POSITIVE SCALAR CURVATURE AND CRYSTALLOGRAPHIC
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ABSTRACT. We examine positive and negative results for the Gromov-Lawson-Rosenberg
Conjecture within the class of crystallographic groups. We give necessary conditions
within the class of split extensions of free abelian by cyclic groups to satisfy the unstable
Gromov-Lawson-Rosenberg Conjecture. We also give necessary conditions within the
same class of groups which are counterexamples for the conjecture.

1. INTRODUCTION

The (unstable) Gromov-Lawson-Rosenberg Conjecture for a discrete group I' predicts
that a connected closed spin n-dimensional manifold M™ where n > 5, with fundamental
group I' and classifying map for the fundamental group f : M — BI', the vanishing of
the group homomorphism

a(M) = Ao pprD(fur) : 7" (BT) — KO,(C(T))
given as the composition

ain(Br) %) ko, (BT) P25 KO, (BT) -2 KO, (C*T)).
decides about the existence of a metric of positive scalar curvature on M. Some explana-
tions are due. D is the map which sends a spin bordism class fj; : M — BI to the image
of the ko-fundamental class f.([M]) € ko,(BT'). The map pgr : ko,(BI') — KO,(BT)
is the natural transformation of periodicity, and A denotes the real assembly map A :
KO, (BT') — KO, (Cx(I)).
There exist counterexamples to this conjecture. T. Schick in [Sch98] showed that for

the group I' = Z* x Z/3, there exists a five dimensional manifold M with fundamental
group I' = m (M) = Z* x 7Z/3 for which

a(M) =0e€ KOs(Cy (L)),

but M admits no metric of positive scalar curvature.

The result initiated a series of subsecuent articles stating group cohomological condi-
tions which produce counterexamples for the (unstable) Gromov-Lawson-Rosenberg Con-
jecture, including [DPO03], and specially [DSS03], where the techniques are used to con-
struct a torsionfree example, which is even a fundamental group of a compact manifold
admitting a CAT(0)-cubical complex structure.

We would like to mention [DP03], [DLI3] and [Hug2l1] as some sources for positive
results on the stable Gromov-Lawson-Rosenberg-Conjecture. The positive results therein
concern groups satisfying the Baum Connes Isomorphism conjecture, which satisfy con-
dition [I.I} and some other conditions about the maximal finite subgroups.
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In this article, we will consider for a group homomorphism p : Z/m — GIl,(Z), split
extensions of the type

1 —72" —T=72"%x,Z/m — Z/m — 1.

The integral cohomology of such groups I' has been computed in a series of articles
under several additional sets of hypothesis including:

e The action is compatible in the sense of [AGPPO0S], which allows for a specific reso-
lution of the trivial Z[I']-module Z, deduce the collapse of the Lyndon-Hochschild-
Serre spectral sequence computing the integral cohomology of I' without extension
problems at the Es-term.

e The action of I" on R" — {0} is free outside of the origin. [LLI12].

e The action of I' on R" — {0} is free outside of the origin, and m is a prime number
[DL13].

e The natural number m is free of squares, without further assumption on the action
[SV24al.

With the exception of [SV24a] and [AGPPOS], these conditions are used because they
imply the following maximality properties within the family of finite subgroups of I'.

Condition 1.1. [Conditions (M) and (NM)]

e Each finite subgroup H of I' is a subgroup of a unique maximal finite subgroup
M. We denote by M to the collection of conjugacy classes of maximal finite
subgroups.

e The normalizer in I' of a maximal finite subgroup M is M itself.

Davis and Liick in [DL13] used the above conditions to derive computations of complex,
real, and real connective K-homology of both the classifying space BI', and the classifying
space for proper actions ET.

Extending these results, the second named author and Sanchez performed computations
of both the complex KU- homology of the classifying spaces B(Z™ x Z/m), denoted by
KU,(B(Z™ x Z/m)), and the equivariant KU-homology groups of the classifying spaces

for proper actions, denoted by KU~ *%/ "(E(Z™ x Z/m)), where m is square-free and
without further assumption about the action of Z/m on Z".

