (CCM Morelia) AdS S-Matrix from General Boundary QFT MexiLazos (Morelia, Nov 2012) 14 /



Invariance under AdS isometry actions

Invariance under isometry actions

» isometry K:
K: M — KM
K: oM — KpoM = 9(Kp>M)

» isometry invariance of amplitude
requires two properties:

1. symplectic structure K-invariant:
!

wreaM (K > X, K>¢) = wam (A, ¢)
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Invariance under AdS isometry actions

Invariance under isometry actions

» isometry K:
K: M — KM
K: oM — KpoM = 9(Kp>M)

» isometry invariance of amplitude
requires two properties:

1. symplectic structure K-invariant:
!

wreaM (K > X, K>¢) = wam (A, ¢)

2. complex structure commutes with K:
Jrsom (K>A) = Kb (Jam A)
for all A\, ¢ € Lom

Colosi,Dohse,Oeckl (CCM Morelia) AdS S-Matrix from General Boundary QFT MexiLazos (Morelia, Nov 2012)



Invariance under AdS isometry actions

Invariance under isometry actions

» isometry K: .
K: M — KoM d -
K: oM — KpoM = 9(Kp>M)

» isometry invariance of amplitude
requires two properties:

W

1. symplectic structure K invariant:
wisaM (K > X, K> ¢) = wam(A, @)
» then we have:
2. complex structure commutes with K: ngaM(K‘>>\v K> )\)
JK|>8M (KD)\) = Kb (JBM )\)
for all A\, ¢ € Lom
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Invariance under AdS isometry actions

Invariance under isometry actions

» isometry K: .
K: M — KoM d -
K: oM — KpoM = 9(Kp>M)

» isometry invariance of amplitude
requires two properties:

W

1. symplectic structure K invariant:
wisaM (K > X, K> ¢) = wam(A, @)
» then we have:
2. complex structure commutes with K: Sroon (K DA, K> X)
Jrvom (K> A) = K> (Jom A) = WKpOM (KD)\, JKDBM(KD)\))
for all X\, ¢ € Lom
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Invariance under isometry actions

K: OM — KoM = 0(K>M)

» isometry invariance of amplitude —— . e
requires two properties:

» isometry K: @ o s
K: M — KoM o S L ™
K>\

1. symplectic structure K-invariant:
!

WK>OM (KDA, Kl>q5) = waM(A, (f))

» then we have:

2. complex structure commutes with K: Sroon (K DA, K> X)
Twont (KB A) = Kb (Jonr A) = wivont (K > A, Jxoone (K > N))
for all A, ¢ € Lonm = wiwom (K> X, Ko (Jom) )
= wam (A, JomA)
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K: OM — KoM = 0(K>M)

» isometry invariance of amplitude —— . e o
requires two properties:

» isometry K: @ o s
K: M — KoM o S L ™
K>\ ’

1. symplectic structure K-invariant:
!
wreaM (K > X, K>¢) = wam (A, ¢)

» then we have:

2. complex structure commutes with K: Sroon (K DA, K> X)
Twont (KB A) = Kb (Jonr A) = wivont (K > A, Jxoone (K > N))
for all A, ¢ € Lonm = wiwom (K> X, Ko (Jom) )
= wam (A, JomA)
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Invariance under isometry actions

» isometry K:
K: M — KoM
K: oM — KpoM = 9(K>M)

» isometry invariance of amplitude
requires two properties:

W

1. symplectic structure K-invariant:
!
wisaM (K > X, K> @) = wam(A, @) AdS: fix "

2. complex structure commutes with K: » K—szo commutation:
Jrvont (K>A) = K> (Jon A) time translation, rotations, boosts:

for all \, ¢ € Lom DO
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Invariance under AdS isometry actions

Invariance under isometry actions

» isometry K:
K: M — KoM
K: oM — KpoM = 9(K>M)

» isometry invariance of amplitude K e S
requires two properties: B
1. symplectic structure K-invariant:
!
wkbaM(KDA, Kl>¢) = waM(A, (f)) AdS: fix cj,’fL

2. complex structure commutes with K: » K- szo commutation:

Jrvont (K>A) = K> (Jon A) time translation, rotations, boosts:

for all \, ¢ € Lom DO

» w-invariance:
time translation, rotations: DONE.
boosts: fix complex phase!
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Invariance under AdS isometry actions
Outlook

g7

» fix ¢ completely for isometry invariance
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» fix ¢

completely for isometry invariance

» include interactions
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Invariance under AdS isometry actions
Outlook

g7

» fix ¢

completely for isometry invariance
» include interactions

» compare with radial S-matrix of Giddings
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THANK YOU VERY MUCH FOR YOUR ATTENTION!
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