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Abstract. An almost disjoint family A of subsets of N is said to be R-embeddable if
there is a function f : N — R such that the sets f[A] are ranges of real sequences converging
to distinct reals for distinct A € A. It is well known that almost disjoint families which
have few separations, such as Luzin families, are not R-embeddable. We study extraction
principles related to R-embeddability and separation properties of almost disjoint families
of N as well as their limitations. An extraction principle whose consistency is our main
result is:

e every almost disjoint family of size ¢ contains an R-embeddable subfamily of size c.

It is true in the Sacks model. The Cohen model serves to show that the above principle
does not follow from the fact that every almost disjoint family of size continuum has two
separated subfamilies of size continuum. We also construct in ZFC an almost disjoint family
where no two uncountable subfamilies can be separated but every countable subfamily can
be separated from any disjoint subfamily.

Using a refinement of the R-embeddability property called the controlled R-embedding
property we obtain the following results concerning Akemann—Doner C*-algebras which
are induced by uncountable almost disjoint families:

e In ZFC there are Akemann—Doner C*-algebras of density ¢ with no commutative sub-
algebras of density c.

e It is independent from ZFC whether there is an Akemann-Doner algebra of density ¢
with no non-separable commutative subalgebra.

This completes an earlier result that there is in ZFC an Akemann—Doner algebra of den-
sity w1 with no non-separable commutative subalgebra.

1. Introduction. A family A of infinite subsets of N is almost disjoint
if any two distinct elements of A have finite intersection. The concept of al-
most disjointness was formally introduced by Sierpinski [33] and Tarski [35]
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in 1928. However, already two years earlier Alexandroff and Urysohn [2] im-
plicitly considered almost disjoint families defined as the ranges of sequences
of rationals converging to distinct reals.

Hence, we say that an almost disjoint family A is R-embeddable if there
is a function (called an embedding) f : N — R such that the sets f[A] for
A € A are the ranges of sequences converging to distinct reals (see e.g.
[16, 13]). Two families B,C of subsets of N are separated if there is X C N
such that:

(1) If B € B then B\ X is finite.
(2) If C € C then C' N X is finite.

Considering disjoint neighborhoods of two condensation points of the set
consisting of the limits of converging sequences we see that uncountable
R-embeddable almost disjoint families contain many pairs of uncountable
subfamilies which are separated. On the other hand, it is an old and beautiful
result of Luzin [22] that there is an almost disjoint family A of size w; such
that no two uncountable subfamilies of A can be separated. We will call
such uncountable families inseparable. To highlight the relationship between
inseparable and R-embeddable families, recall a dichotomy of [16] where it is
shown that assuming the proper forcing axiom (PFA) every almost disjoint
family of size wy either is R-embeddable or contains an inseparable subfamily,
while Dow [§] showed that under the same assumption every maximal almost
disjoint family (necessarily of size ¢) contains an inseparable subfamily.

An uncountable almost disjoint family A is called a Q-family @ if for
every B C A the families B and A \ B are separated (sometimes called a
separated family). One of the earliest applications of Martin’s axiom (MA)
was to prove the consistency of the existence of Q-families, which is false
under the continuum hypothesis CH by a counting argument (see [27] for a
historical account). All Q-families are R-embeddable and moreover they have
a stronger uniformization type property: for every ¢ : A — R there is f :
N — R such that f[A] is the range of a sequence converging to ¢(A) (in other
words lim,ca(f(n) — ¢(A)) = 0) for each A € A [13, Propositions 2.1, 2.3|.

It is natural and useful (see e.g., [3, Theorem 2.39]) to consider versions
of the above notions which are more cardinal specific. Let k be a cardinal.
Then:

e An almost disjoint family A has the k-controlled R-embedding property if
for every ¢ : A — R there is B C A of cardinality x and f : N — R such
that f[B] is the range of a sequence converging to ¢(B) for every B € B.

(*) Every Q-family, as a subset of P(w) with the Cantor set topology, is a Q-set, i.e.
every subset is a relative Gs [31].
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e An almost disjoint family A of size k is k-inseparable if no two subfamilies
of A of size k can be separated.

e An almost disjoint family A is k-anti Lusin if it has cardinality « and
for every subfamily B C A of cardinality x there are two subfamilies
By, B1 C B of cardinality x which can be separated [30)].

This paper is a contribution to the study of extraction principles for
almost disjoint families in the context of the above properties. Our main
positive results concern the cardinality of the continuum c:

e It is consistent that every almost disjoint family of size ¢ contains an
R-embeddable subfamily of size ¢ (Theorem [3I).

e It is consistent that every almost disjoint family of size ¢ has the wi-
controlled R-embedding property (Theorem .

e The above extraction principles are not consequences of every almost dis-
joint family of size ¢ containing a c-anti-Luzin subfamily (Theorems

and .

The first two extraction principles above are obtained in the iterated
Sacks model. As a side product we also prove that in that model every partial
function f: X — 2N for X C 2N of cardinality ¢ is uniformly continuous on
an uncountable Y C X (Theorem . We do not know if the consistency
of this property of functions can be deduced from known results as in [32]
or [7] or from the fact that under PFA every function is monotone on an
uncountable set (see [4]).

The third result above is obtained in the Cohen model from a result of
Dow and Hart (Theorem stating that in that model every almost disjoint
family is c-anti-Luzin [9, Proposition 2.6| using Steprans’s characterization
of P(N)/Fin in that model [34] and from the first of our negative results
below:

e In the Cohen model there is an almost disjoint family of cardinality ¢ with
no uncountable R-embeddable subfamily (Theorem .

e In the Cohen model no uncountable almost disjoint family has the w;-con-
trolled R-embedding property (Theorem .

We should recall here that by a result of Avilés, Cabello Sanchez, Castillo,
Gonzalez and Moreno [3, Lemma 2.36] it is consistent (follows from MA) that
c-inseparable families exist (c-inseparable families are called ¢-Luzin families
in [9 3]).

On the other hand, we also discover some ZFC limitations to other ex-
traction principles:

e No almost disjoint family of size ¢ has the c-controlled R-embedding prop-
erty (Theorem [6]).
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e There is in ZFC an inseparable family of cardinality w; which has all
possible separations (i.e., separating its countable parts from the rest of
the family) (Corollary [11]).

The second result is not only natural in the above context by showing
that one cannot even consistently hope for extracting from every inseparable
family an uncountable subfamily with even fewer separations (for example
like Mrowka’s family where one can only separate finite subfamilies from the
rest of the family). It has also found a natural application in a construction of
a thin-tall scattered operator algebra in [I1]. Note that under the assumption
of b > w; all inseparable families have the properties of our family from
Corollary [11] (see [38, Theorem 3.3]).

