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ABSTRACT. An almost disjoint family A of subsets of N is said to be R-
embeddable if there is a function f : N — R such that the sets f[A] are
ranges of real sequences converging to distinct reals for distinct A € A. It is
well known that almost disjoint families which have few separations, such as
Luzin families, are not R-embeddable. We study extraction principles related
to R-embeddability and separation properties of almost disjoint families of N
as well as their limitations. An extraction principle whose consistency is our
main result is:

e every almost disjoint family of size continuum contains an R-embeddable

subfamily of size continuum.
It is true in the Sacks model. The Cohen model serves to show that the above
principle does not follow from the fact that every almost disjoint family of size
continuum has two separated subfamilies of size continuum. We also construct
in ZFC an almost disjoint family, where no two uncountable subfamilies can be
separated but always a countable subfamily can be separated from any disjoint
subfamily.

Using a refinement of the R-embeddability property called a controlled
R-embedding property we obtain the following results concerning Akemann-
Doner C*-algebras which are induced by uncountable almost disjoint families:

e In ZFC there are Akemann-Doner C*-algebras of density ¢ with no com-

mutative subalgebras of density ¢,

e It is independent from ZFC whether there is an Akemann-Doner algebra

of density ¢ with no nonseparable commutative subalgebra.
This completes an earlier result that there is in ZFC an Akemann-Doner alge-
bra of density w; with no nonseparable commutative subalgebra.

1. INTRODUCTION

A family A of infinite subsets of N is almost disjoint if any two distinct elements
of A have finite intersection. The earliest uncountable almost disjoint families con-
sidered by Sierpinski were defined as the ranges of sequences of rationals converging
to distinct reals. Hence, we say that an almost disjoint family A is R-embeddable
if there is a function (called an embedding) f : N — R such that the sets f[A] for
A € A are the ranges of sequences converging to distinct reals (see e.g.[14, 13]).
Two families B, C of subsets of N are separated if there is X C N such that:

(1) If B € B then B\ X is finite.

(2) If C € C then C N X is finite.
Considering disjoint neighbourhoods of two condensation points of the limits of
converging sequences we see that R-embeddable almost disjoint families contain
many pairs of uncountable subfamilies which are separated. On the other hand it
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is an old and beautiful result of Luzin ([19]) that there is an almost disjoint family A
of size wy such that no two uncountable subfamilies of A can be separated. We will
call such families inseparable. To highlight the relationship between inseparable and
R-embeddable families, recall a dichotomy of [14] where it is shown that assuming
the proper forcing axiom (PFA) every almost disjoint family of size w; is either R-
embeddable or contains an inseparable subfamily, while Dow [7] showed that under
the same assumption every maximal almost disjoint family contains an inseparable
subfamily.

An uncountable almost disjoint family A is called a @Q-family if for every B C A
the families B and A\ B are separated (sometimes called a separated family). One
of the earliest applications of Martin’s axiom (MA) was proving the consistency of
the existence of Q-families (which is false under the continuum hypothesis (CH) by
a counting argument). All Q-families are R-embeddable and moreover they have
a stronger uniformization type property: for every ¢ : A — R thereis f : N —
R such that f[A] is the range of a sequence converging to ¢(A) (in other words
lim,ea(f(n) — ¢(A)) = 0) for each A € A ([13, Propositions 2.1., 2.3]).

It is natural, and useful (see e.g., [2, Theorem 2.39]), to consider versions of the
above notions which are more cardinal specific: Let x be a cardinal, then

e an almost disjoint family A has the x-controlled R-embedding property if
for every ¢ : A — R there is B C A of cardinality x and f : N — R such
that f[B] is the range of a sequence converging to ¢(B) for every B € B,

e an almost disjoint family A of size k is k-inseparable if no two subfamilies
of A both of size x can be separated,

e an almost disjoint family A is k-anti Lusin if it has cardinality x and for
every subfamily B C A of cardinality x there are two subfamilies By, B; C B
of cardinality x which can be separated ([26]).

This paper is a contribution to the study of extraction principles for almost
disjoint families in the context of the above properties. Our main positive results
concern the cardinality of the continuum ¢ and are:

e It is consistent that every almost disjoint family of size ¢ contains an R-
embeddable subfamily of size ¢ (Theorem 31).

e It is consistent that every almost disjoint family of size ¢ has the wi-
controlled R-embedding property (Theorem 41).

e The above extraction principles are not consequences of every almost dis-
joint family of size ¢ containing a c-anti Luzin subfamily (Theorems 14 and
17).

The first two extraction principles above are obtained in the iterated Sacks
model. As a side product we also prove that in that model every partial function
f:X — 2¥ for X C 2N of cardinality ¢ is uniformly continuous on an uncountable
Y C X (Theorem 39). We do not know if the consistency of this property of func-
tions can be concluded from known results like in [28] or [6] or the fact that under
PFA every function is monotone on an uncountable set (see [3]).

The third result above is obtained in the Cohen model from a result of Dow and
Hart (Theorem 14) stating that in that model every almost disjoint family is c-anti
Luzin ([8, Proposition 2.6.] using Steprans’s characterization of P(N)/Fin in that
model ([27]) and from the first of our negative results below:
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e In the Cohen model there is an almost disjoint family of cardinality ¢ with
no uncountable R-embeddable subfamily (Theorem 17).

e In the Cohen model no uncountable almost disjoint family has w;-controlled
R-embedding property (Theorem 18).

We should recall here that by a result of A. Avilés, F. Cabello Sanchez, J. Castillo,
M. Gonzalez and Y. Moreno it is consitent (follows from MA) that c-inseparable
families exist ([2, Lemma 2.36]) (c-inseparable families are called ¢-Lusin families
in [8, 2]).

On the other hand, we also discover some ZFC limitations to other extraction
principles:

e No almost disjoint family of size ¢ has the c-controlled embedding property
(Theorem 6).

e Thereis in ZFC an inseparable family of cardinality w; which has all possible
separations (i.e., separating its countable parts from the rest of the family)
(Corollary 11).

The second result is not only natural in the above context by showing that
one cannot even consistently hope for extracting from every inseparable family
an uncountable subfamily with even fewer separations (for example like Mréwka’s
family where one can only separate finite subfamilies from the rest of the family).
It has also found a natural application in a construction of a thin-tall scattered
operator algebra in [10]. Note that under the hypothesis of b > w; all inseparable
families have the properties of our family from Corollary 11 (see [31, Theorem 3.3]).

Some of the above results concerning the R-embeddability of almost disjoint
families find immediate applications in the theory of C*-algebras. It was in the
paper [1] of Akemann and Doner where certain C*-algebras were associated to an
almost disjoint family A and a function ¢ : A — [0,27). We call these algebras
Akemann-Doner algebras and denote them by AD(A, ¢). For the construction see
Section 6 or the papers [1, 5]. These algebras, initially for A and ¢ constructed only
under CH in [1], were the first examples providing negative answer to a question
of Dixmier whether every nonseparable C*-algebra must contain a nonseparable
commutative C*-subalgebra. Later S. Popa found in [25] a different and a ZFC
example, the reduced group C*-algebra of an uncountable free group. However, the
latter C*-algebra is very complicated (e.g. it has no nontrivial idempotents [24]
etc.) while Akemann-Doner algebras are approximately finite dimensional in the
sense of [9] that is, there is a directed family of finite-dimensional C*-subalgebras
whose union is dense in the entire C*-algebra. In [5] it was noted that employing
an inseparable family A one can obtain in ZFC a nonseparable Akemann-Doner
algebra with no nonseparable commutative subalgebra. Such ZFC examples must
be obtained from almost disjoint families A of cardinality w;. This is because we
have, for example, the above mentioned result of Dow and Hart that it is consistent
that every almost disjoint family of cardinality ¢ is c-anti-Lusin. The cardinality
of the almost disjoint family A is the density of the C*-algebra AD(A, ¢), that
is minimal cardinality of a norm-dense set. Some natural questions remained, for
example, if one can have in ZFC an Akemann-Doner algebra of density ¢ with no
nonseparable commutative subalgebra or another question if it is consistent that
every Akemann-Doner algebra of density ¢ has a commutative C*-subalgebra of
density ¢. Here we answer these question proving that:
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e In ZFC there are Akemann-Doner C*-algebras of density ¢ with no commu-
tative subalgebras of density ¢ (Theorem 44).

e It is independent from ZFC whether there is an Akemann-Doner algebra of
density ¢ with no nonseparable commutative subalgebra (Theorem 45 and
the result of [1]).

In fact, we also prove in Theorems 46 and 47 that the existence of nonseparable
commutative C*-subalgebras in every Akemann-Doner algebra does not follow from
the negation of CH.

The structure of the paper is as follows: in Section 2 we prove some preliminary
ZFC results concerning R-embeddability, Section 3 is devoted to the construction
of an inseparable almost disjoint family where all countable parts can be separated
from the remaining part of the family, Section 4 is devoted to the results mentioned
above that hold in the Cohen model and Section 5 to the results that hold in the
Sacks model. The last section 6 concerns the consequences of the previous results
for the Akemann-Doner C*-algebras.

The set-theoretic terminology and notation is standard and can be found in [16].
The knowledge on C*-algebras required to follow Section 6 does not exceed a linear
algebra course concerning 2 X 2 matrices. Any additional background can be found
in [22].