In this work we will make structural statements about the algebraic structure of real
connective ko-homology groups of BI', denoted by ko, (BI'), which will be the base for
positive and negative results for the (unstable) Gromov-Lawson-Rosenberg conjecture for
high dimensional smooth spin manifolds with fundamental group I'.

The hypothesis that we will impose on the group I' is the following

Condition 1.2. [Condition for positive results] Let m be and odd natural number and
assume that p : Z/m — Gl,(Z) is a group homomorphism such that the group action of
Z/m on R™ — {0} is free.

The following is our main positive result on the Gromov-Lawson-Rosenberg conjecture.

Theorem 1.3. Let M™ be a connected, closed, n-dimensional smooth spin manifold, where
n > 5, and with fundamental group isomorphic to T, where I satisfies condition [1.3.
Assume that a(M) = 0. Then M admits a metric of positive scalar curvature.

Theorem [I.3] will be proved for n even as Theorem [3.1], and n odd as Theorem 4.1} The
main structural statements for their proof, namely Lemmas and for the even case,
and Lemma [4.2| for the odd dimensional case, are of different nature and therefore stated
and proved separately.
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Within the class of crystallographic groups
1 =-7Z" =T =7Z"%x,Z/m — Z/m — 1,

there exist groups for which the unstable Gromov-Lawson-Rosenberg conjecture is known
to be true, namely

e The number m is prime and the action is free outside of the origin, according to
[DL13].
e The groups adressed in section

On the other hand side, the group Z* x Z/3 belongs to the family of split extensions

1=-Z" =T =72Z"%x,Z/m — Z/m — 1,
for a representation p : Z/3 — GI4(Z) whose action on R* is trivial.

We address the following question: there is a condition on the representation p allowing
to construct an ample family of counterexamples inside the family of semidirect products
of Z™ by Z/m.

To answer this question, we use some results in [SV24a] concerning the decomposition
of a finite index submodule of Z" as

My @& My @ Ms

such that, where when we restrict the action to Z/p (where p is fixed a prime number
such that p | m) and localizing at p, we have that M; is isomorphic to r-copies of the
irreducible representation Zy,) (trivial representation), M, is isomorphic to s-copies of the
irreducible representation Z[Z/p] , and Mj is isomorphic to ¢-copies of the irreducible
representation representationl (augmentation ideal).

By a very simple examination of the group cohomology of Z" x Z/m, we obtain a
condition on (r,s,t) for which the method introduced by Schick in [Sch98] applies. The
following is our main negative result, which will be proved as Theorem [5.1]

Theorem. Suppose m is square-free. Let 7" be a Z/m-module, and suppose that there
exists a prime p | m such that if we consider the (r,s,t) decomposition of 7" viewed
as a Z/p-module, where r > 4, then Z™ X Z/m is a counter-ezample for the unstable
Gromov-Lawson-Rosenberg conjecture.

1.1. Aknowledgements. The first named author aknowledges support of DGAPA-PAPIIT
Grant IN101423. Both authors thank the exchange program CIC-UNAM.
2. CONNECTIVE ko-HOMOLOGY OF BT
Recall that I' fits in an extension
(1) 1—72"—=T 5 Z/m—1,

Assume that condition holds. Then, as a consequence of [LWI12], we obtain the
following result.

Theorem 2.1. There is a commutative diagram with upper exact row

@(N)GN %T(BN) — ko, (BT L ko, (BI)

J{AOPBF lpBF

KO,(C*(I';R)) —— KO, (BT)
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where the bottom map is the composite of the inverse of the Baum—Connes map and
the map KOL (ET) — KO,,(BT) is the induction map with respect to the homomorphism
I —1.

Proof. 1t is a consequence of the cellular pushout relating BI" and BI' when the group I'
satisfies conditions M and NM. O

Now suppose that fy; : M — BT is a classifying map of M and

(M) = Aoppr(D|fu]) =0

First, by the commutativity of the above diagram, we have pgr o B(D[fux]) = 0. Now
we will analyze ker(ppr).

Lemma 2.2. ker(pgr) only contains m-torsion.

Proof. Let p be a prime dividing m such that m = p*m’ with (p,m’) = 1 and let r be the
product of the primes dividing m. By Lemma the quotient map BI' — B(I'/Z/p?®)
induces an isomorphism

ko.(BT )z ® Z[1/p] - ko.(B(T/Z/p")) @ Z[1/p).