Some of the above results concerning the R-embeddability of almost dis-
joint families find immediate applications in the theory of C*-algebras. It was
in the paper [I] of Akemann and Doner that certain C*-algebras were asso-
ciated to an almost disjoint family A and a function ¢ : A — [0, 27). We call
these algebras Akemann—Doner algebras and denote them by AD(A, ¢). For
the construction see Section 6 or [I, [6]. These algebras, initially for A and ¢
constructed only under CH in [I], were the first examples providing a nega-
tive answer to a question of Dixmier whether every non-separable C*-algebra
must contain a non-separable commutative C*-subalgebra. Later Popa [29]
found a different (and ZFC) example, the reduced group C*-algebra of an
uncountable free group. However, the latter C*-algebra is very complicated
(e.g. it has no non-trivial idempotents [28] etc.) while Akemann—Doner al-
gebras are approximately finite dimensional in the sense of [I0], that is,
there is a directed family of finite-dimensional C*-subalgebras whose union
is dense in the entire C*-algebra. In [6] it was noted that employing an in-
separable family A one can obtain in ZFC a non-separable Akemann—Doner
algebra with no non-separable commutative subalgebra. Such ZFC examples
must be obtained from almost disjoint families A of cardinality wq. This
is because we have, for example, the above mentioned result of Dow and
Hart that it is consistent that every almost disjoint family of cardinality ¢ is
c-anti-Luzin. The cardinality of the almost disjoint family A is the density of
the C*-algebra AD(A, ¢), that is, the minimal cardinality of a norm-dense
set. Some natural questions arose, for example, whether one can have in ZFC
an Akemann—Doner algebra of density ¢ with no non-separable commutative
subalgebra or whether it is consistent that every Akemann—Doner algebra
of density ¢ has a commutative C*-subalgebra of density ¢. Here we answer
these questions:

e In ZFC there are Akemann—Doner C*-algebras of density ¢ with no com-
mutative subalgebras of density ¢ (Theorem .
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e [t is independent from ZFC whether there is an Akemann—Doner algebra
of density ¢ with no non-separable commutative subalgebra (Theorem
and the result of [I]).

In fact, we also prove in Theorems (7] and that the existence of
non-separable commutative C*-subalgebras in every Akemann—Doner alge-
bra does not follow from the negation of CH.

The structure of the paper is as follows: in Section 2 we prove some
preliminary ZFC results concerning R-embeddability, Section 3 is devoted to
the construction of an inseparable almost disjoint family where all countable
parts can be separated from the remaining part of the family, Section 4
is devoted to the results mentioned above that hold in the Cohen model
and Section 5 to the results that hold in the Sacks model. Finally, Section 6
concerns the consequences of the previous results for Akemann—Doner C*-al-
gebras.

The set-theoretic terminology and notation are standard and can be
found in [I7]. The knowledge of C*-algebras required to follow Section 6
does not exceed a linear algebra course concerning 2 x 2 matrices. Any ad-
ditional background can be found in [25].

All almost disjoint families are assumed to be infinite and consist of
infinite sets. A C* B means that B\ A is finite. We use N, R, Q for the non-
negative integers, reals and rationals respectively. When we view elements of
N as von Neumann ordinals, i.e. subsets and /or elements of each other, then
we use w for N. The cardinality of R is denoted by c. If  is a cardinal and X
is a set, then [X]" denotes the family of all subsets of X of cardinality . In
particular [A]? is the set of all pairs {a, b} of elements of A. Elements of A"
for n € w are n-tuples in A, ie., t = (¢(0),%(2),...,t(n — 1)). We consider
2<% = J,,e,, 2" with inclusion as a tree; we also consider its subtrees T and
then [T] denotes the set of all branches of T'. The terminology concerning
Cohen forcing C and Sacks forcing S is recalled at the beginning of Sections 4
and 5 respectively.

2. Preliminaries

2.1. R-embeddability of almost disjoint families. Recall the def-
inition of an R-embeddable almost disjoint family from the introduction.
A useful tool for describing properties of almost disjoint families are the
associated ¥-spaces [I5]. The ¥-space corresponding to an almost disjoint
family A C p(N), whose points are identified with NUA, is denoted by ¥ (.A).

LEMMA 1. Suppose that A is an almost disjoint family. There is a 1-1
correspondence between continuous functions ¢ : W(A) — R and functions
f N =R for which x4 = limueca f(n) exists for each A € A. It is given by
f=¢IN. Then x4 = ¢p(A) for each A € A.
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LEMMA 2. Let A C p(N) be an almost disjoint family. Consider N<*UN¥
with the topology where N<¥ is discrete and the basic neighborhoods of x € N¥
are of the form

{y e N UNY | y(n) = x(n) for alln € F}

for any finite F C w. The following conditions are equivalent (to the property
of being R-embeddable):

(1) There is a continuous ¢ : ¥(A) — R such that ¢[.A is injective.

(2) There is a continuous ¢ : U(A) — R such that ¢[.A is injective and ¢[A]
has dense complement in R.

(3) There is a continuous ¢ : W(A) — R such that ¢|.A is injective and
SLA] C R\ Q.

(4) There is a continuous ¢ : W(A) — R such that ¢ is injective, p[A] C R\Q
and ¢[N] € Q.

(5) There is a continuous ¢ : W(A) — N<Y UNY such that ¢ is injective,
S[A] C N and ¢[N] C N<“.

(6) There is a continuous ¢ : W(A) — 2 such that ¢|A is injective.

Proof. (1)=-(2) We may assume that A is infinite. Let U C R be the
interior of ¢[A]. If it is empty, we are done. Otherwise let E = {e,, | n € N}
C U be countable and dense in U. A continuous ¢’ : ¥(A) — R\ F such that
¢ [W(A)] C ¢[W(A)] will satisfy (2). Let {z} | n,k € N} C ¢[A] be distinct
where xff = e, for each n € N and such that |2} — 27 | < 1/(n+ k). We
may choose such z¥s since e,s are in the interior of ¢[A]. Let A% € A be
such that ¢(A}) = «} for each n,k € N. Find finite G} C A} such that
the sets A} \ G} are all pairwise disjoint and |¢(i) — x}| < 1/(n + k) for all
i € AU\ G7 with n, k € N.

Modify ¢ to obtain ¢’ in the following way: Put ¢'[(A} \ G}) to be
constantly a3, ; for each n,k € N and ¢'(A}) = 2}, for each n,k € N, and
let ¢’ be equal to ¢ at the remaining points of ¥(A).

Injectivity of ¢'|.A and the inclusion ¢/[¥(A)] C ¢[¥(A)] \ E are clear.
So we are left with the continuity. ¢’ is clearly continuous at each A} for
n,k € N. Let A € A be distinct from all A}'. Then each intersection A N Ay
is finite. As |¢/ (i) — ¢(7)| < 2/(n+k) for i € A} with any n, k € N, it follows
that lim;ea |¢' (i) — ¢(i)| = 0, that is,

lim /(1) = lim 6(7) = 6(4) = &/ (4).

(2)=-(3) Choose a dense countable E C R\ ¢[A]. Let n : R — R be a
homeomorphism such that n[E] = Q and consider ¢/ =17 o ¢.

(3)=(4) Take ¢ satisfying (3) and modify it on N to obtain ¢’ such that
¢'(n)s are distinct rationals for all n € N and |¢p(n) — ¢'(n)| < 1/n for
all n € N.
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(4)<(5) First we construct a certain bijection p : N<“ UN“ — R such
that p[N<¥] = Q and p[N¥] =R\ Q. Define a family (Is | s € N<¥) of open
intervals with rational end-points with the following properties:

o Ip =R

o | J{Is~p|neN}=I.

e FEach end-point of an interval I is an endpoint of another interval Iy with
|s| = |s'].

e The diameter of I is smaller than 1/|s| for s # 0.

e For every s € N<¥ we have Iy, N I4~, = 0 for distinct n,n’ € N.

e Every rational is used as an end-point of two (and necessarily only two
adjacent, by the previous properties) of the intervals I for s € N<“; and
0 is an end-point of two of Iss for some |s| = 1.