All almost disjoint families are assumed to be infinite and consist of infinite sets.
A C* B means that B\ A is finite. We use N, R, Q for nonnegative integers,
reals and rationals respectively. When we view elements of N as von Neumann
ordinals, i.e. subsets and/or elements of each other then we use w for N. The
cardinality of R is denoted by ¢. If  is a cardinal and X is a set, then [X]" denotes
the family of all subsets of X of cardinality x. In particular [A]? is the set of all
pairs {a,b} of elements of A. Elements of A™ for n € w are n-tuples of A i.e.,
t = ((0),t(2),...,t(n —1)). We consider 2< = [, 2" with the inclusion as a
tree, we also consider its subtrees T' and then [T] denotes the set of all branches
of T. The terminology concerning the Cohen forcing C and the Sacks forcing S is
recalled at the beginning of Sections 4 and 5 respectively.

2. PRELIMINARIES

2.1. R-embedability of almost disjoint families. Recall the definition of an
R-embeddable almost disjoint family from the introduction. A useful tool for de-
scribing properties of almost disjoint families are W-spaces associated with them
([15]). The W-space corresponding to an almost disjoint family A4 C p(N) whose
points are identified with NU A is denoted by ¥(.A).

Lemma 1. Suppose that A is an almost disjoint family. There is a 1-1 correspon-
dence between continuous functions ¢ : V(A) — R and functions f : N — R for
which x4 = lim,eca f(n) exists for each A € A. It is given by f = ¢ | N. Then
xa = ¢(A) for each A € A.

Lemma 2. Let A C p(N) be an almost disjoint family. Consider N<* U N¥ with
the topology where N<“ is discrete and the basic neighbourhoods of x € N* are of
the form

{y e N UN¥ | y(n) = z(n) for alln € F},
for any finite FF C w. The following conditions are equivalent (to the property of
being R-embeddable):
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(1) There is a continuous ¢ : U(A) — R such that ¢ | A is injective,

(2) There is a continuous ¢ : W(A) — R such that ¢ | A is injective and ¢[A]
has dense complement in R,

(3) There is a continuous ¢ : ¥(A) — R such that ¢ | A is injective and
SlA] CR\Q,

(4) There is a continuous ¢ : ¥(A) — R such that ¢ is injective, p[A] CR\ Q
and ¢[N] C Q,

(5) There is a continuous ¢ : ¥(A) — N<Y UNY¥ such that ¢ is injective,
#[A] C N* and ¢[N] C N<,

(6) There is a continuous ¢ : W(A) — 2% such that ¢ | A is injective,

Proof. (1) = (2) We may assume that A is infinite. Let U C R be the union of
all open intervals included in ¢[A]. If it is empty, we are done. Otherwise let E =
{en | n € N} C U be countable and dense in U. A continuous ¢’ : U(A) — R\ £
such that ¢'[U(A)] C ¢[V(A)] will satisfy (2). Let {z} | n,k € N} C ¢[A] be
distinct where xg = e, for each n € N and such that [z}, —x}, || <1/(n+ k). We
may choose such z¥s since e,,’s are in the interior of ¢[A]. Let A? € A be such
that ¢(A}) = x}} for each n,k € N. Find finite G} C A} so that A} \ G}’s are all
pairwise disjoint and |¢(i) — x| < 1/(n+ k) for each i € A} \ G} for each n,k € N.

Modify ¢ to obtain ¢ in the following way: Put ¢’ | A7 \ G} to be constantly
xy,, for each n,k € N and ¢'(A}) = ., for each n,k € N and put ¢’ to be equal
to ¢ on the remaining points of ¥(.A).

Injectivity of ¢’ | A and the inclusion ¢'[¥(A)] C ¢[P(A)]\ E are clear. So we are
left with the continuity. ¢’ is clearly continuous at each A} for n,k € N. Let A€ A
be distinct than each A}. Then each intersection ANA} is finite. As [¢'(i) —d(i)| <
2/(n+k) for i € A} for each n,k € N, it follows that lim;c 4 |¢'(7) — ¢(¢)| = 0, that
is

Ny . ) /
lim ¢/ (3) = lim 0(0) = 6(4) = &/ (A).

(2) = (3) Choose dense countable E C R\ ¢[A]. Let n : R — R be a homeo-
morphism such that n[E] = Q and consider ¢’ =no ¢.

(3) = (4) Take ¢ satisfying (3) and modify it on N to obtain ¢’ in such a way
that ¢'(n)s are distinct rationals for all n € N and |¢(n) — ¢'(n)] < 1/n for all
n € N.

(4) & (5) First we construct certain bijection p : N<* UN* — R such that
pIN<“] = Q and p[N*] = R\ Q. First define a family (I; | s € N<“) of open
intervals with rational end-points with the following properties:

(1) Iy =R,

(2) U{Is~n IneN} =1,

(3) each end-point of an interval I, is an endpoint of another interval I, for
|s] = |'l;

4) the diameter of I, is smaller than 1/|s| for s # 0,

(5) for every s € N<“ we have I;~, N I;~, = @ for distinct n,n’ € N,

(6) Every rational is used as an end-point of two (and necessarily only two
adjacent, by the previous properties) of the intervals I for s € N<%. 0 is
end-point of two of Igs for some |s| = 1.

First define p on N<¢ by defining p(s) by induction on |s|. Let p(f) = 0. If |s| = 1,
then p(s) is the right end-point of I if I consists of positive reals and p(s) is the
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left end-point of I if I, consists of negative reals. If |s| > 1, then p(s) is the left
end-point of I;. For x € N“ let p(z) be the only point of (., Lo 1n-

Note that p is continuous and that p~'(z,) — p~'(z) if z, is a sequence of
rationals converging to an irrational z. This proves (4) < (5).

(5) = (6) First note that there n : N<¥ UN“ — N* which is continuous and the
identity on N¥. Namely send s € N<¥ to the sequence s~ 0%. Now note that there
is ¢ : N¥ — 2% which is continuous. So use the composition of these functions to
obtain (6) from (5).

(6) = (1) is clear. O

Remark 3. Using Lemma 1 we obtain versions of the conditions from Lemma
2 for functions from N into R. In particular the definition of an R-embeddable
almost disjoint from the introduction which is a version of item (1) of Lemma 2 is
equivalent to version in the literature, e.g. in [13] which are versions of item (4) of
Lemma 2.

The following is a simple condition that allows us to get R-embeddability.

Lemma 4. Let T C 2<% be a tree, Z C [T] and A = {A, |r € Z} an almost
disjoint family of subsets of N. If there is a family {Bs |s € T} C [N]* with the
following properties:

(1) B =U{Bi~i |tTi €T, i €{0,1}} for allt €T,

(2) BsN By is finite whenever s,t € T are incompatible.

(3) Ar € Npew Brin for everyr € Z.
Then, A is R-embeddable.

Proof. Define ¢ : ¥(A) — 2% by puting ¢(4,) =r for all r € Z and ¢(n) = s—0%
if n € B, |s| > n and s is the first in the lexicographic order which satisfies the
previous requirements. If there is no such s € 2<%, then put ¢(n) = 0¥. Clearly
¢ | A is injective, so we are left with the continuity to check (1) of Lemma 2.

By (3) if k € A,, then k € B, for every n € w. Fix n € w. So if we take

(%) ke AN(B | 1t =n, t #rin},

then the condition “ k € By and |s| > n” implies r [ n C s by (1). By (2) the set in
(*) almost covers A,, and so for almost all elements of k € A, we have r [ n C ¢(k).
As n € w was arbitrary, it follows that limgea, ¢(k) = r = ¢(A,), as required for
the continuity. O

Remark 5. By transfinite induction one can construct a family of sequences (¢)nen
for a < ¢ in such a way that no tree T C 2<% and no collection {B; | t € T'} satisfies
the hypothesis of Lemma 4 for any family of p(N) obtained through a bijection be-
tween N and Q from {{q% }nen | @ < ¢}. It follows that the condition from Lemma 4
is not equivalent to the R-embeddability. This way one can also conclude that there
are R-embeddable almost disjoint families of subsets of N which are not equivalent
to a family of branches of 2<%.

2.2. k-controlled R-embedding property. Recall the definition of the x-controlled
R-embedding property from the introduction.

Theorem 6. No almost disjoint family A of cardinality ¢ has c-controlled R-
embedding property.
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Proof. Let A be an almost disjoint family of size ¢ consisting of infinite sets. Let
(My)a<. be a well-ordered, continuous, increasing chain of sets satisfying
(1) |M4| < max(|a|,w) for each a < ¢,
(2) R p(N) € Uy Mo,
(3) f A€ M,Np(N) and f € M, NRY and lim, ¢ 4 f(n) exists, then it belongs
to Ma+1.

It should be clear that one can construct such a sequence (M, )q<.. Define ¢ : A —
[0,1] so that ¢(A) € R\ My(a)41 for A € A, where

a(Ad) =min{a<c|Ae My}

This can be arranged by (2) and by (1). Now suppose A’ C A has cardinality ¢
and f: N — R. By (2) there is ap < ¢ such that f € M,,. Take A € A’ such that
a(A) > ag which exists by (1) as A" has cardinality ¢. Then A € My4)Np(N) and
[ € Myay N0, 1], so by (3), if lim,eca f(n) exists, then it belongs to Meacay41-
But ¢(A) € My(ay4+1 by the definition of ¢, so lim,ca f(n) # ¢(A). O

However, it is quite possible to have almost disjoint families of cardinality x with
k-controlled embedding property:

Proposition 7. [13, cf. 2.3.] Let k be a cardinal. Assume MA,. Then every
subfamily A of cardinality  of the Cantor family C = {A, | z € 2¥} C p(2<¥),
where Ay = {x | n|n € w} for x € 2%, has the following strong version of the k-
controlled embedding property: For every function ¢ : A — [0, 1] there is a function
f:2<% —[0,1] such that for all A€ A

lim £(5) = 6(F).