We have a commutative diagram

k0.(BL) /e ® Z[1/p| —— ko.(B(L/Z/p*)) @ Z[1/p]

JPBF lPBw/Z/pS)

KO, (B2 @ Z[1/p) — KOL(B(T/Z/p*)) © Z[1/p]
Then it is enough to prove that

ko.(B(T/Z/p*))zps @ Z[1/p] — KOL(B(L/Z/D*))z/ps @ Z[1/p]

only contains m/p*-torsion.

The commutativity of the previous diagram follows from the fact that periodicity is
a transformation of homology theories, and that the composition of a homology theory
with the formation of coinvariants is a homology theory.

Proceeding inductively over all primes dividing m it is enough to prove that

ko.(BZ")z/m @ Z[1/m] 222 KO.(BZ")z/m @ Z[1/m]

is injective. But it is a consequence of the injectivity of the maps on coefficients from
connective real K-theory and periodic real K-theory as in noted by Davis and Liick in the
proof of Thm. 0.7 in [DLI13]. Then we find that ker(pgr) only contains m-torsion. O

Now we need to recall a couple of results that we will need in the following.

Lemma 2.3. Let p be a prime number and let G be a p-group. For any G-CW complex
X with quotient map © : X — G\ X and any homology theory H.(—), the induced map
T, (M (X) ® Z[1/p)) g = H, (G \ X) ® Z[1/p] is an isomorphism for all r € Z.

Proof. The argument is similar to the one given for Prop. A.4. in [DL13]. Given a
G-CW-complex X, we get a natural transformation

Jot (Hm(X) @ Z[1/p]) g — Hm(G\ X) @ Z[1/p].

Both sides are G-homology theories and moreover j, is an isomorphism when X = G/H
we have that j, is an isomorphism for every X. O

We aso need the following result of Liick-Weiermann.



POSITIVE SCALAR CURVATURE AND CRYSTALLOGRAPHIC FUNDAMENTAL GROUPS. 5

Theorem 2.4 (Corollary 2.8 in [LW12]). Let F C G be families of subgroups of a group
I' such that every element in G — F is contained in a unique maximal element in G — F.
Let M be a complete system of representatives of the conjugacy classes of subgroups in
G — F which are maximal in G — F. Let SUB(M) be the family of subgroups of M. Then,
there 1s a cellular T'-pushout

(2) Uyrens Bravpar(Ne M) ——— B#(I')

| |
U nrem BsusanuEaneay (NeM) —— X

such that X is a model for Bg(T).

For a group I' given by let us denote by I', = 77 *(Z/p®), where p* is the highest
power of p which divides m. For any subgroup G C Z/m we denote by G, the subgroup
of I defined as G, = G/(Z/p° N G).

For a homology theory H.(—) denote by H.(—)() the localization of H, at p, that is,
H.(—) ® Z), where Z, is the ring of integers localized at the prime ideal (p).

Lemma 2.5. For any (reduced or unreduced) homology theory H.(—), p | m, and G, as
above, we have that

(i) H*(BF)(p) = (H*<B(FP>)(p)>Gp
(ii) Ho(BT) ) = (Ha(B(Tp) ) g, -

Proof. (i) The extension induces a fibration of classifying spaces.
BI', — BI' — BG,

Consider the Leray-Serre spectral sequence associated to this fibration, for the
homology theory H.(—)@). By [DKOI, Thm. 9.6] this spectral sequence converges
to H.(BT')(, with second page:

H (BF )( )) a=10
B2, — H, (Gy Ha(BT,) ) — 4 VDo),
a,f ( p ,3( p)(l’)) {0 Oé?éo

This implies that the sequence collapses without extension problems, so we have
proved the first statement.