First define p on N<“ by defining p(s) by induction on |s|. Let p(#) = 0. If
|s| = 1, then p(s) is the right end-point of I if I consists of positive reals,
and p(s) is the left end-point of I if I consists of negative reals. If |s| > 1,
then p(s) is the left end-point of I;. For z € N¥ let p(x) be the only point
of nnEu) IfL" [n:

Note that p is continuous and that p=1(z,) — p~1(z) if z, is a sequence
of rationals converging to an irrational x. This proves (4)<(5).

(5)=(6) First note that there is an n: N<¥ UN* — N which is contin-
uous and the identity on N¥: send s € N<“ to s~ 0%. Now note that there is
¢ : N¥ — 2% which is continuous and injective. Use the composition of these
functions to deduce (6) from (5).

(6)=(1) is clear. =

REMARK 3. Using Lemma [I] we obtain versions of the conditions from
Lemma [2] for functions from N into R. In particular the definition of an R-
embeddable almost disjoint family from the introduction which is a version
of item (1) of Lemma [2|is equivalent to some versions in the literature, e.g.
in [I3] which contains versions of item (4) of Lemma 2}

The following is a simple condition that allows us to get R-embeddability.

LEMMA 4. Let T C 2<% be a tree, Z C [T] and A = {A, | r € Z} an
almost disjoint family of subsets of N. Suppose there is a family {Bs | s €
T} C [N]¥ with the following properties:

(1) Bi=U{B~i|t7ieT, ic{0,1}} forallt€T.
(2) BsN By is finite whenever s,t € T' are incompatible.
(3) Ay € pew Brin for everyr € Z.

Then A is R-embeddable.

Proof. Define ¢ : W(A) — 2 by putting ¢(A,) = r for all r € Z and
¢(n) = s0¥if n € By, |s| > n and s is the first sequence in the lexicographic
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order which satisfies the previous requirements. If there is no such s € 2<%,
then put ¢(n) = 0¢. Clearly ¢|A is injective, so to check (1) of Lemma [2] we
are left with the continuity. Fix r € Z. We shall show that ¢ is continuous
at A,.

By (3), if k € A,, then k € B,.,, for every n € w. Fix n € w. So if we take
k € w belonging to the set

(%) AN B |t = n, t # 7ln},

then the condition “k € By and |s| > n” implies r[n C s by (1). By (2) the
set in (%) almost covers A,, and so for almost all elements of k € A, we
have r[n C ¢(k). As n € w was arbitrary, it follows that limgeca, ¢p(k) =7 =
®(A,), as required for the continuity. =

REMARK 5. Recursively one can construct a family of convergent se-
quences (¢%)nen of rational numbers for o < ¢ in such a way that no tree
T C 2<% and no collection {B; | t € T} satisfies the hypothesis of Lemma
for any family of p(N) obtained through a bijection between N and Q
from {{¢%}nen | @ < ¢}. It follows that the condition in Lemma {4|is not
equivalent to R-embeddability. This way one can also conclude that there
are R-embeddable almost disjoint families of subsets of N which are not
equivalent to a family of branches of 2<%.

2.2. x-controlled R-embedding property. Recall the definition of
the k-controlled R-embedding property from the introduction.

THEOREM 6. No almost disjoint family A of size ¢ has the c-controlled
R-embedding property.

Proof. Let A be an almost disjoint family of size ¢ consisting of infinite
sets. Let (My)a<c be a well-ordered, continuous, increasing chain of sets
satisfying:

(1) |My| < max(|af,w) for each o < ¢.

(2) RN? Q(N) g Ua<c MOC'

(3) If A € My N p(N) and f € M, NRY and lim,ec4 f(n) exists, then it
belongs to My41.

It should be clear that one can construct such a sequence (My)a<c. Define
¢ : A—[0,1] so that ¢(A) € R\ My(a)41 for A € A, where
a(A) =min{a < c| A e M,}.
This can be arranged by (2) and by (1). Now suppose A" C A has cardi-
nality ¢ and let f : N — R. By (2) there is ap < ¢ such that f € M,,. Take

A € A’ such that a(A) > «g, which exists by (1) as A’ has cardinality c.
Then A € My4) N p(N) and f € M,y N[0,1]%, so by (3), if limpea f(n)
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exists, then it belongs to My(ay41- But ¢(A) &€ My(a)41 by the definition
of ¢, so limyeca f(n) # ¢(A). =

However, it is quite possible to have almost disjoint families of cardinal-
ity & with the k-controlled embedding property:

PROPOSITION 7 ([13, cf. 2.3]). Let K be a cardinal. Assume MA,. Then
every subfamily A of cardinality k of the Cantor family C = {A, | v € 2}
C p(2<¥), where Ay = {xIn | n € w} for x € 2¥, has the following strong
version of the k-controlled embedding property: For every function ¢ : A —
[0,1] there is a function f: 2<% — [0,1] such that for all A € A,

lim f(s) = ¢(F).

Proof. Tt is well known that under the above hypothesis all subsets of 2¢
of cardinality xk are Q-sets and that it implies that all subfamilies of the
Cantor family of cardinality x can be separated from the rest of the family,
i.e. they are Q-families in our terminology from the introduction. It follows
that ¥(.A) is a normal topological space. As the non-isolated points of ¥(.A)
correspond to A and form a discrete closed subset of ¥(A), any function ¢
on them is continuous and extends by the Tietze extension theorem to a
continuous ¢ : ¥(A) — [0,1]. So put f = ¢[2<“ and use Lemmaidentifying
2<% and N. m

3. A Luzin family with all possible separations in ZFC. The main
striking property of the family constructed by Luzin [22] is that it is in-
separable. On the other hand, there is also an almost disjoint family A4 of
size W; such that every countable B C A can be separated from A\ B im-
plicitly constructed in [I8] (see also |21, 26]). Here we construct an almost
disjoint family which satisfies both properties simultaneously. As both of
these properties are hereditary with respect to uncountable subfamilies, this
shows certain limitations to any further extraction principles.

To construct the almost disjoint family with the aboved-mentioned prop-
erties we need colorings of pairs of countable ordinals with properties first
obtained by Todor¢evi¢ [36] (cf. [37]). In fact, the concrete construction we
choose, due to Velleman [39], is based on a family of finite subsets of w;. It
was Morgan [24] who connected these two ideas. For functions ¢ : [w1]? — N
we will abuse notation and denote c({c, 8}) by c(a, B).

THEOREM 8. There is a sequence (go | @ < wi) C {0,1,2}N and a
coloring ¢ : [w1]? — N satisfying the following:
(1) For all B < o < wy for all k > ¢(B, ) we have {gg(k), ga(k)} # {1,2}.
(2) For all B < oo < wy we have gg(c(B,a)) =1 and go(c(B,a))} = 2.
(3) Forally < f<a<wi ifc(y,B) > cla,B), then c(v, B) = c(v, a).
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(4) For all o« < wy and all m € N the set {f < a | ¢(S,a) < m} is finite.
(5) For all a < wy the sets and g, [{1}] and g;[{2}] are infinite.

Proof. We choose the approach from [19, Section 5]. Thus our ¢ : [w1]?
— Nis m of [19, Definition 5.1|, i.e., ¢(«, /3) is the minimal rank of an element
X € p such that a, 8 € X where p is an (w,w;)-cardinal, in particular p is
a well founded collection of finite subsets of w; such that for every X € u of
non-zero rank, X = X x X5, which means in particular that X = X; U X
and X1 N Xy < X7\ X2 < X5\ Xy, where for two sets A, B of ordinals
A < B means that a < g for any a € A and 8 € B. For more details on the
structure of p see [19, Definition 1.1].

