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© GAUGE SYSTEMS
@ Motivation

e LAGRANGIAN APPROACH
@ Lagrangian approach (Point Particle Systems)
@ Degree of freedom count
@ Lagrangian algorithm

© ExampLES
@ Point Particle System
@ Reducible theory, an example.

@ BF theory plus cosmological constant

@ Explicit covariant example
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CONSTRAINED SYSTEMS

Gauge Theory = Constrained Hamiltonian System.

A constraint is any relation between the coordinates, namely:

e Hamiltonian: ¢(gq,p) = 0.
e Lagrangian: ¢ (q,q) = 0.

Procedures:
© Hamiltonian: Dirac’s Method. It is well studied but spoil
some features of the theory(Ex. Explicit Covariance.)

@ Lagrangian: It is not widely developed. It can be achieved
in a covariant way.
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LAGRANGIAN APPROACH(IRREDUCIB
The Lagrangian Action
t .
Sclql = /t L(g,q)dt
0
E-L Equations of Motion:
0 - d ( OL ) OL
E; - —
9q') oq i=1,...,N (1)
= W( )(q q)j +K )(q q) [= 0 on — shell]
where
2
(0) o°L

0,5 = PL g L

=] F

@)

12N G4
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CONSISTENCY

EXAMPLES

Explicit covariant example
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Null vectors of W) — Lagrangian constraints (g, §)
By means of a consistency methodology (similar to Dirac)

£©)
EW = ( d ) 3)
(0)
dtw (@.9)
it is possible to find relations in the form
0
“k+1 Z At [ El( )] = O(Oﬁ — shell). (4)

12N G4
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Multiplying by an arbitrary function ¢*) of time and using the
product law for derivatives the necessary times:

©och % e wil g0 d
€ GakHEZ; (-1 MY BV + ZUu =0, (5
S=

where U is in general a function of ¢®  the coordinates and
time derivatives thereof.
Similar to Noether’s identity

£ (5qf q]5t> 4 1OL 0 4 L—qu st—F| =0|. (6)
dt |9 oq
—_——

5q/
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If the procedure shows T relation in the form (5) it has been
proved by Shirzad that the next transformation leaves the action
invariant is:

T ko ko )
5qi _ Z (Sql( dse( )M(ka);
a=1

alsO

where the ¢, are arbitrary functions of time.
i.e.,Gauge Transformations.

~
[
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DEGREE OF FREEDOM COUNT

Lagrangian analysis

Hamiltonian analysis

@ Number of independent
primary Hamiltonian
constraints: rank(W©).

@ Evolution of constraints:
46(q,p) = 0= New
constraints.

@ Total number of
constraints: N7 + Nb.

LAGRANGIAN APPROACH

EXAMPLES
00000000000000000

Explicit covariant example

@ Number of independent
Lagrangian constraints
plus gauge identities:
rank(WO).

e Evolutions of
constraints:

#9(q,4) = 0 = New
constraints plus gauge
identities.

@ Total number of
independent Lagrangian
constraints plus gauge
identities: [ + g
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It make sense that
Ni+Ny=Il+g (7)’

Let us label the number of effective parameters e. It was proved
by Henneaux et al that Ny = e. Coming back to (7):
N2:l+g—N1 El+g—€.

Theorem

In the irreducible case, the number of physical degrees of freedom
(P.D.F) is
N 1
P.D.F.:N—Nl—TZEN—E(l+g+6) 8)
where | is the number of Lagrangian Constraints, g is the number of
independent Gauge Identities and e is the number of “effective” gauge
parameters.
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ALGORITHM

1. Find the Lagrangian constraints (g, q).
2. Find the relations G.

3. Achieve the contraction € ® G and read the Lagrangian
gauge transformation law d4.

4. Read the Lagrangian parameters /, g and e.
5. PDF.=N-1(+g—e).

=} F = = £ DA
10 / 30
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The Lagrangian
L(q.9) = 192 — 21 — (91 — 92)43-
Because (2)

WO — 0,

KO = (245 + 3, 21 — 43,41 — 2)
So left — null(W©)) = gen{(1,0,0), (0,1,0), (0,0,1)} and

contracting with EO® we get the Lagrangian constraints:

P10 = B9 = 24, 4 g3(= 0 “on — shell”),
w§0) = E§0) = —2q1 — q3(= 0 “on — shell”),

¢§O) == Ego) =q1 — q2(= 0 “on — shell”).
Constraints functionally independent —- No “Gauge
Identities” at this step.

[m]

F
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STEP 2.