(ii) The idea of the proof is similar to that of Theorem 3.6 in [SV24b]. Let F be a family
of subgroups of I', we say that I" satifies the (p°, F)-condition if for every homology
theory #H.(—), the induction

I ndll:

(H* (BfﬁFpr)(p))Gp — H*<Bfr)(p)’

is an isomorphism. Here, BzI" denotes the orbit space of the classifying space of T’
with respect to the family F.
Suppose that m is the product of powers of distinct primes pj* - - - p?r. Let

Fi={H CTI'| H is finite and |H| divides pj* ---pj'}.
Now we will show that by induction on ¢ that I" satisfies the (p®, F;)-condition, for
every i.
For i = 0, it is the statement (i).
Now we will construct a model for Bsysanurnnean (NoM).
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We have a pushout

(3) BsupmynFnne vy (No M) — % Br.aneu(Np M)

5 l
Bsusy(Nr M) ————— BsusyuFnne ) (No M)
In both cases, the families SUB(M) and SUB(M) N F; N Nr M have a maximal element,

M and M; 1 = M/(Z/p;') respectively, then E(WrM) with the action induced by the
quotient map is a model for EsyparnNrM, then

BsusyNrM = BWrM

and F(NprM/(M;,1)) with the action induced by the quotient map is a model for
EsupvynrnnemNT M, and hence

Bsusmynrnanem N M = B(Np M /M; ).
Notice that both groups WrM and NpM /M, are finite subgroups of Z/m. We have
H.(BsusryNrM) ) = Ho(BWr M) ()
= (ML(B(We M T, /M))g),, by ()
= (H*(BSMB(M)(NFM N Fp))(p))Gp .

and in a similar way

H.(BsusnnzonemNe M) ) = (o (Bsusnnrinne s (Ne M N Fp))(p))Gp :

In others words, NpM satisfies (p*, SUB(M))-condition and (p*, SUB(M) N F; N NpM)-
condition. By the five lemma applied to the morphism of Mayer-Vietoris sequences given
by restrict the pushout (3) to I', we get that Ny M satisfies the (p*, SUB(M)U(F;NNpM))-
condition.

Finally again by the five lemma applied to the morphism of Mayer-Vietoris sequences
given by restriction to I', of the pushout associated to families F; C F; 1 we get I’
satisfies the (p°, F;)-condition for every i and for ¢ = r we obtain (ii).

U
The following result was proved as Lemma 4.4 in [LLI12].

Lemma 2.6. In the exact sequence

0 — H(B(Z" x Z)p")) L B> (2" % 2/p") &5 @D H”(BP),
PeM

o The homomorphism ©*" has torsionfree kernel.
o The abelian group H? (B(Z™ x Z/p®)) is finitely generated and torsionfree.

Applying Lemma [2.5] and the Universal Coefficient Theorem, we obtain the following
result.

Corollary 2.7. The abelian groups
H2r+1 (Erv Z)

are finitely generated and torsion-free.
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3. PROOF OF THE POSITIVE RESULT IN THE EVEN DIMENSIONAL CASE.
In this section we will prove the even version of Theorem [1.3]

Theorem 3.1. Let M" be an n-dimensional smooth spin manifold, where n > 5 is even,
and with fundamental group isomorphic to I'. Denote by fy : M — BT the classifying
map for the fundamental group. Assume that a(M) = 0. Then M admits a metric of
positive scalar curvature.

The proof of this theorem requires some work.
Lemma 3.2. For x even, ko.(BT') does not contain m-torsion

Proof. By Lemma it is enough to prove that for any odd prime p dividing m, we have
that ko,(B(Z" x Z/p®))a, does not contain p*-torsion.
Consider the Atiyah-Hirzebruch- Leray-Serre spectral sequence associated to the exten-
sion
02" —=Z"xZ/p°— Z/p® — 0,
coverging to ko.(B(Z" x Z/p*)). The second page is given by
E. . = H,(Z/p*; ko;(BZ")).