The functions g, for a < w; are defined as follows: for n = 0 we put
9a(0) = 0 for any o < wy and for any n € N we set

0 if 3X; % X9 € p rank(X;) = rank(Xs) =n, a € X1 N Xo,
ga(n+1) =<1 if 3X;7 % Xy € p rank(X;) = rank(Xs) =n, a € X7\ Xo,
2 if 39X x Xo € p rank(X;) = rank(X2) =n, a € X\ X;.

Here X % X5 is as in [19, Definition 1.1(5)|. First let us argue that the
gos are well defined. By [19, Definition 1.1(6,7)| each o € wy is in an element
of rank zero of the (w,w;)-cardinal p. Now by Velleman’s Density Lemma
[19, 2.3] it follows that « is in an element of rank n of u for any n € N.
By [19, Definition 1.1(5)] each element X of u of rank greater than zero
is of the form X; % X5, which means in particular that X = X; U X5 and
X1 N Xy < X1\ Xo < X2\ Xy. Now suppose that a € X = X7 * Xy
and o € Y = Y] % Y5 and the ranks of Xi, Xo,Y1,Ys are elements of p of
fixed rank n € N. By [19, Definition 1.1(3)| there is an order preserving
fyrx : X — Y, which by [19, Definition 1.1(3,5)] must satisfy f[X;] = Y3
and f[X2] = Y2 and moreover f[(X N(a+1)) is the identity on X N (a+1)
be the coherence lemma 2.1 of [19], so fy x (o) = a and f[X1NXs] = Y1NY>,
f[X1\Xe] = Y1\ Y5 and f[ X5\ X1] = Y5\ Y7 and so the value of g, (n+1) does
not depend on whether we applied the definition of go(n + 1) to X7 x X,
or Y7 * Ys, which completes the proof of the claim that the g,s are well
defined.

Now we will prove (1) and (2) for & < < w; such that ¢(a, ) > 0. For
(1) let n+1 = k > rank(X) such that o, € X € p. Let Y (which exists
by the above-mentioned Density Lemma) be such that X C Y € p and
rank(Y) = k. Then Y = Y] % Ys. By [19] Definition 1.1(5)] we have X C Y}
or X C Y, s0{gs(k),ga(k)} # {1,2}. (2) follows from the definition of ¢, i.e.,
from the minimality of the rank of X 3 «, 8, which is of the form X; U X5
with X; \ X2 < X2\ X1 by [I9, Definition 1.1(5)] and by the hypothesis
that ¢(a, 5) > 0. Property (3) is [19, Corollary 5.4(2)|. Property (4) is [19,
Proposition 5.3(a)].
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To obtain (5), recall [19, Theorem 4.5] that (g5 [{1}], 95 [{2})a<w, is
a Hausdorff gap, so the sets must be infinite from some point on, so it
is enough to remove possibly countably many o < w; and renumber the
remaining ones.

So it remains to remove the hypothesis ¢(a, 8) > 0 from (1) and (2).
Note that what we have proved so far is valid for «, 3, from any subset
of wi, in other words we can pass to an uncountable subset X of w; and
consider only g,s for a € X and then renumber X as w; in an increasing
manner. So we need to argue that there is an uncountable X C wq such that
cla, ) > 0 for all & < B and a, 8 € X. To obtain X apply the Dushnik—
Miller theorem [I7, Theorem 9.7| to a coloring d : [w1]?> — {0,1} given by
d(a, ) = min{1, ¢(a, §)} knowing that all elements of rank zero must have
fixed finite cardinality. =

THEOREM 9. There are families (Xq,Ya, Ao, Ba | a < wy) of subsets
of N such that:

1) X, = Ay U By, is infinite, Ao N By =0 for all o < wy.

2) XgNXo=*0 forall B < a<w.

3) Y3 C*Y, forall f < a<wi.

4) Xg C*Y, forall B < o < wy.

5) XaNYy =0 for all « < wy.

6) For every a < wy and every k € N, for all but finitely many B < « there
is | >k such that | € Ag N B,

Proof. Define all the sets as subsets of [{0,1,2}<“]? instead of N. For
a < wy put X, = Aq U By, where
Aq = {{gal(n+1),s} | s €{0,1,2}", go(n) =
Bo={{gal(n+1),s} | s €{0,1,2}"", go(n)
Then (1) is clear by Theorem [§|(5).

If B <a<wand {r,s} € XoNXz for n € Nsuch that |r| =|s| =n+1
and gol(n +1) # gsl(n + 1), then {r,s} = {gal(n + 1),gs(n + 1)} and
{r(n),s(n)} = {1,2}, which means that n < ¢(a, 8) by Theorem [§[1,2). So
we obtain (2).

Note that if § < a < wi, then {go[(c(a, B) + 1),ga[(c(a, B) + 1)} €
A N B, by Theorem [§(2), so by Theorem [§(4) we obtain (6).

For o < wy define

Vo= U(xs\ U Ho1252),
B<a i<c(B,a)
It follows that Xz C* Y, if f < o < wy, so we have (4). Also Y, N X, =0

because X N Xo € U<, {0, 1,2} 12 by Theorem (1,2), so also (5)
holds. -

N N N N N N

1,s(n) =2}, ne N},
2, s(n) =1}, n € N}



26 O. Guzmén et al.

If v < B < o we have ¢(v,3) = c(v,«) with the possible exception for
v < B in the set D(B,a) = {6 < B | ¢(6,8) < c¢(B,a)} by Theorem [§3).
Moreover D(f3, ) is finite Theorem [§[(4). So almost all summands in the
definition of Y3 appear literally in the definition of Y,,. The remaining sum-
mands of Yz are Xy \ U;<.(,,5 {0, 1,2} for v € D(B3,a). Each of them
is almost equal to a summand of Yy of the form Xy \ U;<.(y,4)[{0;1, 2}1]2
for v € D(B, o), which proves that Yz C* Y,, which is (3), completing the
proof. m

An example of the use of the partition of X, above into A, and B, is
given in the following proposition which has found an application in [11].

PROPOSITION 10. There are families (X), Y. : a < wy) of subsets of N
and bijections fo : N x N — X/, such that:
(1) XpNnX,="0 forall B <a<uw.
(2) Y5 €'Y, forall B <a<uw.
(3) X C* Y, forall B <a<uw.
(4) X,NY, =0 for all o < wy.
(5) For every a < wy and every k € N, for all but finitely many B < « there
are my < --- <my and ny < --- < ng such that

faliyng) = fg(j,mi)  forall1 <i,j <k.

Proof. Consider a pairwise disjoint family {I; | [ € N} of finite subsets N
where I; = {l;; | 1 < 4,57 <1} U{r}. Define X, = J{I; | | € Xo} and
Y, =U{L |1 € Yo} where X,, Y, satisfy Theorem [9] It is clear that (1)-(4)
are satisfied. Put X/ = J{; \ {ri} | | € Xo}. Now for o < wy let A, and
B, be as in Theorem [9] and define recursively in [ € X, for elements of
I\ {r;} an injection hy : X! — N x N in such a way that if I € A,, then
there are m; < --- < my such that ho(l; ;) = (4, m;) for all 1 <4,j <, and
if | € B,, then there are ny < --- < ny such that hy(l; ;) = (i,n;) for all
1 <14,5 < 1. Now use the elements {r; | | € X,} to extend h, to a bijection
., : X!, = N x N and define f, = (h,)~'. Note that Theorem [96) gives
[ > k such that I € Ag N By, and so (5) follows. =

We may note several interesting properties of the almost disjoint family
(Xa | @ < wi) from Theorem [9]

COROLLARY 11. There is an almost disjoint family A which is inseparable
(Luzin), but for every countable B C A, the families B and A\ B can be
separated.

