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MICHAEL HRUŠÁK AND ALEXANDER SHIBAKOV

Introduction

This paper is part highly selective survey and part research announcement. It
reviews recent developments concerning the role convergent sequences play in the
theory of topological groups, concentrating on phenomena of set-theoretic nature
with important contributions from members of the Toronto Set Theory Seminar :
A. Dow, P. Koszmider, Y. Peng, J. Steprāns, P. Szeptycki, A. Tomita, S. Todorčević
and S. Watson.

It deals with two extreme cases, on one hand it studies groups whose topology is
determined by their convergent sequences, i.e. Fréchet and sequential topological
groups, and on the other hand, it looks at topological groups which contain no
non-trivial convergent sequences at all.

It has long been known that both phenomena trivialize in the realm of compact
(even locally compact) topological groups as

• (Ivanovskĭı-Vilenkin-Kuz’minov [51, 108, 53]/Cleary and Morris [16]) Ev-
ery (locally) compact topological group contains a non-trivial convergent
sequence, and

• (Hagler-Gerlits-Efimov [44, 38, 30]/Arhangel’skii and Malykhin [8]) Every
(locally) compact sequential topological group is metrizable.

The major developments central to the paper are the relatively recent solutions
to Malykhin’s problem concerning metrizability of separable Fréchet groups ([48]),
and Nyikos’s problem about intermediate sequential order in topological groups [81]
on one hand, and the solution of van Douwen’s problem asking about the existence
of an infinite countably compact topological group without non-trivial convergent
sequences, and, consequently, also the proof of existence (in ZFC) of a pair of
countably compact topological groups whose product is not countably compact,
providing a solution to Comfort’s problem in [49] on the other hand.

The paper will therefore be naturally split into two parts.
In the first part, which can be viewed as an update on Shakhmatov’s excellent

survey [74], we concentrate on Fréchet and sequential topological groups and present
a new Invariant Ideal Axiom (IIA) extracted from the above mentioned solutions
to Malykhin’s and Nyikos’s problems, which we propose as a paradigm axiom for
the study of convergence properties in topological groups. We show that the axiom
successfuly settles many of the problems mentioned in [74] and present a list of the
questions that remain open.
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The second part reviews the history of constructions of topological groups with-
out non-trivial convergent sequences, presents the use of iterated ultrapowers in
constructions of countably compact groups and presents outstanding open prob-
lems in the area.

All topological spaces and groups considered are completely regular. To see more
about topological groups in general, and about the place these problems occupy in
the general theory consult [6, 9, 18, 19, 24, 74, 91].

1. Fréchet and sequential groups

1.1. Notation ans standard facts. Recall that a topological space X is Fréchet
if for any x 2 A ✓ X there is a sequence S ✓ A such that S ! x. A space X is
called sequential if for every A ✓ X which is not closed there is a C ✓ A such that
C ! x 62 A. The term Fréchet space appears to have been coined by Arkhangel’skii
in [3], while the term sequential seems to appear for the first time in Franklin’s [31],
where the following notion is defined:

Given A ✓ X, define the sequential closure of A as

[A]0 = {x 2 X : C ! x for some C ✓ A }, and

[A]↵ = [{[A� ]
0 : � < ↵} for ↵  !1.

Then X is sequential if and only if A = [A]!1 for every A ✓ X, and the sequential

order of X is defined as

so(X) = min{↵  !1 : [A]↵ = A for every A ✓ X}.

Arkhangel’skii [4] introduced the hierarchy of ↵i-properties to study the be-
haviour of Fréchet spaces and products.Given a topological space X and i = 1,
1.5, 2, 3, or 4 we say that X is an ↵i-space provided for every countable family
{Sn : n 2 ! } of sequences converging to some point x 2 X (usually called a sheaf

at x) there exists a ‘diagonal’ sequence S converging to x such that:

(↵1) Sn \ S is finite for all n 2 !,
(↵2) Sn \ S is infinite for all n 2 !,
(↵3) Sn \ S is infinite for infinitely many n 2 !,
(↵4) Sn \ S 6= ? for infinitely many n 2 !.