Let us first compute ko;(BZ")). By Lemma 5.3 in [DL13] we have isomorphisms of abelian
groups

(4) ko;(BZ") ® Z[1/2] = @Hl (Z") @ koj(x) ® Z[1/2)]

(5) koj(BZ") ® Zyq) = @ H(Z") @ ko;(*)(2).-

Now we will prove that both are actually isomorphisms of Z[Z/p®]-modules. Note that
ko;(x) ® Z[1/2] is torsion free, then the Chern character shows that the map (4] is an iso-
morphism of Z[Z/p*]- modules The isomorphism (f]) implies that the Atiyah-Hirzebruch
spectral sequence with second page

EY; = Hi(Z"; koj(*)2))

converging to ko, ;(BZ") () collapses. On the other hand, this spectral sequence is natural
with respect to Z/p*-module structure of Z". We have a filtration of Z)[Z/p°]-modules

kor(BZn)(Q) = FO,T 2.2 FT,O 2 Fr+1,—1 =0
and exact sequences of Z)[Z/p°]-modules
0— Fii1pic1 — Fipy » Hi(Z™) @ korfi(*>(2) — 0

It is enough to prove that the above exact sequence splits as Z)[Z/p°]-modules.

Suppose first that r—i = 3,5,6,7 (mod 8), then ko,_;(x) = 0, and so the exact sequence
splits trivially.

If r—i=0,4 (mod 8), then ko,_;(*) = Z. On the other hand, H;(Z") ® ko,_;(*)(2) is a
finite generated Z,)[Z/p®]-module that is torsion free as Z)-module, as the action is free
outside the origin, the norm element x of Zs)[Z/p*| acts by zero, then H;(Z™) ®@koy—i(*)(2)
can be considered as a Z)[Z/p°]/(x)-module. But Z)[Z/p®]/x is a Dedekind domain
(being isomorphic to the p*-cyclotomic ring), then H;(Z") ® kop—i(*)(2) is Z)[Z/p®] /-
projective, and hence it is Z)[Z/p®]-projective, and hence the sequence splits.
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Finally, if r — i = 1,2 (mod 8). As the Atiyah-Hirzebruch spectral sequence collapses,
we have an splitting of abelian groups

st Hy(Z") @ koy—i(%)2) = Fr—
such that 7o s = id. Define
5 Hi(Z") @ kor—i(¥)2) = Firei
y= > g-slg o).
9EL/p®

5 is a homomorphism of Z)[Z/p°]-modules and as p is odd 7 o 5 is multiplication by p®,
but it is the identity because ko,,_;(x) is isomorphic to Z/2.
Then the maps (4) and (b)) are isomorphisms of Z[Z/p®]-modules. Using that we have

H* N (Z /v koy(BLZ")) = @) H*(Z/p"; Hy-u(Z)).

Then using the universal coefficient theorem and Theorem 3.2 in [LL12] we obtain
H™*"Y(Z/p®; koj(BZ")) = 0 if i + j is even .
In particular this implies that the canonical map
B}, = koy (BZ") 2 — koo, (BZ")%/"

is injective, because }AI”(Z/p koo, (BZ™)) = 0. Then koy.(BZ")z/,s does not contain
p°-torsion. On the other hand, E2 is zero if 7 4 j is even and positive, then

koor(BZ™)zps = Eg,Q,, = B35, = koo (B(Z" x Z[p®)),

then koo, (B(Z"™ x Z/p®)) does not contain p*-torsion and we conclude that ko.(BT")
does not contains m-torsion if * is even. U

Proof. (Theorem [3.1)) Notice that from the Atiyah-Hirzebruch spectral sequence we ob-

tain, for even mdlces k:o*(BZ /p*) = 0. Then from Theorem . 1{ we conclude that for even
degrees # is injective and from Lemma [2.2) we get D[fy] = 0, by Prop. 12.1 in [DLI13] we
get that M admits a metric with positive scalar curvature.

O

4. PROOF OF THE POSITIVE RESULT IN THE ODD DIMENSIONAL CASE.

In this section we will prove the odd version of Theorem

Theorem 4.1. Let M™ be an n-dimensional smooth spin manifold, where n > 5 is odd,
and with fundamental group isomorphic to I'. Denote by fy : M — BT the classifying
map for the fundamental group. Assume that a(M) = 0. Then M admits a metric of
positive scalar curvature.

As in the previous section the proof of this theorem requires some lemmas.