Proof. As two parts of a countable almost disjoint family can be sepa-
rated, it is enough to separate the initial fragment {X3 | # < a} from the
remaining part {Xg | # > a}. Our family from Theorem [J] of course has
such a separation Y, so it is enough to show that it is inseparable. For this,
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note that Theorem [9f(5) implies that given a < wy and k € N, for all but
finitely many 5 < a we have max(XgN X,) > k. This condition implies the
inseparability of the family in the standard way as in the case of the Luzin
family (cf. [15]). =

COROLLARY 12. There is a Luzin family (X, | o < w1) such that when-
ever X C wq is uncountable and councountable, there is a Hausdorff gap
(AX BY)ocw, for which (X, | @ € X),(Xa | @ € w1 \ X)) is its almost
disjoint refinement.

Proof. Take the families (X, | @ < wy) and (Y, | @ < wy) from The-
orem [9 Using the non-existence of countable gaps in p(N)/Fin, for each

o < wy we can recursively construct a separation CX of (X5 | 8 € X Na)
and (X5 | B € a\ &), i.e., CX C N such that:

XgCrCXifeand.
XgNCX=*0if Beal\X.
CENYs C* CYif B <a.
(Ys\CF)NCY =*0if 5 <a.

Putting AX = CX NY,, BX =Y, \ CX we obtain a Hausdorff gap. =

4. R-embeddability in the Cohen model. Cohen forcing C consists
of elements of N<“ and is ordered by reverse inclusion. By the Cohen model
we mean the model obtained by adding ws-Cohen reals with finite supports
to a model of the Generalized Continuum Hypothesis (GCH). Given X C ws
we define Cx as the forcing adding Cohen reals (with finite supports) indexed
by X. The following lemma is well known:

LEMMA 13 (Continuous reading of names for Cohen forcing). If A is a
C-name for a subset of N, then there is a pair ((Bn)nen, F') such that:

(1) Each B, C N<¥ is a mazimal antichain.

(2) If s € Byy1 then there ist € By, such thatt C s.
(3) F:U,enBn — 2.

(4) If c € N¥ 4s Cohen over V| then

Ale] = {n|3m ((cIm) € B, & F(cIm) =1)}.

Here by Alc] we denote the evaluation of the name A using the generic
real c. If the conditions (1)—(4) hold, we will say that ((B,)nen, F) codes A.

As a warm-up we present a direct proof of a result of Dow and Hart from
[9] which was obtained there using an ingenious axiomatization of p(N)/Fin
in the Cohen model.

THEOREM 14 ([9]). In the Cohen model, every almost disjoint family of
stze wo 1S wo-anti-Luzin.
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Proof. 1t is enough to show that in the Cohen model, every almost dis-
joint family of size ws contains two subfamilies of size wo that are sepa-
rated. Let A = {A, | & € wy} be a Cy,-name for an almost disjoint family.
Since C,, has the countable chain condition, for every o € wy we can find
Se € [wa)¥ such that each A, is in fact a Cg,-name. By CH and the A-
system lemma, (see [20, Lemma II1.6.15]) we can find X € [ws]“? such that
{Ss | @ € X} forms a A-system with root R € [wa]®.

We may further assume that the root R is the empty set (if not, we
simply turn to the intermediate model obtained by forcing with Cg). Since
Cg, is a forcing notion equivalent to C, we may assume that for each oo € X,
A, is a C{qy-name. Since V' is a model of CH, we can find X; € [X]*? and a

pair ((Bn)new, F') that codes A, for every a in X;. In other words, if & € X7,

then A, is forced to be equal to
{n|3Im ((¢alm) € B, & F(¢aIm) =1)}

(where ¢, is the name of the ath Cohen real). We claim that there are
s,t € N<% such that:

(1) s and t are incomparable nodes of the same length.
(2) There are no m, s’,t’ with the following properties:

(a) m > [s], [¢].

(b) §',t' € Byy,.
(c)sCs,tCt.

(d) F(s) =F({') =1.

If there were no such s and ¢, by a simple genericity argument we would
obtain two elements of A with infinite intersection, which is not possible (in
fact, every pair of incomparable nodes can be extended to a pair of nodes
satisfying these properties). In V[G], define

Co = {Aalcal | € X1 N5 Ccal,
C1 = {Aufca] | v € X1 At Ccal.

It is easy to see that both families are of size wo and are separated by

U{A\m’AECO} ]

A stronger statement “Every almost disjoint family of size continuum
contains an R-embeddable subfamily of size continuum”; is consistent but it
is false in the Cohen model. We will prove the latter fact in the rest of this
section and the former in the next section.

We denote by T the set of all finite trees T'C N<“ such that all maximal
nodes of T have the same height, denoted by ht(T). Given a tree T C N<¥
we define [T)%= = {{s,t} € [T)? | |s| = |t|}.
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DEFINITION 15. Define P as the collection of all triples p = (T}, R, ¢p)
that satisfy the following properties:

(1) T, €T.

(2) By C [T)>~.

(3) If{s t} € Ry and {s',t'} € [Tp]>~ with s C s’ and ¢t Ct then {s,t'} € R,,.
4) ¢p: T, — 2.

(5) There is no {s,t} € R, such that ¢,(s) = ¢,(t) =1

Given p,q € P we say p <p ¢ if T, C Tp, R, = R, N [T,]*>=, ¢4 C bp.
Since P is a countable partial order, it is a forcing notion equivalent to
Cohen forcing. We define ¢gen to be [J{¢p | p € G} (where G is the name

for a generic filter of IP). It is easy to see that ¢gen is forced to be a function
from N<¥ to 2.

DEFINITION 16. We define U as the set of all sequences (p, (sq)acr) with
the following properties:

e pcelP.

o ['c [0.)2]<w.

o 5o €T, for every a € F' (where p = (T}, Rp, ¢p))-
We define (p, (sa)acr) < (¢, (ta)aca) if

®p<pgq.

e GCF.

o i, C s, for every a € G.

It is easy to see that U is forcing equivalent to C,,. Moreover, U is
forcing equivalent to first forcing with P and then adding we-Cohen reals.
Given a < wy we define A, to be the set {n | dgen(éaln) = 1} (Where ¢4 is
the name for the ath Cohen real). It is easy to see that A = { A, | o < wo}
is forced to be an almost disjoint family of size ws.

THEOREM 17. In the Cohen model, there is an almost disjoint family of
size wo that does not contain uncountable R-embeddable subfamilies.

Proof. Since U is forcing equivalent to C,,, we can think of the Cohen
model as the model obtained after forcing with U over a model of the Contin-
uum Hypothesis. Let A be the almost disjoint family that was defined above.
To reach a contradiction, assume that there is B :{Adg | £ € w1} and f such
that f is forced to be an embedding of ¥(B) into 2 as in Lemma (5) For
every £ € wy, we may find r¢ = (pg, <SZ§),7€F£)€ U and 3¢ with the following
properties:

o ¢l de = fe.
o (B¢ € Iy.

° sﬁ “O sTE ~1 €Ty, (where pe = (T, Pes 57¢p5))
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By the A-system lemma (see |20, Lemma II1.2.6]) we may find p € P,
R € [wo]=¥, W € [wa]** and s € N<“ with the following properties:

e p¢ = p for every £ € W.
{F¢ | € € W} forms a A-system with root R.

s:f:sn for every £, € W and n € R.
5—55 for every £ € W.