There is a short list of important simple sequential test spaces:

• Arens space ([2])- S2 = [!]2 where U ✓ S2 is open if and only if for
every s 2 U the set { s [ {n} 2 Sn : s [ {n} 62 U } is finite,

• Arkhangel’skii-Franklin space ([7])- S! = [!]<! with U ✓ S! open if
and only if for every s 2 U the set {n 2 ! : s [ {n} 62 U } is finite.

• sequential fan ([1]1) - the quotient S(!) = S2/[!]1, and finally
• convergent sequence of discrete set ([25])- D(!) = !⇥![{(!,!)} ✓

(! + 1)2 in the natural product topology.

The sequential fan S(!) and the convergent sequence of discrete sets D(!) are
both Fréchet spaces (in the language of ideals they correspond to the ideals ;⇥Fin

and Fin ⇥ ; (see [46, 107]). D(!) is metrizable, S(!) is not ↵4. The spaces S2

and S! are sequential, and so(S2) = 2 while so(S!) = !1, S! is homogeneous but
not a topological group ([96, Theorem 6.1]). The following facts summarize known

1This is the earliest reference to the space we could find, though possibly it appeared earlier.
The earliest mention of the name sequential fan we could find is in [32].
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simple observations concerning the role of the test spaces in topological groups, we
attribute them according to where we think they appeared explicitly in print for
the first time:

Proposition 1. (1) (Nyikos [62]) Every Fréchet group is ↵4.

(2) (Nyikos [62]) A topological group contains a copy of S2 if and only if it

contains a copy of S(!).
(3) (Tanaka [88]) A countable sequential topological group is Fréchet if and only

if it does not contain a closed copy of S(!).
(4) (Banakh and Zdomsky [10]) Let G be a sequential group in which every

point is G�. If G contains a closed copy of D(!) then it is Fréchet.

Finally, let us mention that while Fréchet spaces which are ↵2 and not first
countable exist in ZFC ([68, 63, 41]), each of the following statements is relatively
consistent with ZFC that all Fréchet ↵2-spaces are ↵1 ([27]) and all Fréchet ↵1-

spaces are first countable ([28]).

1.2. Products of Fréchet and sequential groups. It was observed by van
Douwen [25] (implicitly also in [29, 31]) that the product D(!)⇥S(!) is not sequen-
tial. In particular, the products of countable Fréchet spaces (one of them metric)
need not be sequential, but also products of compact Fréchet spaces need not be
Fréchet [85]. The ↵i-properties were introduced to study the behavior of Fréchet
spaces under products (see e.g. [5, 42, 65, 67]). Let us mention a recent solution by
Todorčevic [95] to a conjecture of Nogura [67]: Assume OCA. If x and Y are both
Fréchet and ↵4, and X ⇥ Y is Fréchet then X ⇥ Y is ↵4.

The question of preservation of sequentiality and the Fréchet property under
products in groups also has a long history [42, 74]). We shall survey the main
development here.

In general the problem was settled by Todorčević [94] who showed that

Theorem 1 (Todorčević [94]). There are Fréchet groups G and H such that G⇥H

is not sequential, in fact, has uncountable tightness
2
.

Whether this can be done with one single group remains an open problem:

Question 1 (Shakhmatov [74]). Is there a Fréchet group G such that G⇥G is not

Fréchet?

Consistent examples were constructed by Malykhin [56], Malykhin and Shakhma-
tov [57], Shibakov [77, 80] and Peng-Todorčevic [70], usually assuming CH or MA.
Consistent negative partial answers follow from the results of the next section

In fact, the groups constructed by Todorčević in [94] are of the form Cp(X) and
hence their square is Fréchet.

Theorem 2 (Tkachuk [93]). If Cp(X) is Fréchet then Cp(X)! is Fréchet.

The theorem below also implies that H⇥G cannot be sequential.

Theorem 3 (Scheepers [72]). Let X be a topological space. Then ↵2, ↵3, and ↵4

are equivalent in spaces of the form Cp(X).

Much of this based on the work of Gerlits and Nagy:

2Recall that a topological space X has uncountable tightness if there is a point x in the closure
of a set A ✓ X which is not in the closure of any countable subset of A.
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Theorem 4 (Gerlits-Nagy [39]). The following are equivalent for a space X:

Cp(X) is Fréchet.