Proof. 1t is well known that under the above hypothesis all subsets of 2“ of cardi-
nality x are @-sets and that it implies that all subfamilies of the Cantor family of
cardinality x can be separated from the rest of the family, i.e. they are Q)-families
in our terminology from the introduction. It follows that U (.A) is a normal topolog-
ical space. As the nonisolated points of W(.A) correspond to A and form a discrete
closed subset of W(A) any function ¢ on them is continuous and extends by the
Tietze extension theorem to a continuous 5 : ¥(A) — [0,1]. So put f = 5 | 2<w
and use Lemma 1 identifying 2<% and N. (I

3. A LUZIN FAMILY WITH ALL POSSIBLE SEPARATIONS IN ZFC

The main striking property of a Luzin family is that it is inseparable. On the
other hand, there is also an almost disjoint family A of size N; such that every
countable B C A can be separated from A\ B (see [23]). Here we construct an
almost disjoint family which satisfies both properties simultaneously. As both of
these properties are hereditary with respect to uncountable subfamilies this shows
certain limitations to any further extraction principles.

To construct the almost disjoint family with the aboved-mentioned properties
we need colorings of pairs of countable ordinals with properties first obtained by
S. Todorcevic in [29] (cf. [30]). In fact, the concrete construction we choose, due
to Velleman ([32]), is based on a family of finite subsets of wy. It was C. Morgan
who connected these two ideas ([21]). For functions ¢ : [w1]?> — N we will abuse
notation and denote c({«a, 5}) by c(a, B).
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Theorem 8. There is a sequence (go | @ < wi) C {0,1,2}Y and a coloring c :
[w1]? — N satisfying the following:

(1) For all B < a <wn for all k > ¢(B, ) we have {gg(k), go(k)} # {1,2},

(2) For all B < a < wy we have gg(c(B,a)) =1 and go(c(B,®))} =

(8) Forally < B <a<w ifc(y,B) > cla, B), then c(v,B) = (v, a),

(4) For all &« < wy and all m € N the set {8 < a | ¢(8, ) < m} is finite.

(5) For all a < wy the sets and g, [{1}] and g;[{2}] are infinite.

Proof. We choose the approach from Section 5 of [17]. Thus our ¢ : [w1]? — Nis m
of Definition 5.1. of [17], i.e., ¢(«, B) is the minimal rank of an element X € p such
that «, 5 € X where p is an (w,ws)-cardinal.

The functions g, for o < wy are defined as follows, for n = 0 we put g,(0) =0
for any a < wy and for any n € N we put:

0 if X *x Xy € prank(X,y) =ra
ga(n+1) =<1 if 3X1 x X5 € p rank(X1) = rank(X3) =n, a € X1 \ Xs,
2 if 3X; *x Xy € prank(X;) = rank(Xse) =n, a € Xo\ Xj.

Here X7 % X5 is as in the definition 1.1. (5) of [17]. First let us argue that the g,s
are well defined. By Definition 1.1. (6) and (7) of [17] each element o € wy is in an
element of rank zero of (w,w;)-cardinal u. Now by Velleman’s Density Lemma 2.3.
of [17] it follows that « is in an element of rank n of u for any n € N. By Definition
1.1. (5) of [17] each element X of u of rank bigger than zero is of the form X7 % X5
which means in particular that X = X; U X3 and X1 N X5 < X7\ X2 < X5 \ X1.
Now suppose that @ € X = Xy x Xy and o« € Y = Y; % Y5 and the ranks of
X1, X2,Y1,Ys are elements of p of fixed rank n € N. By Definition 1.1. (3) of [17]
there is an order preserving fy x : X — Y, which by By Definition 1.1. (3) and (5)
of [17] must satisfy f[X;] = Y] and f[X3] = Y5 and moreover f | (X N(a+ 1)) is
the identity on X N (a+ 1) be the coherence lemma 2.1 of [17], so fy,x(«a) = « and
fIXinXs] =Y1NYs, f[ X1\ X2] = Y1\ Yz and f[X2\ X;] = Y2\ Y] and so the value
of go(n + 1) does not depend if we applied the definition of g,(n + 1) to X7 * Xo
or Y7 * Y5 which completes the proof of the claim that the g,s are well defined.

Now we will prove (1) and (2) for @ < 8 < w; such that ¢(«, 5) > 0. For (1)
let n+1 =k > rank(X) such that o, € X € p. Let Y (which exists by the
above-mentioned Density Lemma) be such that X C Y € p and rank(Y) = k.
Y = Y7 # Yo. By Definition 1.1. (5) of [17] we have that X C Y; or X C Y5, so
{95(k), g0 (k)} # {1,2}. (2) follows from the definition of ¢, i.e., from the minimality
of the rank of X > «, 8, which is of the form X; U Xs with X7 \ Xo < X2\ X by
By Definition 1.1. (5) of [17] and by the hypothesis that ¢(«, 8) > 0. Property (3)
is Corollary 5.4 (2) of [17]. Property (4) is Proposition 5.3 (a) of [17].

To obtain property (5), recall from [17, Theorem 4.5] that (g5 [{1}], 95 [{2})a<wr
is a Hausdorff gap, so the sets must be infinite from some point on, so it is enough
to remove possibly countably many a < w; and renumerate the remaining ones.

So we are left with removing the hypothesis ¢(«, 8) > 0 from (1) and (2). Note
that what we have proved so far is valid for «, 8, from any subset of wy, in other
words we can pass to an uncountable subset X of w; and consider only gos for
a € X and then re-enumerate X as wj; in an increasing manner. So we need to
argue that there is an uncountable X C w; such that c(a, 8) > 0 for every a < 3
and o, € X. To obtain X apply the Dushnik-Miller theorem (Theorem 9.7 of

(XQ)—n a € XN Xo,
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[16]) to a coloring d : [w1]? — {0,1} given by d(c, 3) = min{1,c(c, )} knowing
that all elements of rank zero must have fixed finite cardinality.
O

Theorem 9. There are families (Xq,Ye, Aa, Ba | @ < w1) of subsets of N such
that

(1) Xo = Ao U B, is infinite, Ay, N By =0 for all o < wy,

(2) XgNXo="0 forall < a<wr,

(3) Ys C* Y, forall B < a < wy,

(4) X5 C* Y, for all f < a < wy,

(5) XaNY, =0 for all @ < wy,

(6) For every a < wy and every k € N for all but finitely many B < « there is

I > k such that
le Aﬁ N B,.

Proof. Define all the sets as subsets of [{0,1,2}<*]? instead of N. For a < w; put
X, = Ao U B, where

Ay ={{ga | (n+1),5} | s€{0,1,2}" L, go(n)

Bo ={{ga I (n+1),5} |5 €{0,1,2}" ", ga(n)
So (1) is clear by Theorem 8 (5).
Iff<a<w and {r,s} € XoNXgand go [ (n+1) # gs [ (n+ 1), then
{r,s} ={g9a | (n+1),95 | (n+1)} and {r(n),s(n)} = {1,2} which means that
n < ¢(a, B8) by (1) and ( ) of Theorem 8. So we obtain (2).
Notethatifﬁ<a<w1,then{ga cla, B),98 I co, B)} € AgN By, by (1) of
Theorem 8, so we obtain (6).

For a < w; define
Y, = U (Xﬁ \ U [{0, 1, 2}i+1]2> .
B<a i<c(B,a)
If follows that Xz C Y, if 8 < a < wi, so we have (4). Also Y, N X, = 0 holds
because X5 N Xo € U< (5.0){0,1,2}7]* by (1) and (2) of Theorem 8.

If v < B < a we have ¢(v, 8) = c(v, @) with the possible exception for v <
in the set D(B,a) = {0 < 8] ¢(6,8) < ¢(B,a)} by (3) of Theorem 8. D(8,«)
is moreover finite by (4) of Theorem 8. So almost all summands in the definition
of Yy appear literally in the definition of Y,,. The remaining summands of Y3
are X\ U, <c(y.5 {0, 1,2}%2 for v € D(B, ). Each of them is almost equal to a
summand of Y, of the form X, \U;<.(,.»)[{0,1, 2} for v € D(B, o) which proves
that Yz C* Y, that is we have (3) which completes the proof of the theorem.

1,s(n) =2}, n € N}.
2,s(n) =1}, n € N}

O

An example of the use of the partition of X,s above into A, and B, is given in
the following proposition which has found an application in [10].

Proposition 10. There are families (X!,Y., o < wy) of subsets of N and bijections
foa :NxN— X! such that

(1) Xz X, ="0 for all B < a <wi,

(2) Y5 C* Y, forall f <a<uw,

(3) X C Y, forall B < a<wi,

(4) X,NY, =0 for all « < wr,



10 OSVALDO GUZMAN, MICHAEL HRUSAK, AND PIOTR KOSZMIDER

(5) For every a < wy and every k € N for all but finitely many 8 < « there are
my < ..<mg and nq < ... <nyg such that

fa(ivnj) = fﬁ(]aml)
foralll <i,j <k.

Proof. Consider a pairwise disjoint family {I; | I € N} of finite subsets N where
I ={li; |1<i,j<1}U{r}. Define X, =U{L |l € Xo}and Y, = U{L |
I € Yo} where X,,Y, satisfy Theorem 9. It is clear that (1) - (4) are satisfied.
Put X! = U{Li\{n} | I € Xo}. Now for @« < w; let A, and B, be as in
Theorem 9 and define recursively in I € X,, for elements of I; \ {r;} an injection
ha : X — N x N in such a way that if | € A,, then there are m; < ... < my such
that ho(l; ;) = (j,my) for all 1 <, <[, and if | € B,, then there are ny < ... <ny
such that hq(l; ;) = (i,n;) for all 1 <4,5 <. Now use the elements {r; | | € X,}
to extend h, to a bijection hl, : X/, — N x N and define f, = (h/,)~!. Note that
(6) of Theorem 9 gives | > k such that [ € Az N By, and so (5) follows. O

We may note several interesting properties of the almost disjoint family (X, |
a < wi) from Theorem 9.