It is easy to see that {r¢ | { € W} C U is a centered . (*)| family. Let {H, |

a € w1} C [W]? be a pairwise disjoint family. For every a € w; we find

= (pl, (uggﬁ,ep) € U, t, and z, with the following properties:

e 1, < 7“51,7"52 where H, = {£1,62} and & < &o.
e s0C uﬁ
1

e s 1Cuﬁ
1)

® to, 2o € NS¥ are incompatible.
o 7o lFta C f(Ag, ) N 2a C f(Ag,).

The last condition can be obtained since f is forced to be injective when
restricted to B as in Lemma (6) Once again, we can find Wy € [wa]“?,
p € P, 50,81 € N R" € [wo]<¥, t, 2 such that for every a € Wy the
following hold:

o p =17p.

to =t and z, = 2.

{F’ | o € Wy} forms a A-system with root R'.

un“ = u,f for every a, 5 eWyandne R.

® 50 = uﬂ and s1 = uﬁ for every a € Wy where H,, = {&1, &2}

Once again, the set {r], | @« € Wy} C U is centered. Let M be a countable
elementary submodel of some H(k) (where  is a sufficiently large cardinal)
containing all objects that have been defined so far. Let v € M N Wy and
d € W\ M. Find m € N such that s™m ¢ T, and let 5 be a sequence
extending s~ m such that |s| = |sg| = |s1]. Then find 7 = (p, (yn>nep) with
the following properties:

o 7 <175
T,y U {5} C T5 (where p = (15, Rp, Fﬁ))
F = F’/Y U Fs.

yza =5
{8078}7 {817 S} ¢ Rp"

(?) Recall that a family of infinite subsets of w is centered if the intersection of any
finitely many of its elements is infinite.
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We claim that 7 forces that f [Aﬁs] has infinitely many elements extending
t and infinitely many elements extending z (recall that f [Aﬁé] is forced to
be a collection of finite sequences); this will contradict the continuity of f.
Let 71 <7 and k € N. It will be enough to prove that we can extend 77 to a
condition that forces that there is [ > k which is in Aﬁa and its image under
f is an extension of ¢t whose height is greater than k (the case of z is similar).
Let &« € M N Wy be such that supp(r1) N M and F, \ R’ are disjoint. Let
T2 be the greatest lower bound of 71 N M and r.; note that 7o € M. Let

e € w be such that sp”"e has not been used and let v extending so™"e be

such that v = [s} | and 73 such that sg’; = v (where H, = {&1,&}) and
~ . 1

{v, sg;} ¢ Ry, Since 73, f € M we can find ry € M such that 74 < r3 and

[ > k such that 74 IF [ € A5£1 At C f(1). Since the support of 74 is contained

in M, it is compatible with 7. Since {v, sg.} ¢ Ry, we can find a common

extension that forces that [ is in Ag,. =

The above family clearly does not have the wi-controlled R-embedding
property, but a much stronger fact concerning the wy-controlled R-embedding
property can be proved in the Cohen model.

THEOREM 18. In the Cohen model, no uncountable almost disjoint family
A has the wy-controlled R-embedding property.

Proof. Let {co | @ < w2} be the sequence of Cohen reals generating the
Cohen model. Let A be an uncountable almost disjoint family. For every
A € A there is a countable X4 C wy such that A € V[{cy | @ € X4}].
Define ¢ : A — 2% by ¢(A) = ¢, where aq & X4 and all ay’s are distinct.

Suppose that f : N — 2¥ There is a countable Y C wy such that
feV[{ca| a€Y}]. As Ais uncountable, there is A € A such that ay ¢ Y,
so aq & XaUY. Hence lim,eca f(n) # ca, = ¢(A), proving that A does not
have the wi-controlled property. m

REMARK 19. The above proof remains valid for any finite support prod-
uct of no less than 2% c.c.c. forcings in place of the Cohen forcing.

5. R-embeddability in the Sacks model. By the Sacks model we
mean the model obtained by adding ws-Sacks reals iteratively with countable
support to a model of the GCH. Recall that a tree p C 2<% is a Sacks tree
if every node of p can be extended to a splitting node. We denote by S the
collection of all Sacks trees, ordered by inclusion. Given a < wy we denote
by S, the countable support iteration of S of length o«. We will now prove that
in the Sacks model, every almost disjoint family of size continuum contains an
R-embeddable family of the same size. We will need to recall some important
notions and results on Sacks forcing. For more on this forcing notion the
reader may consult [5], [14] and [23].
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DEFINITION 20. Let @ < w9 and n,m € N.
(1) Given p,q € S we say that (p,m) < (g,n) if the following hold:
(a) p<gq.
(b) n < m.
(c) gn2" =pn2m.
(d) If n < m then for every s € g, there are distinct to,t; € py, such
that s C tg, t1.
(2) Given p,q € Sy and F € [a]<¥ we say that (p,m) <p (g,n) if the
following hold:
(a) p<q.
(b) n < m.
(c) if B € F then p[BIF (p(B8),m) < (¢(B),n).

We will often use the following result:

LEMMA 21 (Fusion lemma [5]). Let o < wy and {(ps, Fi,n;) | i € N} be
a family such that for every i € N the following hold:

5) (pit1:mi+1) <F, (Pisni)-

6) Ujen £5 = Ujensupp(p;)-

Define p such that supp(p) = UjeN supp(p;) and if B € supp(p) then p(fB) is
an Sg-name for the intersection of {p;(f) | B € supp(pi)}. Then p € So and
p < p; for every i € N.

If peSand s €25 we define p, = {t € p |t C sV s Ct}. Note that ps
is a Sacks tree if and only if s € p.

DEFINITION 22. Let p € S, F € [supp(p)]<* and o : F — 2". We define
ps as follows:

(1) supp(ps) = supp(p).
(2) For 8 < « the following hold:

(a) po(B) =p(B) if B ¢ F
(b) po(B) = p(B)os) if B € F.

Similar to the previous situation, p, is not necessarily a condition of S,.
We will say that o : F' — 2™ is consistent with p if p, € S,. A condition p
is (F,n)-determined if for every o : F' — 2" either o is consistent with p or
there is 3 € F such that o[(F N j3) is consistent with p and (p[B)s1(rng) I

a(B) & p(B)-
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<w

We say that p € S, is continuous if for every F € [supp(p)]=* and for

every n € N there are G and m such that

e G € [supp(p)]<¥
o 'CA{G.

o n<m.
e pis (G, m)-determined.

We will need the following lemmas:

LEMMA 23 (|5]). Let p € Sa, n € N and F € [supp(p)|<“. There is
(g,m) <p (p,n) such that q is (F,n)-determined.

LEMMA 24 ([14]). For every p € S, there is a continuous ¢ < p such that
q 1s continuous.

Let p be a continuous condition. We say that {(F;,n;, X;) | i € w} is a
representation of p if the following hold:

F; € [supp(p)]=*, n; € w.

F; C Fiy1 and ng < njqq.

supp(p) = UieN F;.

p is (Fj, n;)-determined for every i € w.

XJ; is the set of all o : F; — 2™ such that o is consistent with p.