Cp(X) is sequential.

Gerlits and Nagy [39] also gave a combinatorial translation in terms of open
covers (see also [34]).

An analogous question for sequential groups seems very much open. Recall that
the product of a countable sequential group which not Fréchet and a countable
metrizable group is never sequential by the above mentioned observation of van
Douwen.

Question 2. Is there a non-Fréchet sequential group G such that G ⇥ G is not

sequential?

Consistent negative partial answers to both questions (they consistently fail for
countable groups) follow from the results mentioned in the next section.

1.3. Malykhin and Nyikos problems solved. The two prominent results con-
cerning Fréchet and sequential groups of the last decade, which build on [11] and
[14], answer old problems of Malykhin [6] and Nyikos [62] respectively, were:

Theorem 5 (Hrušák-Ramos [48]). It is consistent that every countable Fréchet

group is metrizable.

Theorem 6 (Shibakov [81]). It is consistent that every sequential group is either

metrizable or has sequential order !1.

We have recently [50] discovered a succinct way of expressing key properties of
these forcing models in the Invariant Ideal Axiom. Recall that an ideal is a family
I ✓ P(G) closed under taking subsets and finite unions, and it is invariant if both
g · I = {g · h : h 2 I} and I · g = {h · g : h 2 I}, and I

�1 = {h
�1 : h 2 I} are in I

for every I 2 I and g 2 G. Recall also that I+ = P(G) \ I. To state the axiom we
introduce the following two notions: A topological group G is remotely Fréchet if
every dense subset of G contains an infinite C convergent in G, and an ideal is small

if for every X 2 I
+ and every f : X ! ! there is a partition {Pn : n 2 !} of ! into

infinite pieces such that for every I 2 I there is an n 2 ! such that Pn \ f [I] = ;.

IIA: For every countable remotely Fréchet topological group G and every small in-

variant ideal I ✓ P(G) one of the following holds:

(1) there is a countable S ✓ I such that for every infinite sequence C convergent

in G there is an I 2 S such that C \ I is infinite,

(2) there is a countable H ✓ I
+

such that for every non-empty open U ✓ G

there is an H 2 H such that H \ U 2 I.

Theorem 7 ([50]). The Invariant Ideal Axiom IIA is relatively consistent with ZFC.

It should be mentioned here that some extra conditions on the group G and ideal
I are necessary as without any restrictions on G or I the axiom is false. In fact,
the current formulation of the axiom is only provisional and is likely to be changed
for the final version of [50].

The Invariant Ideal Axiom su�ces to entail the above results and more. Recall
that a k! space is a quotient image of a sum of countably many compact spaces
or, equivalently, there is a countable family K of compact subsets of the space such
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that a set U is open if and only if its intersection with every K 2 K is relatively
open in K.

Theorem 8 ([50]). Assume IIA. Then every countable sequential group G is either

metrizable or k!.

Countable k! groups have a very well understood structure: their topologies are
F��, and are completely determined by their compact scatteredness rank defined as
the supremum of the Cantor-Bendixson index of their compact subspaces:

Theorem 9 (Zelenyuk [110]). Countable k! groups of the same compact scattered-

ness rank are homeomorphic.

So, in particular, there is a complete list of k! group topologies on countable
groups of length !1, hence Theorem provides the (perhaps) ultimate answer to
Malykhin and Nyikos type problems.

Theorem 8 has the following definable analogue due to the second author which
answered a question of Todorčević and Uzcátegui [96] as a precursor:

Theorem 10 ([82]). All countable sequential analytic
3
groups are either k! or

metrizable.

Theorem 8 entails, in particular:

(1) Every separable Fréchet group is metrizable.
(2) Every Fréchet group is ↵1,
(3) The product of two countable Fréchet groups is Fréchet,
(4) Every countable sequential group is either metrizable or has sequential order

!1,
(5) The product of two countable sequential groups which are not Fréchet is

sequential.

The existence of consistent counterexamples to all of the above statements have
a long history (see e.g. [42, 60, 65, 74]).

We wish to make a case for IIA to be considered a canonical axiom for the study

of convergence properties in topological groups as it seems to get rid of many (if not
all) undesirable pathologies.