Corollary 11. There is an almost disjoint family A which is inseparable (Luzin)
but for every countable B C A, the families B and A\ B can be separated.

Proof. As countable almost disjoint families can be separated, it is enough to sep-
arate the initial fragment {Xp | 8 < a} from the remaining part {Xs | 5 > a}.
Our family from Theorem 9 of course has such separation Y, so it is enough to
note that it is inseparable. For this note that Theorem 9 (5) implies that given
a < wy and k € N for all but finitely many 5 < a we have max(Xg N X,) > k.
This condition implies the inseparability of the family in the standard way as in
the case of the Lusin family (cf. [15]). O

Corollary 12. There is a Luzin family (X, | @ < wy) such that whenever X C w;
is uncountable, councountable, then there is a a Hausdorff gap (AX, BX)a<w, for

which (Xo |a € X), (Xo | @ € wy \ X)) is its almost disjoint refinement.

Proof. Take the families (X, | @ < wy) and (Y, | @ < wy) from Theorem 9. Using
the nonexistence of countable gaps in p(N)/Fin for each o < wy we can recursively
construct separation CX of (Xg | B € X Na) and (X5 | B € a\ X) ie., such
CX C N that

XgCrCX if BeanX,

XgNCX =*0,if Bea\X.

CyNYs C*CY,if B <o,

(Ya\CH)NCY =*0,if f < o

Putting AY = CX NY,, BX =Y, \ CX we obtain a Hausdorff gap. O

4. R-EMBEDDABILITY IN THE COHEN MODEL

The Cohen forcing C consists of elements of N<“ and is ordered by reverse
inclusion. By the Cohen model we mean the model obtained by adding ws-Cohen
reals with finite supports to a model of the Generalized Continuum Hypothesis
(GCH). Given X C wo we define Cx as the forcing adding Cohen reals (with finite
supports) indexed by X. The following lemma is well known:
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Lemma 13 (Continuous reading of names for Cohen forcing). If A is a C-name
for a subset of N, then there is a pair (<Bn>neN ,F) such that

(1) each B, C N<¥ is a mazimal antichain.
(2) if s € By11 then there is t € B, such thatt C s.
(3) F: B, — 2.
neN
(4) If c € N¥ is Cohen over V, then

Al ={n|3m((r | m) € B, & F(c|m)=1)}.

Here by A[c] we denote the evaluation of the name A using the generic real c.
If the conditions (1) - (4) hold, we will say that ((B,), oy, F) codes A.

As a warm-up we present a direct proof of a result of Dow and Hart from [§]
which was obtained there using an ingenious axiomatization of p(N)/Fin in the
Cohen model.

Theorem 14 ([8]). In the Cohen model, every almost disjoint family of size wq is
wo-anti Lusin.

Proof. 1t is enough to show that in the Cohen model, every almost disjoint family
of size wo contains two subfamilies of size w- that are separated. Let A = {Aa |
« € we} be a Cy,-name for an almost disjoint family. Since C,,, has the countable
chain condition, for every o € wa, we can find S, € [ws]” such that each A, is, in
fact, a Cg_-name. By CH and the A-system lemma, (see [18] Lemma II1.6.15) we
can find X € [wo]*“? such that {S, | a € X} forms a A-system with root R € [ws]”

We may further assume that the root R is the empty set (if this is not the case,
we simply move to the intermediate model obtained by forcing with Cg). Since
Cs, is a forcing notion equivalent to C, we may assume that for each oo € X, A,
is a Cyqy-name. Since V' is a model of CH, we can find X; € [X]¥? and a pair
((Bn>n€w , F) that codes every Aa. In other words, each Aa is forced to be equal
to

{n | Im ((éa [ m) € By & F (¢q | m) = 1)}

(where ¢, is the name of the at"-Cohen real). Since A is forced to be an almost
disjoint family, there are s,t € N<“ such that:

(1) s and t are incomparable nodes of the same length,
(2) there are no m, s, t’ with the following properties:

(a) m > |s], [t].

(b) &', t/ G Bm,
(c) s C st C t.
(@) F(s) = F(¥) = 1.

(In fact, every pair of incomparable nodes can be extended to a pair of nodes

satisfying these properties). In V [G], define families Cy and C; by

Co={Aq[ca]l | € X1 AsC ey}
and
C1:{Aa[ca]|a€X1/\t§ca}.

It is easy to see that both families are of size wo and are separated by | J{A \ m |
Ace C()} O
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A stronger statement: “Every almost disjoint family of size continuum contains
an R-embedabble subfamily of size continuum” is consistent but it is false in the
Cohen model. We will prove the latter in the rest of this section and the former in
the next section.

By T we denote the set of all finite trees 7' C N<% such that all maximal nodes
of T have fixed the same height, we denote this common value by ht (T) . Given a
tree T C N<“ we define [T]>~ = {{s,t} € [T)* | |s| = |¢t|}.

Definition 15. Define P as the collection of all triples p = (Tp,, Ry, ¢p) that satisfy
the following properties:
(1) T, € T.
2,=
(2) Ry C[T,]".
(3) If {s,t} € R, and {s',t'} € [T,]>~ is such that s C s’ and t C t' then
{s',t'} € R,,.
(4) ¢p:Tp — 2.
(5) There is no {s,t} € R, such that ¢, (s) = ¢, (t) = 1.
Given p,q € P we say p <p q if T, CT,, Rg =R, N [Tq]Q’: s 0q C dp.

Since I is a countable partial order, it is a forcing notion equivalent to the Cohen
forcing. We define ¢gep to be equal to J{¢, | p € G} (where G is the name for a
generic filter of P). It is easy to see that ¢ge, is forced to be a function from N<¢
to 2.

Definition 16. We define U as the set of all sequences (p, <5a>aeF) with the fol-
lowing properties:

(1) peP.

(2) Fe [CUQ]<w‘

(3) so € Ty for every a € F' (where p = (Tp, Ry, ¢p) ).

We define (p, <sa>a€F) < (q, <ta>aec) if the following conditions hold:

(1) p <eq.

(2) GCF.

(8) to C sq for every a € G.

It is easy to see that U is forcing equivalent to C,,. Moreover, U is forcing
equivalent to first forcing with P and then adding ws-Cohen reals. Given a < ws
we define A, to be the set {1 | ¢gen (éo | 1) = 1} (where é, is the name for the
a-th Cohen real). It is easy to see that A = { A, | @ < wy} is forced to be an
almost disjoint family of size ws.

Theorem 17. In the Cohen model, there is an almost disjoint family of size wo
that does mot contain uncountable R-embeddable subfamilies.

Proof. Since U is forcing equivalent to C,,,, we can think of the Cohen model as the
model obtained after forcing with U over a model of the Continuum Hypothesis. Let
A be the almost disjoint family that was defined above. We argue by contradiction,
so assume that there is B :{Ad§ | € € wy} and f such that f is forced to be
an embedding \IJ(B) into 2¥ as in Lemma 2 (6). For every & € wy, we may find
re = (pe, (s7%)per. )€ U and B¢ with the following properties:

(1) T¢ I df = ,85.

(2) Be € Fg.
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(3) sﬂg ~0, 57g ~1 €Ty, (where pe = (T, Ry, dp,))-
<w

By the A-system lemma, (see [18] Lemma I11.2.6) we may find p € P, R € [ws] ™",

W € [wo]“" and s € N<¥ with the following properties:
(1) pe = p for every £ € W.
(2) {Fe| €& € W} forms a A-system with root R.
(3) sy = sn5 for every £,£’ € W and n € R.
(4) s= 56 for every £ € W.

It is easy to see that {r¢ | { € W} C U is a centered set. Let {H, | €wi} C
[W]? be a pairwise disjoint family. For every a € wy we find ), = (p),, (un®Ynerr )€
U, t, and z, with the following properties:

(1) r, < Ten e where H, = {&1,&} and & < &.
(2) sT0Cu BZ .
(3) s71C uB
2
(4) ta, 2o € NT“ are incompatible.
(5) 14 IFta C f(Aﬁgl) Nzo f(A/352)-

The last condition (5) can be obtained since f is forced to be injective when
restricted to B as in Lemma 2 (6). Once again, we can find Wy € [wy]“", p’ € P,
50,581 € N<Y R"” € [wy] < |, 2 such that for every a € W, the following holds:

(1) po =1

(2) to =t and z, = 2.

(3) {F’ | o < Wy} forms a A-system with root R'.

(4) u fu77 for every a,6 € Wy and n € R'.

(5) so = UB and 51 = ug‘; for every o € Wy where H, = {£1,&2} .

Once again, the set {r/, | a € Wy} C U is centered. Let M be a countable
elementary submodel of some H(x) (where & is a sufficiently big cardinal) containing
all objects that have been defined so far. Let v € M N Wy and § € W\ M.
Find m € N such that s™m ¢ T/, let § be a sequence extending s~ m such that
I5] = |so| = |s1]. Then we find ¥ = (p, (yi}nep) with the following properties:

(1) 7<rl,rs.

(2) T,y U{s} C Tj (where p = (T}, R, Fp)).
(3) F F/ U Fy.