Note that if {(F;,n;, X;) | i € w} is a representation of p and f:w — w
is an increasing function, then {(Fygy,nsu), X)) | @ € N} is also a rep-
resentation of p. It is also easy to see that if p is continuous with rep-
resentation {(Fj,n;,Y;) | ¢ € N} and o € X;, then p, is also a con-
tinuous condition. Given a continuous condition p € S, and a represen-
tation R = {(Fj,n;,%;) | i € N} of p, we define [p|r as the set of all
(y8) pesupp(p) € (2)3uPP(P) such that for every i € w the function o : F; — 2™
given by o(3) = yz|n; belongs to ;.

LEMMA 25. Let p € S, be continuous. If R = {(F;,n;, X;) | i € N} and
R' = {(F!,n},X}) | i € N} are two representations of p, then [p|r = [p|r'-

Proof. To reach a contradiction, assume there is ¥ = (yg)s<q € [PIr\[P]r’
Since 7 ¢ [p|r there must be i € w such that the function o : F/ — 2%
given by o(8) = yglm; is not in X, i.e. o is not consistent with p. Since p is
(F/,n})-determined, there is 5 € F] such that o[(F] N §) is consistent with
p but Poi(ring) IF o(B) & p(B). Let j € w be such that F; C Fj and nj < n;.
Since § € [p|r we know that the function 7 : F; — 2™ given by 7(§) = y¢[n;
is consistent with p. It is clear that p;(r;np) < Poy(r/ng) and o(8) C 7(B) so
Pri(F;np) forces that 7(p) is not in p(/3), which contradicts the fact that 7 is
consistent with p. m
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In light of the previous result, we will omit the subscript and only write
[p] to refer to [p|g where R is any representation of p. It is easy to see
that if p € S, is a continuous condition then [p] is a compact set and p I+
Sgen | sUpp(p) € [p] (where Sgey is the sequence of generic reals). Let S € [wo]®
and o : F' — 2<% where F' € [S]<“. We define (0)g as the set {(yg)gecs €
(2¢)5 | VB € F (0(B) C ys)}. Note that the family

{{o)s: Fe[S]*Yand o : F — 2<¥}

forms a basis for the topology of (2¢)°.
The following result is well known:

LEMMA 26 (Continuous reading of names for Sacks forcing). Let a < wa,
p €Sy and & be an Sy-name such that p I+ & € [w]“. There is a continuous
condition ¢ < p and a continuous function F : [q] — [N]|* such that q |+
F($gen|supp(q)) = & (where 3gen is the name for the generic real).

We will need the following notion:

DEFINITION 27. Let C,D be two subfamilies of p(N). We say that the
pair (C, D) is decisive if one of the following two conditions holds: either

(1) ¢Nd is infinite for every c € C and d € D, or
(2) e¢Nd is finite for every ¢ € C and d € D.

Note that if the second alternative holds and C and D are both compact,
then there is an m such that ¢cNd C m for every c € C and d € D.

LEMMA 28. Let p, q be two continuous conditions in S, such that supp(p)
= supp(q) and F : (2¥)P(®) — [N]¥ a continuous function. There are
P, q €Sy such that the following hold:

(1) p <pandq <q.
(2) supp(p) = supp(q) = supp(p’) = supp(¢’).
(3) The pair (F[[p']], F[[d]]) is decisive.

Proof. We consider several cases. The first case is that there are p’ < p
and ¢’ < ¢ with supp(p) = supp(q) = supp(p’) = supp(¢’) and m € N such
F(y)NF(z) Cm for every y € [p/] and Z € [¢'].

In this case it is clear that the pair (F[[p']], F[[¢]]) is decisive. The second
case is that for every p’ < p, ¢ < ¢ with supp(p) = supp(q) = supp(p’) =
supp(¢’) and m € N there are § € [p'], Z € [¢/] and k > m such that
ke F(y)NF(z).

Let supp(p) = {an | n € N}. We will now recursively build the two
sequences {(p", my, Fy,) | n € N} and {(¢", kn,Gr) | n € N} such that for
every n € N the following hold:

o P’ =pand ¢® =q, Fy = Gy = 0.
o I, € [supp(p)]<‘“, F, C Fy1 and oy € Fipp1.
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G, € [supp(q)]<¥, G, € Gpy1 and ay, € Gryg.

mo = k() =0.

My < Mpy1 and ky, < kpi1.

p" and ¢" are continuous conditions.

supp(p") = supp(q") = supp(p).

(P mng1) <R (07 mn) and (" knt1) <c,pq (@7 k).

p" s (Fq1, Mpy1)-determined and ¢" ! is (Gy1, knot1)-determined.
For every o : F,, — 2™ and 7 : G,, — 2¥ if ¢ is consistent with p" and
7 is consistent with ¢ then there is [ > n such that [ € F(y) N F(Z) for
every y € [p?] and Z € [¢7].

Assume we are at step n + 1. Since both p” and ¢" are continuous condi-
tions, we can find Fj,41, Gpa1, Mns1 and ky41 with the following properties:

o F,U{an} C Fhy1 and G, U{an} C G-
o My < My, kn < kpt1.
e p"is (Fyq1,Mmpt1)-determined and ¢" is (Gp41, kny1)-determined.

Let W = {(04,7) }icu enumerate all pairs (o,7) with o : F, 11 — 27n+1
and 7 : Gpyq — 2Fn+1. We recursively find a sequence {(p%,q}) | i < u+ 1}
such that for every ¢ < u the following hold:

p" =p{ and ¢" = ¢f. ,

(pzl+17mn+1) SFn+1 (pzl,mn—&-l) and (Qi—i_l?kn—kl) SGn+1 (qia kn-l-l)'

pj and ¢ are continuous.

supp(p}) = supp(q;) = supp(p). ,

If o; is consistent with p’1+1 and 7; is consistent with q}“ then there is
I > n such that | € F(3) N F(Z) for every 7 € [(p™),,] and Z € [(¢\™).].

Assume we are at step . In case either o; is not consistent with ptor 7
is not consistent with 'qi we simply define pll+1 :‘pll and qi‘“ = ¢}. Assume
o0; is consistent with pj and 7; is consistent with ¢j. By the hypothesis, there
arel > n, 7 € [(p})s,] and Z € [(q1)r,] such that k € F(7)NF(Z). Since F is a

continuous function, we can find pzfrl and qi“ with the following properties:

o is consistent with pi‘*‘l.
T; is consistent with q?’l.

For every 77 € [(p™),,] and z1 € [(¢iT1),,] we have k € F(g) N F(z).
pﬁ“ and q’frl are continuous.

(P mng1) <pypy (01 mng) and (¢ knt1) <p, (g, kng).
supp(py) = supp(qi) = supp(p).
We then define p"*! = p*! and ¢"*! = ¢,

Let p’ and ¢’ be the respective fusion sequences. It is easy to see that
Fle] N F[e] is infinite for every ¢ € [p'] and € € [¢/]. =
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Note that if p is continuous and 5 = min(supp(p)) then we may assume
that p(f) is a real Sacks tree (not only a name).

PROPOSITION 29. Let p € S, be a continuous condition, F : [p] — [N]¥
a continuous function and S = minsupp(«). Then there are q € Sy with
representation {(F;, m;, X;) | i € N} such that the following hold:

(1) ¢ < p

(2) supp(q) = supp(p)-

(3) Fo = (5).

(4) For every i € N and every o,7 € X; such that o(8) # 7(B), the pair
(Fllgs)), Flla-]]) is decisive.

Proof. Let supp(p) = {a, | n € N} with ag = 8. We recursively build a
sequence {(p", my, F,,) | n € N} with the following properties:

P’ =p.