We close this section with an open problem:

Question 3. Is IIA true for definable groups and ideals? I.e., let G be a countable

group with analytic topology and let I ✓ P(G) be an invariant analytic ideal. Is it

true that one of the following holds?

(1) there is a countable S ✓ I such that for every infinite sequence C convergent

in G there is an I 2 S such that C \ I is infinite,

(2) there is a countable H ✓ I
+

such that for every non-empty open U ✓ G

there is an H 2 H such that H \ U 2 I.

Is the same true for all countable groups and all invariant ideals assuming AD?

3Here a topological space (X, ⌧) is analytic if X is countable and ⌧ is an analytic subset of
P(X).
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1.4. The ↵i-properties in Fréchet groups. As we saw in the last section, con-
sistently, all countable Fréchet groups are metrizable, and hence all Fréchet groups
are ↵1. By the result of Nyikos every Fréchet group is ↵4 in ZFC.

On the other hand, it has been shown by Shakhmatov [73] that consistently
there are countable Fréchet groups which are not ↵3 and by Shibakov [80] countable
Fréchet groups which are ↵3 but not ↵2

To study the gap between ↵3 and ↵4, Nogura [66] introduced a refined hierarchy:
A sheaf ⌥0 = {S

0
n : n 2 ! } is called a subsheaf of a sheaf ⌥ = {Sn : n 2 ! } if there

exists an injection j : ! ! ! so that ranS0
n ✓ ranSj(n) for each n 2 !. We call

a sheaf ⌥ = {Sn : n 2 ! } at x a cross-sheaf of ⌥ provided
S
⌥0

✓
S

⌥ and each
ranS0

n meets infinitely many Sm. For k 2 ! we define by induction what it means
for ⌥ to be k-nice as follows: ⌥ is 0-nice if

S
⌥ ✓ S for some convergent sequence

S, and ⌥ is (k + 1)-nice if each cross-sheaf of ⌥ has a k-nice subsheaf. For k 2 !

we call x an ↵
k
-point if each sheaf at x has a k-nice subsheaf. Finally, call x 2 X

an ↵
1
-point if every sheaf at x contains a k-nice subsheaf for some k 2 !. Finally,

call X an ↵
k
-space, k 2 ! [ {1} if every x 2 X is an ↵

k-point.
It is clear from the definitions that ↵3 = ↵

0
) ↵

1
) · · · ) ↵

1.

Question 4 ([73]). Is every (countable) Fréchet topological group an ↵
1

space? Is

↵3 = ↵
1

for Fréchet groups?

1.5. Vive la di↵érence. While in Section 1.3 we were looking for the most ”regu-
lar” behaviour of Fréchet and sequential groups, in this section we shall ask about
the other extreme. The first such question asks to what extent does the existence of
a non-metrizable Fréchet topology depend on the algebraic structure of the group.
Recall that a group G is called topologizable if it admits a non-discrete Hausdor↵
group topology. It is a surprising result of Ol’shanski and Shelah, independently,
that there are infinite groups which are not topologizable [69, 76].

Question 5 (Hrušák-Ramos [47]). Is it consistent that countable Fréchet non-

metrizable topological groups exist while some countable topologizable group does

not admit a non-metrizable Fréchet topology?

A similar question can be asked about the contribution of algebra in the behavior
of the sequential order.

Question 6 ([81]). Is it consistent that there exist countable groups of any sequen-

tial orders while some countable topologizable group does not admit any sequential

topology of sequential order ↵ for some ↵ 2 !1?

Question 7 ([81]). Is it consistent that there exist (countable) sequential groups of

every sequential order other than ↵ for some ↵ 2 !1?

It is consistently possible that countable and uncountable sequential groups be-
have di↵erently.

Theorem 11 ([84]). In the model obtained by adding !2 Cohen reals to a model of

} there are no countable groups of sequential order other than !1, 0, or 1 but there

are uncountable sequential groups of every sequential order.

Question 8 (Hrušák-Ramos [48]). Is it consistent with ZFC that there is a countable

Fréchet group of weight @2 but no countable Fréchet group of weight @1?
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1.6. Convergent sequences in pre-compact and countably compact groups.