)y

(5) {So,s} {81’5} ¢ Ry

We claim that 7 forces that f [Agé] has infinitely many elements below ¢ and
infinitely many elements below z, this will be a contradiction. Let 7; < 7 and
k € N, it will be enough to prove that we can extend r1 to a condition that forces
that there is [ > k such that [ is in Ag; and its image under f will be an extension
of ¢ whose height is bigger than & (the case of z is similar). Let « € M N W, such
that supp(71) N M and F! \ R’ are disjoint. Let 72 be the greatest lower bound of
71N M and r’, note that 7o € M. Let e € w such that sg ~e has not been used

and let v be extending so ~e such that |v] =

H, ={&,&}) and {v,s%} ¢ Ry,. Since r37f € ./\/l we can find 7y € M such that
74 <73 and [ > k such that 73 IF [ € Aﬂfl At C f(l) Since the support of 74 is

(2]

and 73 such that s72 Be, v (where
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contained in M, then it is compatible with 7. Since {v, sg} ¢ R, we can find a

common extension that forces that [ is in Ag,. g

The above family clearly does not have wy-controlled R-embedding property but
a much stronger fact concerning w;-controlled R-embedding property can be proved
in the Cohen model.

Theorem 18. In the Cohen model, no uncountable almost disjoint family A has
w1 -controlled R-embedding property.

Proof. Let {co | @ < wa} be the sequence of Cohen reals generating the Cohen
model. Let F be an uncountable almost disjoint family. For every A € A there
is a countable X4 C wo such that A € V[{co | @ € Xa}]. Define ¢ : A — 2 by
d(A) = cq, where ay & X4 and all ay’s are distinct.

Suppose that f: N — 2¢. There is a countable Y C wy such that f € V[{c, |
a € Y}]. As A is uncountable, there is A € A such that g €Y, 80 ag & X4 UY.
Hence lim,ca f(n) # ca, = ¢(A), proving that A does not have wi-controlled
property. O

Remark 19. The above proofs remains valid for any finite support product of not
less than 2% c.c.c. forcings in place of the Cohen forcing.

5. R-EMBEDDABILITY IN THE SACKS MODEL

By the Sacks model we mean the model obtained by adding we-Sacks reals (with
countable support) to a model of the GCH. Recall that a tree p C 2<% is a Sacks tree
if every node of p can be extended to a splitting node. We denote by S the collection
of all Sacks tree and we order it by inclusion. Given « < ws we denote by S, the
countable support iteration of S of length av. We will now prove that in the Sacks
model, every almost disjoint family of size continuum contains an R-embeddable
family of the same size. We will need to recall some important notions and results
on Sacks forcing. For more of this forcing notion the reader may consult [4], [12]
and [20].

Definition 20. Let o < wo, n,m € N.

(1) Given p,q € S we say that (p,m) < (g,n) if the following holds:
(a) p<gq.
(b) n<m.
(C) dn = Pn-
(d) If n < m then for every s € q, there are distinct to,t1 € p,, such that

S g tO, tl'

(2) Given p,q € S, and F € [o]~ we say that (p,m) <p (g,n) if the following
holds:
(a) p<gq.
(b) n<m.
(c) if BEF thenp | B (p(B),m) < (¢(B),n).

We will often use the following result:

Lemma 21 (Fusion lemma [4]). Let o < wy and {(p;, Fi,n;) | i € N} be a family
such that for every i € N the following holds:

(1) Di € S,



ON R-EMBEDDABILITY OF ALMOST DISJOINT FAMILIES 15

(2) Fi € a]™.
(3) F; C Fitq.
(4) ng < Mjg1.
(5) (Piv1,miv1) <F, (i, i) -
(6) UF; = U supp(p;)
JEN jEN
Define p such that supp (p) = | supp (pj) and if B € supp (p) then p(B) is a
jEN
Sg-name for the intersection of {;7Z (B)| B € supp(p;)}. Thenp €S, and p < p;
for every i € N.

If peSand s € 2<% we define p;, = {t €p|t CsVsCt}t. Note that ps is a
Sacks tree if and only if s € p.

Definition 22. Let p € So, F € [supp ()]~ and o : F — 2. We define p, as
follows:
(1) supp (ps) = supp (p) -
(2) Letting 5 < « the following holds:
(a) po (B) =p(B) if B & F.
(b) po (B) =p(B)ys) if BEF.

Similar to previous situation, p, is not necessarily a condition of S,. We will say
that o : FF — 2™ is consistent with p if p, € S,. A condition p is (F, n)-determined
if for every o : F' — 2™ either o is consistent with p or there is 5 € F' such that
o | (FNp) is consistent with p and (p | 8)1(rrgy IF o (B) € p(B)-

We say that p € S, is continous if for every F € [supp (p)]=*
n € N there are G and m such that the following holds:

and for every

(1) G € [supp (p)|™*

(2) F CG.

(3) n < m.

(4) pis (G, m)-determined.

We will need the following lemmas:

Lemma 23 ([4]). Let p € So,n € N and F € [supp (p)]~“. There is (¢,m) <p
(p,m) such that q is (F,n)-determined.

Lemma 24 ([12]). For every p € S, there is a continous ¢ < p such that q is
continous.

Let p be a continuous condition. We say that {(F;,n;,%;) | i € w} is a represen-
tation of p if the following holds:

(1

) F; € [supp (p)]=, n; € w.
2) F; C F+1 and n; < Nt
€N
4) pis (FZ, n; )-determined for every i € w.
) X, is the set of all o : F; — 2™ such that o is consistent with p.

Note that if {(F;,n;, ;) | ¢ € w} is a representation of p and f:w — w is an
increasing function, then {(Ff(i), Tf(i)s Zf(i)) | i€ N} is also a representation of p.
It is also easy to see that if p is continuous with representation {(F;,n;,%;) | ¢ € N}
and o € ¥;, then p, is also a continuous condition. Given a continuous condition

(
(
(
®
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p € Sq and R = {(Fj,n;,%;) | i € N} a representation of p, we define [p], as the set

of all (U5) 5 sup(py € (29)° 777
given by o (8) = yg | n; belongs to ;.

such that for every i € w the function o : F; — 2™

Lemma 25. Let p € S, be a continuous condition. If R = {(F;,n;,%;) | i € N}
and R = {(G;,m;,11;) | i € N} are two representations of p, then [p|p = [plp -

Proof. We argue by contradiction, assume that there is ¥ = (yg)z., € [plg \
[p] g - Since § ¢ [p|p, there must be ¢ € w such that the function ¢ : G; — 2™
given by o () = ys | m; is not in II;, i.e. o is not consistent with p. Since p is
(G, m;)-determined, there is § € G; such that o | (G; N B) is consistent with p but
Por(Ging) IF o (B) ¢ p(B). Let j € wsuch that G; C F; and m; < n;. Since § € [p|p
we know that the function 7 : F; — 2™ given by 7 () = y¢ | n; is consistent with
p. It is clear that pry(rnp) < Poj(cing) and o (B) C 7(B) s0 pri(r;np) forces that
7 (B) is not in p (B), which contradicts the fact that 7 is consistent with p. O

In light of the previous result, we will omit the subscript and only write [p] to
refer to [p], where R is any representation of p. It is easy to see that if p € S,
is a continuous condition then [p] is a compact set and p Ik Sge, | supp (p) € [p]
(where 5., is the sequence of generic reals). Let S € [wo]* and o : F — 2<% where

s
F € [S]%, we define (o) 4 as the set {(ys) ges € (2%)7 | VB € F (0 (B) C yp)}. Note

that this is family of sets are the basis for the topology of (2“’)5. The following
result is well known:

Lemma 26 (Continuous reading of names for Sacks forcing). Let o < wa, p € S,
and i be a So-name such that p b & € [w]” . There is a continuous condition q < p
and a continuous function F : [q] — [N]* such that q IFF (34en, | supp(q)) = &
(where $ger, is the name for the generic real).

We will need the following notion:

Definition 27. Let C,D be two subfamilies of p (N). We say that the pair (C,D)
is decisive if one of the following two conditions hold:

(1) FEither cNd is infinite for every ¢ € C and d € D or

(2) ¢nd is finite for every c € C and d € D.

Note that if the second alternative holds and C and D are both compact, then
there is an m such that cNd C m for every c € C and d € D.

Lemma 28. Let p,q be two continous conditions in S, such that supp (p) =

supp (q) and F : (2°)*"""P) 5 [N|* a continuous function. There are p',q € Sa
such that the following holds:

(1) p'<pandq <q
(2) supp (p) = supp (q) = supp (p) = supp (¢) -
(3) The pair (F[[p']], F [[q']]) is decisive.

Proof. We proceed by cases, the first case is that there are p’ < p, ¢ < ¢ with
supp (p) = supp (¢) = supp (p') = supp (¢') and m € N such F (y) N F (Z) C m for
every g € [p/] and Z € [¢'].

In this case it is clear that the pair (F'[[p]], F [[¢']]) is decisive. The second case
is that for every p’ < p, ¢’ < q with supp (p) = supp (q) = supp (p') = supp (¢') and
m € N there are 7 € [p'], Z € [¢/] and k > m such that k € F ()N F (Z).
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Let supp (p) = {an | n € N} . We will now recursively build the two sequences
{(p™, mn, F,) | n € N} and {(¢", kn,Gr) | n € N} such that for every n € N the
following holds:

(1) p* =pand ¢" =q, Fy = Go = 0.

) F, € [supp (p)]=*, F,, € Foyq and a, € Fypy.

) Gy, € [supp (q)]<w , G € Gpyq and oy, € Gy

) mo = ko =0.

) My < Mg and ky, < k1.

) p"™ and ¢™ are continous conditions.

) supp (p") = supp (¢") = supp (p).