Lemma 4.2. Let r be a natural number. Then, the ko-homology group
kog,11(BT)

does not contain p-torsion for p # 2.
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Proof. By the Hasse principle, it suffices to prove the localization at p is torsion free.
Recall the Atiyah-Hirzebruch spectral sequence converging to the ko-homology groups
localized at p, ko.(BT')(,) with E*-term

E}; = Hi(BT, koj(*),)-

The relevant elements on the E?-term of the Atiyah-Hirzebruch spectral sequence for
the computation of kog,.,1(BI') are those for which i + j is odd. Let us distinguish the
following cases:

e Assume i is odd, and notice that because of , the homology groups H;(BI', Z)
are torsionfree abelian. Since 7+ j is odd, it follows that j is even. Let us analyze
first the case where j = Oor = 4 modulo 8. In both cases, ko;(x) is free abelian
of rank one, and ko;(x) (p) 15 @ free Z,)-module of rank one. For j = 2 modulo 8,
the group ko;(x)(y) is zero, and ko;(*) = 0 for j = 6 modulo 8.

e Assume that 7 is even. Then j is odd. If j = 3, 5, or 7 modulo 8, then ko;(x) = 0.
If j =1 modulo 8, then ko;(x)¢) = 0.

In either case, we see that E24 is either zero or a free Z,)-module of finite rank. More-
over, because of the rational tr1v1ahty of the differentials of the Atiyah-Hirzebruch spectral
sequence for kog41(BI') ), the spectral sequence collapses without differentials and ex-

tension problems, converging to free Z)-modules.
OJ

The following two results concern computations of the spin bordism groups of the
classifying space, and the real K-theory of the real group C*-algebra of the finite group

Z]p*.
Lemma 4.3. For any m odd, the map

D : Q%""(BZ/m) — ko,(BZ/m)
18 surjective.

Proof. The strategy of the proof is similar to [DLI3, Lemma 2.2]. By Lemma (i), it
is enough to prove that
D : Q"™ (BZ/p*) — ko.(BZ/p*)

is surjective for any odd prime p.
Let M be a Z/p*-module. By the standard resolution of Z as a trivial Z[Z/p®]- module,
for any ¢ > 1, the localization of the homology groups with coefficients in M,

1
aly.n 1] -0
p
holds.
It follows that for ¢ > 1 the maps
(6) Hi(Z/p*, M) — Hi{(Z/p*, M)y — Hi(Z/p*, M{y))

are all isomorphisms. Consider the Atiyah-Hirzebruch spectral sequences converging
to QP (BZ/p*), QP"(BL/p*) ), kou(BZ/p®) and ko,(BZ/p®)q). By the comparison
lemma for spectral sequences [Wei94, Theorem 5.2.12] and isomorphism @, we have a
commutative diagram
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O (BZ/p*) —2— ko (BZ/p*)

| E

- Dy —~
QU (BL/p°) ) —= kom(BL/p*)

Then it is enough to prove the surjectivity of 15(p)
The Atiyah-Hirzebruch spectral sequence for computing p-local Spin bordism and ko-
homology collapse at the E? term, yielding isomorphisms

B = H(z/p") @ (5P)
’ (p)
E = H(Z/p*) @ (ko))
Taking a look at the map on the (p)-localized coefficients
Spin
D(p) : (ij )(p) — (koj)(p)7

which are non -zero only for j a multiple of four, we see that the map is surjective at the
level of coefficients, and thus surjective at the E*°- term.

O
We now recall the following consequence of Theorem 9.4 in page 415 of [DL13].

Lemma 4.4. Let p be an odd prime number. The real K-theory of the real group C*-
algebra for the cyclic group Z/p® is as follows:

KOy(RZ/p?)) | 2'+"%
KO\ (R[Z/p*]) Z]2
KOy(R[Z/p)) | Z)2 & 2"
KO3(R[Z/p*]) 0
KO,(R[Z/p?)) | 2"
KOs (R[Z/p*]) 0
KOs(R[Z/p*]) |  Z"=
KO:(R[Z/p*]) 0

Theorem 4.5. Let M?*1 be a 2r + 1-dimensional smooth spin manifold, where r > 2
15 odd, and with fundamental group isomorphic to I'. Denote by fyy + M — BT the
classifying map for the fundamental group. Assume that a(M) = 0. Then M admits a
metric of positive scalar curvature.

Proof. Consider the diagram from Theorem together with the additional left column
given by A o pgy.