The ⌃-product of !1 copies of Z2 is a standard example of a non-metrizable Fréchet
group. It is countably compact and not separable, of course.

Recall that a group is precompact if it is a subgroup of a compact group. All
countably compact groups are precompact.

Theorem 12 (Hrušák-Ramos [47]). It is consistent that every countable abelian

group admits a precompact non-metrizable Fréchet topology.

The paper containing the result contains a combinatorial condition characterizing
the existence of nonmetrizable precompact Fréchet group topologies in the spirit of
Gerlits-Nagy [39].

Question 9. Is it consistent that all sequential precompact (pseudocompact) topo-

logical groups are Fréchet? Are all countable sequential precompact topological

groups Fréchet in ZFC?

It turns out that ifG is a countable sequential group with a base of neighborhoods
of 1 consisting of open subgroups then G is Fréchet (such topologies are sometimes
called linear). I particular, every abelian precompact group of finite exponent has
a base of neighborhoods of 0 consisting of open subgroups of finite index.

Proposition 2. Every countable pre-compact sequential group of finite exponent

(in particular, every boolean group) is Fréchet.

Another partial result is:

Theorem 13 ([84]). In the Cohen model all countable precompact sequential groups

are Fréchet. There also exists a model of ZFC in which all countable precompact

sequential groups are metrizable.

Next we, briefly discuss recent developments concerning countably compact se-
quential groups, i.e. if we strangthen pre-compact to countably compact in the
above questions. Shakhmatov in [74] asked explicitly if every countably compact
sequential group is Fréchet. It turns out the answer is independent of the axioms
of ZFC. On the one hand:

Theorem 14 (Shakhmatov-Shibakov [75]). Assuming }, there exists a countably

compact sequential boolean group of sequential order ↵ for every ↵  !1

but is also consistent that there are no non Fréchet countably compact sequential
groups.

Theorem 15 ([81]). It is consistent with ZFC that every sequential countably com-

pact group is Fréchet.

We present two more questions about sequential countaby compact groups:

Question 10. Is it consistent that all sequential countably compact groups are

Fréchet while there exists a sequential precompact (pseudocompact) topological group

that is not Fréchet?

Question 11. Is it consistent that there exist countably compact Fréchet groups G

and H such that G ⇥ H is not Fréchet? A single countably compact Fréchet group

G such that G⇥G is not Fréchet?
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The following question asked privately by A. Dow serves nicely as a bridge be-
tween the two parts of the text:

Question 12 (Dow). Does every countably tight countably compact group contain

a convergent sequence?

2. Countably compact groups without convergent sequences

2.1. Groups without non-trivial convergent sequences. The second part of
this survey deals with groups which contain no non-trivial convergent sequences
whatsoever, i.e. every convergent sequence in the group is eventually constant. It
is not clear to us who first constructed a non-discrete topological group without
convergent sequences, but such quest can be traced at least to Leptin [54] and
Glicksberg [40] who independently discovered that an abelian group G endowed
with the Bohr topology, i.e. the weakest topology which makes all group homo-
morphisms ' : G ! T continuous4, has no non-trivial convergent sequences. The
first pseudocompact example in ZFC was constructed by Sirota [86], and further
research on compact group with dense pseudocompact subgroups without conver-
gent sequences thrived (see [21, 23, 33, 36, 58]), while the first consistent countably
compact example was given by Hajnal and Juhász [43] under CH. The research
on countably compact groups without convergent sequences gained on importance
with van Douwen’s [26] consistent solution to Comfort’s problem:

Question 13 (Comfort [20, 19]). Are there countably compact groups G0,G1 such

that G0 ⇥G1 is not countably compact?

The problem was motivated by the Comfort-Ross theorem5:

Theorem 16 (Comfort-Ross [22]). Any product of pseudocompact topological groups

is pseudo-compact.

In his paper [26] van Douwen showed that every Boolean countably compact
group without non-trivial convergent sequences contains two countably compact
subgroups whose product is not countably compact, constructed an example as-
suming MA and asked:

Question 14 (van Douwen [26]). Is there a countably compact group without non-

trivial convergent sequences?