Conservation in time of the constraints

242 + g3
Z(0) 2
o E — .o
EM — q | N9 WD eF 4+ R
( 7" > 2 + 3 *A+ R
—2q1 — g3
g1 —q2
where
0 00 2 + g3
0 0 0 —2171 — q_a,
m_|10 00 om_| m-a
W 0 20 K i
200 3
0 00 ql — 172
= = = = = 9ac

12 / 30
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and so

left — null(WW)) =

gen{(1,0,0,0,0,0),(0,1,0,0,0,0),
(0,0,1,0,0,0),(0,0,0,0,0,1)}
Contracting the last one with E()

n_d o .
Eg) = 20 =i — i
_ ©
- 2( g )
= GV =4 L 1O L 1E0) g,

Ha e
13 /30



Outline

GAUGE SYSTEMS LAGRANGIAN APPROACH EXAMPLES Explicit covariant example
Contracting with e(t):
d 1 1
(NG = e(t) = EY + e()3EY + e(3EY =0
dt 2 2
C RO, € o, po 4oy _o O
= S B+ 5B - e BD 4 () =0 O
~ ~~ 843
51]1 56]2
i.e.,
5[]1 = ¢

€ .
> 02 = 7 0q3 = —¢.
Finally = 3, g =1, e = 2 and using (7):

P.D.F.:3—§(3+1+2):0
By theway,Ny =e=2and N, =1+g—e=2.

[m]

F

14 / 30
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Hamiltonian analysis

@ Hamiltonian constraints:

o =p1— g2~ 0; 6 =pa+q ~0;
o5 = p3 ~ 0; 07 =g — g ~0.

@ Classification:
First : <;53 = p3; Q gi)l +q§2 —|—2<;$1 = N; =2
Second : Q ¢1 c 2 = qbz = Np =2.

N.
Then P.D.F. =N — N; — ?2 = 0 and the gauge transformation

laws

€ .
orq1 = o1q2 = X orgs = —¢€
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REDUCIBLE THEORY, A FIELD CASE

Recalling from the above analysis:

Ny @E (@) = N, 0K (7)) =ty (10)
The free massless antisymmetric tensor gauge fields of second rank
are described by the Lagrangian action
1
— _ __ rouv
L T 2P Fouv,

where the totally antisymmetric field tensor F,,, is defined in

terms of the antisymmetric tensor potential A, (x) = —A,, as

Flva(x) = 0pAva(x) + OpAau(X) + OaAuw(X).

15/ 30
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Separating the spatial and temporal parts and taking into
account the antisymmetry of the fields, the Lagrangian density
is reduced to

1.  pj0y L Al
L=— EAI — (0iAj0)AT — *(@Ajo)(alA]O) +5(0iA0)(9 A?)
1 .. 1
— (O (A" + 5 (9A;) (IA™).

i.e.,, The fundamental fields are {A;;, Ajo}.
The Euler equation

EOpg — _%Am + %(&’AO‘? — Q1A% — %aipipq
and
g@om _ 1 f;F0im

2
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Explicit covariant example

0000000 A e
The constraints at level zero
(0 = p@0m _ % o,V
However,
Ot =0

(Reducibility Condition)
Next, we build the Euler derivative at the next order

B _ E©)

- %w(O)Om ’
where

0

2 (0)0m _ % 9, { A g Am . AOZ'] '

(11)

(12)
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In vectorial form

EOpg — _% AP %(ap AY _ §TAY — 131.1:17"1
" 1. o
£ — E(0)0m _ 5 8, F0im

%¢(0)0m — %31, [A”” + A 4 OmAOi]

Thus,

. 0 1-. 1 .. Ny 1 .

. (0)im 00m _g | _ = Aim | ~ai A0m _ qgm A0iy _ — kim
OEO™ + ¢ a,[ AT 4 S (AT — 0" A) — S OF ]
+ %81- [A"’” +OA™ 4 8’”A°i] —0.

18 / 30
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Recalling that (0" — E0)0m,

G" = GEO™ + ;E@)Om =0 (13)

(Reducibility Condition) (14)

Multiplying (13) by the arbitrary parameters €,,(X, ) and using
the product rule:

However,

, 1 w0 :
enG" = ¢, EQ0m 4 5 (Oiem — Oei) E©@im _ a[emE(O)Om] — Oyl E@m
Y N———
5A0m 6Aim
p— 0.

i.e., The gauge transformation laws are

. 1
: 0Ain = 5 (Dhem — Oei) | (15)

19 /30



Outline GAUGE SYSTEMS

LAGRANGIAN APPROACH EXAMPLES
o

Explicit covariant example
0000000

000000000800 00000

DEGREE OF FREEDOM COUNT

@ Original Fields: A, is antisymmetric = N=6,

@ Independent Lagrangian constraints: [zbém —[R.C.(12)]
= 1=3-1=2,

@ Independent gauge identities: [G"] — [R.C. (14)]
= g=3-1=2,

@ "Effective” parameters: (€] + [ém] = €=3+3=6.

With the above information equation (8) gives us

1
PD.F.=6-(2+2+6) =1 (16)

=} F = = £ DA
20/30
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DEGREE OF FREEDOM COUNT, RE

This pointed out the following:

Theorem

The formula that gives the right count of the physical degrees of
freedom in field theory in the reducible case is given by

1
PD.F.=N— 5 (li+gi+e)

where the sub-index I means independent.
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BF THEORY PLUS COSMOLOGICAL CO

The Action
S[B, A] :/ B A Fy[A] —A/ BY A xBy;.
M M

where B = —B/ is a set of real 2-forms and F[A] is the
curvature of the connection A.