P2r+1

7 B
@(N)ej\/ Koz 1(BN) kogy41(BI') ———— koo,11(BT)

lAOPBN lAOPBF lPBF

@ KOs (RIZ/p?) KO 1 (C (I R)) —— KOo 1 (BT)
NeW)
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Recall that from , the group kog,11(BI") does not contain m-torsion, and from ,
ker pgp only consists of m-torsion. It follows that 3(Dg,,)) = 0. By the exactness of

the upper line, we can find Xy € 7{;027-+I<BN ) in the preimage under the map ©a,41.
By the surjectivity lemma , we can find classes [My, Fy] € Q3P (BN) such that

DMy ™ BN | = Xy. By surgery, we can assume that F), is 2-connected.

Now, recall that by the computation of the real K-theory of the group C* algebra of
Z/p* the reduced K O-theory groups are zero in odd degrees. By the proof of the
Gromov-Lawson -Rosenberg Conjecture for groups with periodic cohomology [BGS97], the
classes [My, Fi| admit representatives [My;, Fys], where My has positive scalar curvature.

We consider now the class

D[Fy : M — BT = D[ U M} — U BN — BI]
S S

and notice that it admits a representative of positive scalar curvature. This finishes the
proof of theorem
O

5. CONSTRUCTION OF COUNTEREXAMPLES

In this section, we will give a condition on the action of Z/m on Z" that implies that
the group Z" x Z/m is a counterexample for the GLR conjecture. The assumption will be
that m is odd and free of squares to use results from [SV24al.

Let p be a prime that divides m, then by Prop. 4.5 in [SV24a] there is Z/m-submodule
N C 7Z" of finite index such that this index is coprime with p and such that there is a
decomposition of Z/m-modules

N7" @ (Z|Z/p) &I

Where Z has the trivial Z/p-action, I C Z[Z/p)] is the augmentation ideal and both I and
Z|Z/p] are endowed with the canonical Z/p-action and moreover Z", (Z[Z/p)])* and I* are
itself Z/m-modules. We say the N (and also Z") is a Z/p-module of type (r,s,t). By
Lemma 5.3 in [SV24al, for every ¢, we have a canonical isomorphism

HYN x Z/m)) = H(Z" x Z/m) ).

Then we do not lose information about p-torsion in cohomology if we suppose that Z" is a
module of type (7, s,t). We have the following result, whose proof is a direct generalization
of the main result in [Sch9§].

Theorem 5.1. Suppose m is square-free. Let 7" be a Z/m-module, and suppose that
there exists a prime p | m such that in the (r,s,t)-decomposition, we have that r > 4,
then Z™ x Z/m is a counter-example for the GLR conjecture.

Proof. First note that we can suppose that Z" is a Z/m-module of type (r,s,t), for
some prime p | m. Notice that by Corollary. 4.2 in [AGPPO0S8] the Lyndon-Hochschild-
Serre spectral sequence for (co-)homology associated to the extension collapses. In
particular, the group H'(Z" x Z/m) contains as a subgroup H'(Z" x Z/m), then let
ai...,as be some generators as Z-module of HY(Z" x Z/m), viewed as elements in the
group HY(Z" x Z/m). For each a;, we have dual elements T; € H,(Z" x Z/m), let x; =
1«(Z;), where v : Z" X Z/m — Z™x7Z/m is the inclusion, and let 3 be an element of p-torsion
in Hy(Z" x Z/m). Now we follow [Sch98|. Let w = 1,(Zy X ... Ty X §) € H5(Z™ x Z/m).
Let us prove a; N (as N (a3 Nw)) # 0.
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First note that by the Kunneth formula applied to the decomposition as (r,s,t)-
modules, the map v, : H5(Z" x Z/m) — H;(Z™ x Z/m) is injective. On the other
hand, by the naturality of the cap product we have

L*(ag N (fl X /I\4 X /y\)) = L*(L*((Zg) N (/I'\l X %4 X g//\)) =azNuw.

But az N (7 X ...74 X Y) # 0, and similarly a; N (ay N (a3 N (w))) # 0 and now the same
argument in Example 2.2 in [Sch98] applies. Then Z™ x Z/m is a counterexample for the
GLR conjecture. O
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