More consistent examples and variations quickly followed [35, 36, 37, 45, 52, 87,
90, 99, 100, 101, 102, 103, 106] and the problem was finally solved in the positive
in [49]. We shall comment on the solution in the next two sections.

2.2. Iterated ultrapowers and p-compact groups. Throughout this section let
p be a free ultrafilter on !.

Recall ([12]) that a point x 2 X is the p-limit of a sequence {xn : n 2 !} ✓ X

(x = p-limn2! xn) if {n 2 ! : xn 2 U} 2 p for every open U ✓ X containing x. The
space X is p-compact if for every sequence {xn : n 2 !} ✓ X there is an x 2 X

such that x = p-limn2! xn.

4By T we denote the 1-dimensional torus.
5Recall that for topological space this fails badly as there are even countably compact spaces

whose product fails to be pseudocompact [61, 89].
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Given a group G we denote by

ultp(G) = G
!
/ ⌘ , where f ⌘ g i↵ {n : f(n) = g(n)} 2 p

the ultrapower of G w.r.t. p. The Theorem of Lós states that ultp(G) is a group
with the same first order properties as G, and G embedds into ultp(G) via constant
functions, so we can consider G as a subgroup of ultp(G). Let ult0p(G) = G. Given
an ordinal ↵ with ↵ > 0, let (slightly abusing the notation)

ult↵p (G) = ultp

0

@
[

�<↵

ult�p (G))

1

A ,

The Bohr topology (G, ⌧Bohr) lifts to a topology on ultp(G) as follows: Every
� 2 Hom(G,T) naturally extends to a homomorphism � 2 Hom(ultp(G),T) by
letting

�([f ]) = p - lim
n2!

�(f(n)).

� is then a homomorphism from ultp(G) to T. This process can be iterated all the
way to !1, extending � to � : ult!1

p (G) ! T and then defining ⌧Bohr as the weakest

topology making every � continuous, for all � 2 Hom(G,T).
The iterated ultrapower with this topology is not Hausdor↵, so we let

Ult!1
p (G) = ult!1

p (G)/K,

where K =
T

�2Hom(G,T) Ker(�).
The group (Ult!1

p (G), ⌧Bohr) is a Hausdor↵ p-compact topological group, with
[f ] = p-lim f(n).

It turns out that if G is the countable Boolean group and p a selective ultrafilter
then the iterated ultrapower construction produces a p-compact group without
non-trivial convergent sequences.

Theorem 17 ([49]). Let p 2 !
⇤
be a selective ultrafilter. Then (Ult!1

p ([!]<!), ⌧Bohr)
is a Hausdor↵ p-compact topological Boolean group without non-trivial convergent

sequences.

On the other hand, there is always an ultrafilter p for which (Ult!1
p ([!]<!), ⌧Bohr)

does contain non-trivial convergent sequences and, assuming CH this ultrafilter can
even be a P -point.

This suggest the following interesting questions:

Question 15 ([37, 49]). Is it consistent with ZFC that every Hausdor↵ p-compact

topological group contains a non-trivial convergent sequence?

Question 16 ([49]). Is the existence of an ultrafilter p such that Ult!1
p ([!]<!) con-

tains no non-trivial convergent sequences equivalent to the existence of a selective

ultrafilter? Is it consistent with ZFC that Ult!1
p ([!]<!) contains a non-trivial con-

vergent sequence for every ultrafilter p 2 !
⇤
?

C. Corral in [17] investigates the ultrapower construction for topological spaces
in general, and proves that there are severe limitations on when an ultrapower of a
topological group is a topological group, in particular.
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2.3. Comfort’s and van Douwen’s problems solved. The main theorem of [49]
is the existence in ZFC of a countably compact subgroup of 2c without convergent
sequences.

Theorem 18 ([49]). There is a dense countably compact subgroup of 2c without

non-trivial convergent sequences.

The proof of the theorem is very similar to the proof of Theorem 17: one again
starts with the Bohr topology on [!]<! and recursively extends homomorphisms us-
ing ultrafilters, only here one uses a carfully constructed c-sized family of ultrafilters
rather than a single one.