) (pn+1amn+1) <Fn+1 (pnamn) and (qn-&-l, kn-‘rl) SGn+1 (qn’kn)'

) p" s (Fug1, Mapg1)-determined and ¢"*! is (Gyi1, kny1)-determined.

) For every o : F,, — 2™ and 7 : G,, — 2¥» if & is consistent with p" and
T is consistent with ¢™ then there is [ > n such that | € F (y) N F (z) for
every § € [p2] and Z € [¢7].

Assume we are at step n + 1. Since both p™ and ¢" are continuous conditions,
we can find F,1,Gn41, Mpy1 and k41 with the following properties:

(1) F,U{an} C Fhy1 and G, U{an} C Gpgg.
(2) My < Mpy1, kn < kn+1.
(3) p™is (Fht1, Mpy1)-determined and ¢" is (Gp41, knt1)-determined.
Let W = {(0%,7)},., enumerate all pairs (o, 7) for which o : Fj, 13 — 2™n+1
and 7 : Gy 1 — 2Fn+1. We recursively find a sequence {(pi, qi) i <u+ 1} such
that for every i < u the following holds:

1) p" = pl and ¢" = ¢f. _
2) ( mn+1) <ppir (PLmns) and (677, kngr) <coin (64, Knt) -
) pi and ¢} are contmous

) supp (p1) = supp (¢}) = supp ().

) If o, is consistent with p L and 7; is consistent with g;" " then thereis! >n
such that [ € F () N F () for every 3 € [(p Hl)ai] and Z € [(qzﬁl)ﬂ].

i+1

(
(
(3
(4
(5

Assume we are at step 4. In case either g is not consistent with p{ or 7; is not
con51stent with ql we simply deﬁne pl+1 = pl and ql+1 = q{. Assume o; is consistent
with p¢ and 7; is consistent with ¢i. By the hypothesis, there are [ > n, 7 € [(pll)o]

and 7 € [(q1) ] such that k € F () N F (2). Since F' is a continous function, we

7+1

can find pj and q7+1 with the following properties:

(1) o, is consistent with pi*!.

(2) 7 is consistent with q’“.

(3) For every 77 € [(pi" )U] and z7 € [(qi‘“)ﬂ] it is the case that k € F (g) N
F(%). ' ’

(4) plﬁl and ¢t are continous.

() (P mng1) <py, (P mngr) and (677 kng1) <m, (@ Ensa) -

(6) supp (pt) = supp (Q1) = supp (p)-

We then define p"*t! = p™! and ¢"+! = gt
Let p’ and ¢’ be the respective fusion sequences. It is easy to see that F [¢]NF [e]
is infinite for every ¢ € [p/] and € € [¢'].
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Note that if p is continous and 8 = min (supp (p)) then we may assume that
p(B) is a real Sacks tree (not only a name).

Proposition 29. Let p € S, be a continuous condition, F : [p] — [N]” a contin-
uous function and 8 = min{supp (a)}. Then there are q € S, with representation

{(F;,mi,%2;) | i € N} such that the following holds:
(1) ¢ <p.
(2) supp (q) = supp (p) -
(5) Fy= {5}
(4) For every i € N the following holds: for every o,7 € ¥; such that o () #
7(B), the pair (F[[gs]], F [[g-]]) is decisive.

Proof. Let supp (p) = {a, | n € N} with ap = . We recursively build a sequence
{(p",mn, F,,) | n € N} with the following properties:

2) FO = {ﬁ} and mo = 0.

3) Each p” is continuous and supp (p™) = supp (p) .

4) F, € [supp (p)]~* and o, € F),.

5) (57 11) Sp, ()

6) my < Mp41.

7) For every o, 7 : F,, — 2™ such that o () # 7 (/) and both are consistent
with p”, the pair (F [[pZ]], F [[p?]]) is decisive.

Assume we are at step n. We first find Fj, 1 and m,; > m, such that F, U
{an} C Fhy1 and p™ is (Fy41,Mpy1)-determined. Let W be the set of all pairs
(o,7) such that o,7: F,41 — 2™+t g () # 7(8) and both are consistent with
p". Enumerate W = {(o;,7;) | i <l1}. We recursively build {¢; | i <1} with the
following properties:

(1) Each g; is (Fp41, Mp41)-determined and continuous.
(2) supp (qi) = supp (p) -

(3) (gos ) <Fosr (B M)

(4) (git1,mny1) <rF, (¢, mpy1) for i <.

(5) For each i <1 one of the following conditions hold:
(a) Either o; or 7; is not consistent with ¢; or

(b) the pair (F'[[(¢:),,]], F'[[(¢),,]]) is decisive.

Assume we are at step ¢ < [. In case that 0,11 or 7,11 is not consistent with ¢;
we simply define ¢;11 = ¢;. We now assume both ;11 and 7;41 are consistent with
¢i- By applying the previous lemma to (gi),, and (¢;), we obtain g, r1 continous
conditions with the following properties:

(1) 70 < (i),

2) 1 < (¢),,

(3) Suz?p (ro) = supp (r1) = supp (p).

(4) the pair (F[[ro]], F[[r1]]) is decisive.

We now define the r to be a Sacks tree with the following properties:
(1) 7o) =710(8)-
(2) Tri1(0) = T1 (B) -
(3) rs = qi (B), for s € ¢; (B),,, and s & {oit1(B),Ti+1(B)} -

Let @ be a S-name with the following properties:

@) ro [ B+ IFi=(ro()ess-

Ti
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(2) I B+1)IFa=(r (§)>5>5~
(3) I “u = (q; (§))¢sp” for every ' <7 [ (8+1) that is incompatible with
bothro [ (B+1)and ry [ (B+1).

Let ¢;+1 = ru. It is easy to see that ¢;11 has the desired properties. Finally,
we define p"t! = ¢;. The fusion has the desired properties. (I

Let a be a countable subset of wy. We can define S, as a countable support
iteration of Sacks forcing with domain a. Clearly, S, is isomorphic to S5 where ¢ is
the order type of a. Note that if p € S, is a continuous condition, then it can be
seen as a condition of S, (). With this remark, it is easy to prove the following:

Proposition 30. Let p € S, be a continuous condition that has a representation
{(F;,n;,%;) | i € N} and F : [p] — [N]* a continuous function. Let o* be the
order type of supp (p) and 7 : supp (p) — o* be the (unique) order isomorphism.
There are ¢ € So+ and a continuous function H : [q] — [N]* with the following
properties:
(1) supp(q) = o
(2) The set {(mw[F;],ni,7%;) |1 € N} is a representation of q (where n¥5; =
{mo |oe€X;}).
(3) If 7 + (29)*PP®) s (2)°" denotes the natural homeomorphism induced
by w. then 7 | [p] is an homeomorphism and F = HT.

We will say that (p, F') and (g, H) are isomorphic if the previous conditions hold.

Theorem 31. In the Sacks model, every almost disjoint family of size wo contains
an R-embedabble subfamily of size ws.

Proof. Let A = { A, | € wg} be a S,,-name for an almost disjoint family. For
every a < wg we choose a pair (p,, F,) with the following properties:

(1) pa is a continuous condition.
(2) Fy :[pa] — [N]¥ is a continuous function.
(3) Po H_Fa (Fgen f supp (pa)) = Aa

By the A-system lemma, we can assume that {supp (p,) | @ € wa} forms a delta
system with root R € [wa]” . Let § € wy such that R C 4. By a pruning argument,
we may assume that R = supp (p,)NJ for every a < wq. Since S,,, has the wy-chain
condition, there is p € S,,, such that p forces that the set {a | po € G} will have
size wy (where G is the name of the generic filter). Note that we may assume that
p € Ss (by increasing ¢ if needed).

Let Gg C Ss be a generic filter such that p € Go. We will now work in V' [Go] . Let
W ={a| (pa | §) € Go} which has size wy by the nature of p. For every o € W, let
pl, be the Sg-name such that po, = (po 1 §)" pl,. Note that we may view each p/, [Go]
as a condition of S, where supp (p, [Go]) = supp (pa) \ 6. Let 7 = (rg) ;s be the
generic sequence of reals added by Gy. We can now define H, : [p, [Go]] — [N]*
given by H, ((yg)) = Fo ((T | supp (pa))” (ys)) which is a continous function. By
a previous lemma, for each « € W we can find a continous condition ¢, and
{(F,m%,3¢) | i € w} a representation of ¢, with the following properties:

(1) ga < Pl [Go]-
(2) supp (¢a) = supp (P, [Gol) -
(3) F§ = {Ba} where B, = min (supp (p., [Go))) -
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(4) For every i € w the following holds: for every o, 7 € 3¢ such that o (8,) #
~(8), the pair (Hq [[(d0), )] Ha [[(g),]]) is decisive.

Let a* be the order type of supp (¢,). For each « € W we find ¢}, € S,~ and
H: : [q%] — [N]” such that (g, H,) and (¢, H}) are isomorphic. We can then find
find v, ¢* € S, with representation {(F;,m;,%;) | ¢ € N} and a continous function
H : [y] — [N]* such that the set W’ C W consisting of all « such that a* = 7,
q; = q" and H} = H has size ws.

We first note that for every ¢« € N the following holds: for every o,7 € X; such
that o (0) # 7 (0), the pair (H [[¢%]], H [[¢]]) is decisive, furthermore, H ()N H (%)
is finite for every ¥ € ¢ and z € ¢F. It is decisive since (qa, Hy) and (¢*, H) are
isomorphic, the second part of the claim follows since any pair of conditions indexed
by elements of W’ have disjoint supports (and A is forced to be an almost disjoint
family).

