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Anti de Sitter Spacetime (AdS)

Anti-deSitter spacetime (AdS)

I constant negative curvature

I global coordinates:
time t ∈ [−∞,+∞]
radius ρ ∈ [0, ιπ

2
)

angles Ω = (θ,ϕ) on S2

I d = spatial dimension

I static metric:

ds2
AdS =

R2
AdS

cos2ρ

(
−dt2+dρ2+sin2ρ ds2

Sd−1

)
I Penrose diagram

with timelike geodesics

I no (temporally) asymptotically
free states, no standard S-matrix
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General Boundary Formulation (GBF)

General Boundary Formulation (GBF)

I quantum states ψ∂M live in
Hilbert spaces associated to
boundaries of spacetime regions

I amplitudes ρM(ψ∂M) depend on
action S of theory on region’s interior

I probability interpretation:
probability of observing
outcoming particles of ψ∂M

on condition that
incoming particles were prepared

I standard QT recovered: slice

amplitude
ρ[t1,t2](η1⊗ζ2) = 〈ζ2 |U[t1,t2] | η1〉

probability

P(ζ2|η1) =
∣∣〈ζ2 |U[t1,t2] | η1〉

∣∣2
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I metric ⇒ (radially) asymptotically
free states near AdS boundary!

I thus limit of amplitude: S-matrix

I on Minkowski: standard and radial
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Holomorphic Quantization (HQ)

Holomorphic Quantization (HQ)

INGREDIENTS:

I associate to any hypersurface Σ
space LΣ of solutions near Σ

I symplectic structure:
ωΣ : LΣ×LΣ → R

I complex structure:
JΣ : LΣ → LΣ

I field metric:
gΣ(·, ·) = 2ωΣ(·, JΣ ·)

I inner product:
{·, ·}Σ = gΣ(·, ·)+2iωΣ(·, ·)

I Lemma: region M, boundary ∂M:
solutions on M: LM̃ ⊂ L∂M

then L∂M = LM̃⊕J∂MLM̃

I for φ ∈ L∂M thus φ = φR + J∂Mφ
I

with φR, φI ∈ LM̃

I states are holomorphic function(al)s:
ψH

Σ : LΣ → C
I normalized coherent states: φ ∈ LΣ

ψH,φ
Σ (λ) = NH

φ exp 1
2
{φ, λ}Σ

with NH
φ = exp− 1

4
{φ, φ}Σ

I amplitude: region M, boundary ∂M
ρH,0

M (ψH,φ
∂M )

= exp
(
− i

2
g∂M(φR, φI)− 1

2
g∂M(φI, φI)

)
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HQ on AdS

Klein-Gordon Modes

I free Klein-Gordon equation:
(2AdS−m2)φ(t, ρ,Ω) = 0

I two types of Klein-Gordon modes:
both diverge approaching boundary

Sa -modes:
µ(a)

ωlml
(t, ρ,Ω) = e−iωt Y ml

l (Ω) Sa
ωl (ρ)

is regular on time axis ρ = 0

S b-modes:
µ(b)

ωlml
(t, ρ,Ω) = e−iωt Y ml

l (Ω) S b
ωl (ρ)

is divergent on time axis ρ = 0

ω = frequency
l ,ml = angular momentum numbers
Y ml

l (Ω) = spherical harmonics

Sa,b
ωl (ρ) ≈ ”F a,b(m, ω, l , sin2 ρ)”

hypergeometric functions
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HQ on AdS

HQ ingredients for AdS

I field expansion near Σρ with φa,b
ωlml

= momentum representation

φ(t, ρ,Ω) =
´
dω
∑
l,ml

1
4 ιπ

¶
φa
ωlml

cjωl µ
(a)

ωlml
(t, ρ,Ω) + φb

ωlml
cnωl µ

(b)

ωlml
(t, ρ,Ω)

©
I complex structure: ρ-independent!

(JΣρφ)(t, ρ,Ω) =
´
dω
∑
l,ml

1
4 ιπ

¶
−φb
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©
I symplectic structure: ρ-independent! cjωlc

n
ωl = −1

2l+1

ωΣρ(η, ζ) = 1
2

´
dt d

d−1
Ω R2

AdS tan2ρ
(
η ∂ρζ − ζ ∂ρη

)
=
´
dω
∑
l,ml

R2
AdS
16 ιπ

¶
ηaωlml

ζb−ω,l,−ml
− ηbωlml

ζa−ω,l,−ml

©
I field metric: ρ-independent!

gΣρ
(η, ζ) = 2ωΣρ(η, JΣρζ) = R2

AdS

´
dω
∑
l,ml

1
8 ιπ

¶
ηaωlml

ζa−ω,l,−ml
+ ηbωlml

ζb−ω,l,−ml
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HQ on AdS

HQ amplitude for AdS

I amplitude: AdS rod region Mρ0 , boundary hypercylinder Σρ0

ρH,0
Mρ0

(ψH,φ
Σρ0

) = exp
(
− i

2
gΣρ0

(φR, φI)− 1
2
gΣρ0

(φI, φI)
)

= exp

ˆ
dω
∑
l,ml

R2
AdS
8 ιπ

¶
− i

2
φa
ωlml

φb
−ω,l,−ml

− 1
2
φb
ωlml

φb
−ω,l,−ml

©
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Invariance under AdS isometry actions

Outline

1 Anti de Sitter Spacetime (AdS)

2 General Boundary Formulation (GBF)

3 Holomorphic Quantization (HQ)

4 HQ on AdS

5 Invariance under AdS isometry actions
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Invariance under AdS isometry actions

Invariance under isometry actions

I isometry K :
K : M → K .M
K : ∂M → K .∂M = ∂(K .M)

I isometry invariance of amplitude
requires two properties:

1. symplectic structure K -invariant:

ωK.∂M(K .λ,K .φ)
!
= ω∂M(λ, φ)

2. complex structure commutes with K :

JK.∂M (K .λ)
!
= K . (J∂M λ)

for all λ, φ ∈ L∂M

I then we have:
gK.∂M(K .λ,K .λ)

= ωK.∂M

(
K .λ, JK.∂M(K .λ)

)
= ωK.∂M

(
K .λ,K . (J∂Mλ)

)
= ω∂M(λ, J∂Mλ)

= g∂M(λ, λ)
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requires two properties:

1. symplectic structure K -invariant:

ωK.∂M(K .λ,K .φ)
!
= ω∂M(λ, φ)

2. complex structure commutes with K :

JK.∂M (K .λ)
!
= K . (J∂M λ)

for all λ, φ ∈ L∂M

I then we have:
gK.∂M(K .λ,K .λ)

= ωK.∂M

(
K .λ, JK.∂M(K .λ)

)
= ωK.∂M

(
K .λ,K . (J∂Mλ)

)
= ω∂M(λ, J∂Mλ)

= g∂M(λ, λ)
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!
= ω∂M(λ, φ)

2. complex structure commutes with K :

JK.∂M (K .λ)
!
= K . (J∂M λ)

for all λ, φ ∈ L∂M

AdS: fix cj ,nωl

I K -JΣρ0
commutation:

time translation, rotations, boosts:
DONE.

I ω-invariance:
time translation, rotations: DONE.
boosts: fix complex phase!
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Invariance under AdS isometry actions

Outlook

I fix cj ,nωl completely for isometry invariance

I include interactions

I compare with radial S-matrix of Giddings
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Invariance under AdS isometry actions

�
�

�

THANK YOU VERY MUCH FOR YOUR ATTENTION!
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