The van Douwen’s method then produces two countably compact subgroups
whose product is not countably compact:

Corollary 1 ([49]). There are countably compact groups G0,G1 such that G0⇥G1

is not countably compact.

It is very likely that the same idea helps solve the following version of Comfort’s
question:

Question 17 (Comfort [19]). Is there for every (not necessarily infinite  < 2c a

countably compact group G such that G

is countably compact but G

+

is not?

Recently Tomita [105], building on [49], answered the question positively for
  !1.

The last problem we mention here is due to Castro-Pererira and Tomita:

Question 18 (Castro-Pereira–Tomita [15]). Are there arbitrarily large countably

compact groups without non-trivial convergent sequences?

They showed [15] that the existence of a single selective ultrafilter is su�cient.

2.4. Wallace problem. A closely related problem is an old problem of Wallace:

Question 19 (Wallace [109]). Is every both-sided cancellative countably compact

topological semigroup necessarily a group?

It is well-known that by a method very similar to van Douwen’s one can en-
counter examples in every countably compact topological group without non-trivial
convergent sequences which contains a copy of Z, and such examples have been con-
structed assuming CH [71], weak versions of MA [98] or existence of many selective
ultrafilters [55].

It is, however, not straightforward that the method of either Theorem 17 or
Theorem 18 works for groups which are not torsion. We suspect they do, but new
ideas are needed.

Question 20 (Tkachenko [92]). Is there, in ZFC, a non-torsion countably compact

topological group without non-trivial convergent sequences?

Tkachenko [92] actually asks a formally stronger question, whether the free
abelian group on c-many generators can be given a countably compact group topol-
ogy without convergent sequences, a task that has been accomplished by him as-
suming CH in [90]. It was, however, noticed recently by Tomita [105] that any non-
torsion countably compact group without non-trivial convergent sequences contains
a countably compact free abelian subgroup, hence the two questions are equivalent.

Also recently Boero, Pereira and Tomita [13] constructed an example from a
single selective ultrafilter. We conjecture that the“canonical” construction works:
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Question 21 ([49]). Assume p 2 !
⇤
is a selective ultrafilter. Does (Ult!1

p (Z), ⌧ Bohr)
contain no non-trivial convergent sequence?

Acknowledgement. The authors would like to thank Ariet Ramos and Arthur
Tomita for commenting on parts of the survey.
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[28] A. Dow, J. Steprāns, Countable Fréchet ↵1-spaces may be first countable. Arch. Math. Logic
32 (1992), no. 1, 33—50.

[29] R. M. Dudley, On sequential convergence. Trans. Amer. Math. Sot. 112 (1964) 483–507.
[30] B. A. Efimov, Mappings and imbeddings of dyadic spaces. Mat. Sb. (N.S.) 103 (145) (1977),

no. 1, 52–68, 143.
[31] S. P. Franklin, Spaces in which sequences su�ce. Fundamenta Mathematicae 57 (1965) 107–

115.
[32] S. P. Franklin, B. V. Smith Thomas, On the metrizability of !-spaces. Pacific J. Math. 72

(1977), no. 2, 399–402.
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[46] M. Hrušák,Combinatorics of filters and ideals. Set theory and its applications, 29–69, Con-

temp. Math., 533, Amer. Math. Soc., Providence, RI, 2011.
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J. van Mill, eds) Recent Progress in General Topology II, North-Holland, Amsterdam, 2002,
463–484.

[75] D. B. Shakhmatov and A. Shibakov, Countably compact groups and sequential order., pre-
print (2019).

[76] S. Shelah, On a problem of Kurosh, Jónsson groups, and applications. Word problems, II.
(Conf. on Decision Problems in Algebra, Oxford, 1976), 373–394, Stud. Logic Foundations
Math., 95, North-Holland, Amsterdam-New York, 1980.

[77] A. Shibakov, Examples of sequential topological groups under the continuum hypothesis.
Fund. Math. 151 (1996), no. 2, 107–120.

[78] A. Shibakov, Sequential group topology on rationals with intermediate sequential order. Proc.
Amer. Math. Soc. 124 (1996), no. 8, 2599–2607.

[79] A. Shibakov, Sequential topological groups of any sequential order under CH, Fundam. Math.
155 (1) (1998) 79–89.
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