Given s € ¢* N 2™ let B, = |J{UH [[g5]] | o € ;i Ao (0) = s} . Note that if s
and t are two different elements of ¢* N 2™ then B, and B; are almost disjoint. Let
T ={B,|s€q N2 AicN}.

Note that if & € W’ then q, IF A, C () Bs where rg, denotes the name of

sCrg,
the B,-generic real. It follows by genericity that A will contain an R-embeddable
subfamily of size wo. |

The rest of this section is devoted to the study of the controlled version of the R-
embeddability in the Sacks model. In Theorem 41 we obtain the maximal possible
wi-controlled embedding property since no family of size ¢ can have c-controlled
R-embedding property by Theorem 6.

Definition 32. e : 2¥ — 2¥ is the function satisfying e(x)(n) = x(2n) for every
n € w.

Lemma 33. Let u C 2<% be in S and H : [u] — 2V be a homeomorphism. Let
o < wg. Whenever p €S, is such thatp [ alF p(a) =@ andp [ alk & € 2¥ for an
Sa-name &, then there is an S,-name ¢ such that (p [ a@)™q¢ € Sa41, (p [ @) "¢ <
pl(a+1) and )
(pla)"qlFeoH($q) =i,

In particular (p | «) "¢k é(sa) = 2, if p(a) = 1s.
Proof. Define ¢ to be an S,-name for the set

{yn]|yé€lul, Vk € w H(y)(2k) = z(k),n € w}.
This is an S,-name for a perfect subtree of w and so (p [ @) ™¢ € Sa41, (p [ @) "¢ <

p | (a+1). We also have (p [ @) "¢ IF $4 € ¢ and e(H(z)) = x for every z € [q], so
the lemma follows. O

Lemma 34. Let < § < wy and suppose that p € S511 C Sy, and F is an Ss-name
for a continuous function from 2 onto 2% such that F~1[{z}]N[p(8)] is perfect for
every x € 2% in any forcing extension. There is an Ss-name 7 such thatp | 67 < p
and

p 1077 I F($5) = 5.
Proof. Let ¢ be an Ss-name for the set

() FHu@®Nnp@E)] = F ) BN p6)] = F~ {553 N p(6).

ueGs u€Gs
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It is a name for a perfect set, as preimages of singletons under F' are perfect in p(9)
in any forcing extension. Let 7 be such a name that [r] = ¢. Sop [ 677 € Ss41. Also
g C[pd)],sop 67 <p. Ifz €q,then F(z) =4p. But p [ 677 Ik 5 € [/] = ¢, so
the lemma follows.

([l

Definition 35. ¢ : S — 2% is the following coding of perfect subtrees of 2<% by
the reals. Let 7 : N — 2<% be any fized bijection. Then given p € S we define
c1(p)(n) = 1 if and only if 7(n) € p. co will denote the decoding function i.e.,

co(z) ={r(n) |z(n) =1, n € w}.

Definition 36. Let {U, | n € N} be a fized bijective enumeration of all clopen
subsets of 2¥. Suppose that p € S. Define F}, : 2 — 2“ as follows: First by recur-
sion define a strictly increasing sequence (n;);en such that ng is minimal satisfying
UnoN[p] # 0 # [p)\Un, and both Uy, and 2*\Uy, are intervals in the lexicographical
order on 2¥. Given ng,...,n; for k € N let ni11 be minimal such that ng41 > nyg
and the following conditions hold for every o € 2++2:

(1) No<i<ki1 U;Zf“ is an interval in the lexicographical order on 2,
(2) Noican Uni N [p) # 90,
(3) diom(Nogicsr R N1 [P]) < (2/3)F+,
where VY =V and V° =2\ V. Finally for x € 2% and i € w we define
Fp(2)(i) = xv,,, (x)-

Lemma 37. Let p € S. F;'[{z}] N [p] is perfect for any x € 2% in any forcing
extension.

Proof. The conditions (1) - (3) of Definition 36 guarantee the property in the state-
ment of the lemma, but they are preserved by any forcing. O

Lemma 38. The function f : 2% x 2¥ — 2“ defined as
f(a?,y) = FC2(z)(y)

15 continuous.

Proof. Let € > 0. Let {U,, | n € N} and {U,, | ¢ € N} be as in Definition 36. Let
19 € 2N be such that E;’iiol/Qi < g/2. Given p there is m € w such that if p,p’ are
perfect subsets of 2% such that c¢;(p) | m = ¢1(p’) | m, then the constructions of
{Un, | i <ip} for p and p’ agree. It follows that if x,, is sufficiently close to z, then
|Fey(2,)(2) = Fey2)(2)] < €/2 (ie., Fi,(,) converges uniformly to F,,)). So

|FC2(ZE)(y) - FCQ(zn)(yn” = |FCQ(:E)(y) - FCQ(I) (yn) + FCQ(:E)(yTL) - Fcz(mn)(yn” <

< |FcQ(z)(y) - Fcz(x) (yn)| + |F62(z)(yn) - F@(fcn)(yn” <e
if |y — yn| and |z — x,| are sufficiently small by the continuity of F,(,) and the
above-mentioned uniform convergence.

Theorem 39. The following statement is true in the Sacks model: Suppose that
{ze | € <wa} € 2% is a set of distinct reals and {ye | £ < w2} € 2¥. Then there is
a continuous g : 2 — 2% and X C wy of cardinality wy such that g(ze) = ye for
all € € X. In fact, there is a ground model continuous ¢ : 2% x 2 — 2 such that
d(xe,85) = ye for all £ € X and some § < wo.
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Proof. As CH holds in intermediate models we may assume that there are strictly
increasing {8y | & < wy}, conditions pg € Sg, C Sy, and Sg,-names &g, Yo for zq
and yg respectively where 6 < wy such that pg I- &g ¢ VSe+1. Using the CH in the
ground model we can apply the stationary A-system lemma' for countable sets and
obtain a stationary A C {& € wa : ¢f(a) = w1} such that {supp(pe) | 6 € A} forms
a A-system with root A C ws and all the conditions agree on A.

We can use the result of [11] to find continuous hg : 2 — 2 and gp < pg such
that qo IF hg(ig) = 3¢, for all # € A. Use the pressing down lemma finding a
stationary A" C A such that there is o < wy with supp(gg) N6 C « for all § € A'.
We will work for the rest of the proof in V5" which will be treated as the ground
model. By passing to a subset of A’ of cardinality ws and renaming the gg’s we
may assume that

(1) po I h(dg) = $o,

for a fixed continuous h : 2¢ — 2% and all § € A" and p(0) is a fixed perfect tree u C
2<% and the supports of pgs for § € A" are pairwise disjoint and min(supp(pg)) = 6
for all € A’. Also fix a homeomorphism H : [u] — 2“. Construct a strictly
increasing {0¢ | £ < wi} such that ¢ < B, < O for all £ < & < wy. Relabel the
involved objects as pg := pg,, ag 1= ¢, Be 1= Po., B¢ = Ty, Ye = Yo.. Let § <ws
be sup{ag : £ < w1} =sup{fe& < wi}.

We will work with the iteration Ssy;. In the model VS5+1 g is defined by

g(x)=eo f(eo H(h(m))vs5)7

where f is as in Lemma 38. By (1) it is enough to prove that given p € Ss4; and
€ <wj thereis p’ <p, p’ € Ss11 and € < £ < wy such that

(2) Pk fleo H(sa,,),$5) = 8., €(3p,) = ve-

Let £ < ¢ < wy be such that the support of p [ ¢ is included in g/, so we can
assume that p [ § € S,,, and so p(d) is an S, -name. As supp(pe’) C [agr, Ber), the
conditions p and pes are compatible. Let p” € S51 be obtained from p by replacing
1 by per(a) on any « € [agr, fBer) so that p” < p,pe and p” (o) = u. Now to obtain
the desired p’ < p” we will modify p” on ag/, B¢ and 0 using Lemmas 33 and 34.

By Lemma 33 there is an S,,,-name ¢ such that " Tag)"qce Sag+1 '
ae)q < 9" | (ag +1) and

(3) (" Tag) I éo H(sa,) = &1 (p(9)).

Since p”(Be) =1 and yg is an Sp,,-name by the last part of Lemma 33 there is
an Sg,,-name o such that (p” [ Be/) "0 € S, 41, (p" [ Ber) "0 <p” | (Be + 1) and

(4) (" 1 Ber) oIk é(8s,,) = Yer-

1By the stationary A-system lemma we will mean the following lemma: given a family {Xg |
0 < wa} of countable subsets of wa there is a stationary set A C {a € wa | ¢f (@) = w1} such that
{Xg | 0 € A} forms a A-system. One can prove it as follows: Take regressive f : {6 < w2 | c¢f(0) =
w1} — wo given by f(0) = sup(XgN0). Use the pressing down lemma obtaing a stationary A’ C A
where f is constantly equal to #y. By CH and the wi-additivity of the nonstationary ideal on wa
there is a stationary A” C A’ such that Xy N Oy is constant for § € A”. Consider g : wo — wa
given by g(0) = sup{sup(X;) | n < 6}. Let A C A” be the intersection of A” with the club
consisting of the ordinals bigger than 6y and closed under g. A is the required set.



ON R-EMBEDDABILITY OF ALMOST DISJOINT FAMILIES 23

In V% consider the continuous function F,(5) as defined in Definition 36. Apply
Lemma 34 whose hypothesis is satisfied by Lemma 37 finding an Ssg-name 7 such
that p” | 67 < p” and

(5) P 16T I Fos) (35) = $a,, -
Define p’ < p in Ss41 by replacing in p”
e u by ¢ on the ag-th coordinate,

e 1 by 0 on the B¢-th coordinate,
e p(0) by 7 on the d-th coordinate.