Separating in spatial and temporal parts, and defining the

variable 1"V = EnO”bCBbCU we reduce the Action to

. 1
S[B,A] = /R dt /Q dx [Awnﬂf + AgyD 11 4 By, Y <2nﬂb61:bd]
— ASUKLHIIKL)} .

Thus, the set of fundamental variables is {A.j, H‘;IJ] , AO}b BQ:aU }.

it
9
¢

22 /30
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LAGRANGIAN ANALYSIS

The Euler’s expressions
E(0)eMN _ y1eMN | <HeM] AON] 1N AOM]) i 77abeDbBOazm\I7
E© pr = —Agpg + DyAopr + AcyjprBos,
EOKL _ _py yyeKL

1
EO0ng, — _EnabCFbCST + Aesri IT°KE.

The Lagrangian constraints

w(O)eMN — E(O)EMN, w(O)ﬂf’R — E(O)ﬂ7R7

OOKL _ p(O)OKL ()02 p(0)0a

However,

Dytp 0% o+ Aesrir QKL = 0| (Six reducibility Conditions)
[=] =l = = (]‘ZE) QA

23 /30
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The “Gauge Identities

GKL —pE(O0KL _ 1y p(0)aKL _ (HaKPESPL _ IPLPEO K)
L
_ (BObK]E(O)Ob]
a

By, E©00 K)
Gt = — DpEO%gr 4+ 1 DyEQ o7 + Aegri EOKE
However
D,Gst + Aestir G

=0

(Six reducibility conditions)

(18)

24 /30
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Let ex; and ¢,°T be arbitrary parameters. Thus ext. GKl+€,5T G
give us

— [ékL — (AOK] e — Aot/ GIKH E(0)0KL

SAokL

[ < KpITePL — 6LPI—[aPK) 4 e (Db 6CKL>} EO .,

5HaKL
ST} E(0)aKL

— |Daexr + Aestkién

0AqKL
- (BOb 6] _ BObL] K) 4K (EuK]AOIL _ EaL]A0]K>] E(0)0b

/

5 BOa KL

0
i o [EKLE(O)OKL + euKLE(O)OuKL} 1o, [ e EQKL nabc ECKLE(O)QKL} —0



Outline

GAUGE SYSTEMS
o

LAGRANGIAN APPROACH
0000000

EXAMPLES

Explicit covariant example
000000000000 000e0

Thus, the gauge transformations laws are
0pAokr = — €k + (AOK] €L — AoL 6]1<>
5LBOaKL =

KL ( K] Ayt — e[ AO]K) _ (BObK] g BObL] K)
517K — ( KpITePL — 6LPHaPK) _ nabcDb e KL
OpAakt = — Daexr — Aestrrea

26 /30
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Q Original fields: [Aqay, ey , Aory, Boa” | that are antisymmetric
in {I,]} = N=60,

@ Independent Lagrangian constraints:
[w(O)eMN] + ¢(O)ﬂ)R + [w(O)OKL] + [¢(O)OQST] _ [RC (17)]
= 1=18+18+6+18-6=54,

@ Independent gauge identities: [Gkr] + [G"st] — [R.C. (18)]
= g=6+18-6=18,

Q "Effective” parameters: [exr] + [€.°T] + [éxr] + [&°T] =
e=6+18+6+18=48.

With the above information equation (8) gives us

1
P.D.F. =60 — 5(54 +18 +48) = 0.

(19)

[m]

F

9

N
N



Outline

GAUGE SYSTEMS
[¢]

LAGRANGIAN APPROACH
0000000

Explicit covariant example
00000000000000000

EXAMPLES
BF PLUS COSMOLOGICAL CONSTANT|
GAUGE GROUP]

S[A",B"] = / [P“ AB, — 2B A Bﬂ}
M
The equation of motion

(20)
Ei =F —aB",
The gauge identities

2 = DB"

(21)
Gi = DE{ + aE5(= 0 off — shell)

% = DEj§ — C",ES A BS(= 0 off — shell) 22
The Noether Identities

MGl = DN\, ANEf + aXg NE; =d (N A ES)
=0B* =DM,

0AT = a)\?
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€, 0 GI =>De, N ES + €,C" B A ES = d (e,E8)
—0A" = Dé", 6B = —¢,C'B°

Physical degree of freedom count

Q Fields: A%, B* = N = dim(g) x 4 + dim(g) x 6,
@ Lag. constraints Ef, Ef = | = dim(g) x 6 + dim(g) x 4,

(24)

@ Gauge identities G}, G§ = ¢ = dim(g) x 4 + dim(g) x 1,
© Gauge parameters \*, e’ = e = dim(g) x 4 +dim(g) x 1,

P.D.F.:N—%(l+g+e):0. (25)
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Thanks!
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Thanks!

Any questions?
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