It follows that p’ € S5, p' < p” <pandp' | (aeg+1) < (P" [ ag) "¢, 0 | (Ber+1) <
(0" 1 ag)~oand ' | (5+1) < (b | 67
Note that (5) and (3) gives that

P Ik F@(éomsag,))(éa) = Fy(o)(35) = 8,
which together with (4) gives the required (2). O

Remark 40. [t is proved in [11] that under the hypothesis of Proposition 39 there
s a continuous g : 2N 5 9N and either there is X C wo of cardinality wy such that
g(xe) = ye or g(ye) = xze. Note that if x¢ = s¢ and ye = s¢q1, where s¢ denotes the
£-th Sacks real for & < wsy, then there is there is no continuous g : 28 — 2V such
that g(z¢) = ye for wa-many & < wa. This follows from the fact that any continuous
function is coded in some intermediate model.

Theorem 41. In the Sacks model every almost disjoint family of cardinality ws
has the wy-controlled embedding property.

Proof. Work in the Sacks model. Let A be any almost disjoint family of cardinality
2¥ = w9 and ¢ : A — 2 any function. By Theorem 31 and Lemma 2 and Remark
3 there is a subfamily A’ C A of cardinality wy and a function f : A" — 2%,
such that the limits x4 = lim,c f(n) exist for each A € A" and are different for
distinct A € A’. By Theorem 39 there is a subfamily B C A’ of cardinality w; and
a continuous g : 2 — 2% such that g(x4) = ¢(A) for all A € B. By the continuity
of g we have ¢(A) = g(z4) = lim,eca g(f(n)) for all A € B. So f' : N — 2% given
by g o f witnesses the wi-controlled embedding property for A and ¢.

O

6. AN APPLICATION: ABELIAN SUBALGEBRAS OF AKEMANN-DONER
C*-ALGEBRAS

The application of our combinatorial results from the previous sections presented
here is related to noncommutative C*-algebras defined by C. Akemann and J. Doner
in [1] with the help of almost disjoint families. Let us recall these constructions.
We consider the C*-algebra M of all complex 2 x 2 matrices with the usual oper-
ations like in linear algebra and with the linear operator norm. In this section C
will stand for the field of complex numbers. By ¢, (M3) we denote the C*-algebra
of all norm bounded sequences from My with the supremum norm and the coordi-
natewise operations. By co(Mz) we denote the C*-subalgebra of £ (Mz) consisting
of sequences of matrices whose norms converge to zero.
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For 0 € [0,27) define a 2 x 2 complex matrix of a rank one projection by

[ sin?0  sinfcosh
PO = \ginfcosd  cos?

Given A C N and 6 € [0, 27) define Py g € oo (M2) by

0 né&A
P =
A0(n) {pe neA

Given an almost disjoint family A C p(N) and a function ¢ : A — [0,27) the
Akemann-Donner algebra AD(A, ¢) is the subalgebra of f.,(Ms) generated by
co(Mz) and {P4 4a) | A € A}. As the distances between Pyg and Pas g are at
least one for infinite and distinct A, A’ C N and any 6,6’ € [0, 27), such algebras are
nonseparable if A is uncountable. Clearly if A is uncountable and ¢ : A — [0, 27)
is constantly equal to 6, then AD(A, ¢) contains the nonseparable commutative
C*-algebra isomorphic to Cy(¥(.A)) of all complex valued continuous functions on
U(A) vanishing at infinity because P = Py = Pj since it is a projection. How-
ever, as Akemann and Doner proved under CH, one can choose A so that for every
injective ¢ : A — (0,7/6) the algebra AD(A, ¢) has no nonseparable commutative
subalgebra. In [5] the hypothesis of CH was removed by showing that a ZFC Luzin
family A is sufficient for this result of Akemann and Doner. We have the following
two lemmas implicitly from [1, 5]:

Lemma 42. Suppose that A is an almost disjoint family and ¢ : A — [0,2m). If
there is B C A of cardinality k and f : N — [0,27) such that lim,ep f(n) = ¢(n)
for every B € B, then AD(A, ¢) contains a commutative C*-subalgebra of density
K.

Proof. First define Py € oo (Ma) by Py(n) = pyn). For B € Bdefine Rp € £ (M)
by Rg(n) = Prxp(n), where x g is the characteristic function of B. The hypothesis
about f implies that Rp—Pp 4(5) € co(M2) and so Rp isin AD(A, ¢). The algebra
generated by {Rp | B € B} is commutative isomorphic to Co(¥(B)) and of density
K as required. O

Lemma 43. Let ¢ € R be such that ||Po — Py|| < 1/4 for 6 € [0,¢]. Suppose that
A is an almost disjoint family and that ¢ : A — [0, c| is such that for no B C A of
cardinality & there is f : N — [0, c] such that lim,ca f(n) = ¢(A) for every A € B.
Then AD(A, ¢) does not contain any commutative C*-subalgebra of density k.

Proof. This is a slight modification of an argument from [1] and modified in [5].
Let p: {Py | 0 € [0,1/4]} — [0,1/4] be defined by p(FPy) = 6. p is a continuous
map from a closed subset of the unit ball By of My into [0,1/4]. Use the Tietze
extension theorem to find a continuous 7 : By — [0,1/4] which extends p.

Suppose that C is a commutative subalgebra of AD(A, ¢) whose density is .
As in [1] and [5], in a slightly different language, it follows from simultaneous
diagonalization of commuting matrices that there are rank one projections g(n) €
M, such that a(n)g(n) = g(n)a(n) for each n € N and each a € C and we may
assume that [|g(n) — Pyl|? < 1/2 by (2.1.) of [5]. It is easy to note that for
each element a of AD(A, ¢) the limit lim,caa(n) exists and is equal to a multiple
of pycay- The density of C being x means that there is B C A of cardinality
k such that for each B € B there is ag € C such that the limit lim,cpap(n)
exists and is equal zppg(p) for a nonzero complex number zp. By the compactness
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of the unit ball in My for each infinite B’ C B there is an infinite B” C B’
such that lim,cp» q(n) = ¢ exists, and so it needs to be a rank one projection
which commutes with lim,e aap(n) which is zppg(p), S0 pe(p) and ¢’ commute but
¢ — pom)ll <1/V2+1/4 < 1 and so ¢’ = py(p) (see e.g. Lemma 3 of [5]). This
means that actually lim,cp q(n) exists and is equal to py(p) for each B € B. By the
continuity of 7 we have lim,ep 7(q(n)) = n(peB)) = ¢(B). Define f: N — [0,1/4]
by f(n) = n(g(n)). So lim,ecp f(n) = ¢(B) for every B € B contradicting the
hypothesis on A. O

As corollaries we obtain:

Theorem 44. In ZFC, for every almost disjoint family A of cardinality c there is
¢ A — [0,2m) such that the Akemann-Doner C*-algebra AD(A, ¢) of density ¢
has no commutative subalgebras of density c.

Proof. Fix an almost disjoint family A of cardinality ¢. By Theorem 6 there is
¢ : A — R such that for no B C A of cardinality ¢ there is f : N — R such that
lim,ep f(n) = ¢(B) for all B € B. By applying a continuous injective mapping we
may assume that R is replaced by [0, ], where ¢ € R is like in Lemma 43. Now
Lemma 43 implies that AD(A, ¢) has no commutative subalgebras of density c.

O

Theorem 45. It is consistent that every Akemann-Doner algebra of density ¢ con-
tains a nonseparable commutative subalgebra.

Proof. We claim that the above statement holds in the Sacks model. By Theorem
41 given any almost disjoint family A of cardinality ¢ and a functions ¢ : A — R
there is an uncountable B C A such that lim,ep f(n) = ¢(B) for all B € B.
It follows form Lemma 42 that AD(A, ¢) contains a nonseparable commutative
subalgebra. O

Theorem 46. Let ¢ € R be such that |[Py— Py|| < 1/4 for 6 € [0,c]|. It is consistent
with the negation of CH that for every almost disjoint family A of cardinality ¢ there
is ¢ : A — [0,¢] such that the Akemann-Doner algebra AD(A, ¢) of density ¢ has
no nonseparable commutative subalgebra.

Proof. Work in the Cohen model. Fix an almost disjoint family A of cardinality c.
By Theorem 18 there is ¢ : A — R such that for no uncountable B C A there is
f : N = R such that lim,cp f(n) = ¢(B) for all B € B. By applying a continuois
mapping we may assume that the interval R is replaced by [0, ¢], where ¢ € R is
like in Lemma 43. Now Lemma 43 implies that AD(A, ¢) has no commutative
nonseparable subalgebras. O

Theorem 47. Let c € R be such that | Po— Py|| < 1/4 for 6 € [0,¢c]. It is consistent
with the negation of CH that there is an almost disjoint family A of cardinality ¢
such that for every ¢ : A — [0, c] the Akemann-Doner algebra AD(A, ¢) of density
¢ has no nonseparable commutative subalgebra.

Proof. Work in the Cohen model. Let A be an almost disjoint family of cardinality
¢ from Theorem 17. By Theorem 17 for no ¢ : A — R there is an uncountable
B C Aand f: N — R such that lim,ecp f(n) = ¢(B) for all B € B. Now Lemma
43 implies that AD(A, ¢) has no commutative nonseparable subalgebras. O
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These results complete earlier result of [5] that there is in ZFC an almost disjoint

family A (any inseparable family) such that for every ¢ : A — [0, ¢) the Akemann-
Doner algebra of density w; has no nonseparable commutative subalgebra.
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11.

12.

13.

14.
15.

16.
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