FO = {,3} and moy = 0.

Each p™ is continuous and supp(p") = supp(p).

F,, € [supp(p)]=* and a,, € F,.

(pn+1’ mn+1) SFn (pn’ mn)

My, < Mp41.

For every o, 7 : F,, — 2" such that o(5) # 7(8) and both are consistent
with p", the pair (F[[pZ]], F[[p?]]) is decisive.

Assume we are at step n. We first find F, 1 and m,41 > m, such that
F,U{a,} C F,41 and p" is (Fj4+1, Mp+1)-determined. Let W be the set of
all pairs (o, 7) such that o,7 : F,y; — 2™+ () # 7(8) and both are
consistent with p™. Enumerate W = {(oy,7;) | ¢ < {}. We recursively build
{q: | i <1} with the following properties:

Each ¢; is (Fj,4+1, Mp+1)-determined and continuous.
supp(g;) = supp(p).
((JO, mn) SFn.H (pn7 mn-i—l)'

(Gi+1:mnt1) <F, (s mpg1) for i <.
For each ¢ < [, either

(a) o; or 7; is not consistent with ¢;, or
(b) the pair (F[[(¢i)s,]], Fl[(¢i)+]]) is decisive.

Assume we are at step ¢ < [. In case o441 or 7T;41 is not consistent
with ¢; we simply define ¢;+1 = ¢;. We now assume both ;11 and 741 are
consistent with ¢;. By applying the previous lemma to (¢;),, and (¢;)-, we
obtain continuous conditions rg, r1 with the following properties:

o 10 < (¢i)o;-
o Tl (qZ)Tz
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e supp(ro) = supp(r1) = supp(p).
e the pair (F[[ro]], F[[r1]]) is decisive.

We now define 7 to be a Sacks tree with the following properties:

[} TUZ‘+1(0) = To(ﬂ).
i 'r.Ti+1(0) = Tl (/B)

® Ts = Qi(ﬁ)s for s € %(ﬂ)mn and s ¢ {Ji+1(6)77—i+1(6)}'

Let @ be an S-name with the following properties:

o rol(B+1)IF i = (ro(£))e>p-

o rif(B+1)IFu=(ri(f))ep-

o ' IF “4 = (g;i(&))e>p” for every ' < r[(8 + 1) that is incompatible with
both ro[(8+ 1) and r1[(5 + 1).

Let ¢;+1 = 4. It is easy to see that ¢;41 has the desired properties.
Finally, we define p"*t! = ¢;. The fusion has the desired properties. m

Note that in the proof of the proposition, it was crucial that we are work-
ing with the iteration of Sacks forcing and not with the countable support
product.

Let a be a countable subset of wyg. We can define S, as a countable
support iteration of Sacks forcing with domain a. Clearly, S, is isomorphic
to S5 where 0 is the order type of a. Note that if p € S, is a continuous
condition, then it can be seen as a condition of S . With this remark,
it is easy to prove the following:

supp(p)

PROPOSITION 30. Let p € S, be a continuous condition that has a repre-
sentation {(F;,n;, X;) | i € N} and F' : [p] — [N]“ a continuous function. Let
o be the order type of supp(p) and m : supp(p) — o be the (unique) order
isomorphism. There are ¢ € So+ and a continuous function H : [q] — [N]¥
with the following properties:

(1) supp(q) = a™.

(2) The set {(w[Fi],ni,mX;) | i € N} is a representation of q (where mX; =
{ro | o € X;}).

(3) If 7 : (2¢)32PP(P) — (29)" denotes the natural homeomorphism induced
by m, then T[[p] is a homeomorphism and F = HT.

We will say that (p, F') and (¢, H) are isomorphic if the above conditions
hold.

THEOREM 31. In the Sacks model, every almost disjoint family of size wa
contains an R-embeddable subfamily of size wo.

Proof. Let A={A, | & € wy} be an S,,-name for an almost disjoint
family. For every a < we we choose a pair (pa, Fr) with the following prop-
erties:
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(1) pq is a continuous condition.
(2) Fu: [pa) — [N]* is a continuous function.
(3) palF Fo(Fgenl supp(pa)) = Aa.

By the A-system lemma, we can assume that {supp(ps) | @ € wa} forms a
A-system with root R € [wo]*. Let 0 € wa be such that R C ¢. By a pruning
argument, we may assume that R = supp(p,)Nd for every a < we. Since S,
has the wo-chain condition, there is p € S,,, that forces the set {a | po € G}
to have size wy (where G is the name of the generic filter). Note that we may
assume that p € S5 (by increasing § if needed).

Let Gy C S5 be a generic filter such that p € Gy. We will now work
in V[Go]. Let W = {a | (pald) € Go}, which has size we by the nature of
p. For every o € W, let p!, be the Ss-name such that p, = (po[d) " pl,. Note
that we may view each p[, [Go] as a condition of S, where supp(p,,[Go]) =
supp(pa) \ 9. Let 7 = (rg)g<s be the generic sequence of reals added by Gy.
We now define Ha : [#y[Gol] — [NJ* by Ha((ys)) = Fa((FI supp(pa)) (),
which is a continuous function. By a previous lemma, for each o € W there
is a continuous g, and {(Ff, m$, X¢) | i € w} a representation of ¢, with
the following properties:

Ga S P/a [GO]

supp(ga) = supp(p,[Go))-

F§' = {Ba} where S, = min(supp(p,[Go)))-

For every i € w and every o,7 € X% such that o(8,) # 7(8), the pair
(Hall(9a)oll; Hal[(ga)-]]) is decisive.

Let o be the order type of supp(qq). For each o € W we find ¢ € Sy~
and H} : [qt] — [N]¥ such that (¢o, Ha) and (¢, HY) are isomorphic. We
can then find v, ¢* € S, with representation {(F;,m;, ;) | i € N} and a
continuous function H : [y] — [N]¥ such that the set W’ C W consisting of
all @ such that a* =+, ¢} = ¢* and H} = H has size ws.

We first note that for every i € N and every o,7 € X; such that ¢(0)
# 7(0), the pair (H[[¢}]], H[[¢}]]) is decisive, and furthermore, H(y) N H(Z)
is finite for every 7 € ¢} and z € ¢F. Indeed, the pair is decisive since (qq, Hy)
and (¢*, H) are isomorphic; and the second part of the claim follows since
any pair of conditions indexed by elements of W’ have disjoint supports (and
A is forced to be an almost disjoint family).

Given s € ¢*N2™i let Bs = |U{U H|[¢s]] | o € i Ao (0) = s}. Note that
if s and t are two different elements of ¢* N 2™ then Bs; and B; are almost
disjoint. Let T be the downwards closure of the set {s | s € ¢*N2™ Ai € N}.
Note that if & € W, then g, IF Ay C ﬂscmga B, where 75, denotes the name
of the B,-generic real. Applying Lemmal[d] to T, we conclude that A contains
an R-embeddable subfamily of size wo. =
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We do not know the answer to the following:

PROBLEM 32. Let V' be a model of the Continuum Hypothesis and let
S¥2 be the countable support product of wa copies of Sacks forcing. Does S“2
force that “every almost disjoint family of size wy contains an R-embeddable
subfamily of size wy”7?

The rest of this section is devoted to the study of the controlled version of
R-embeddability in the Sacks model. In Theorem (2] we obtain the maximal
possible wi-controlled embedding property since no family of size ¢ can have
the c-controlled R-embedding property by Theorem [6] From now on, $, will
mean the canonical S, 1-name for the ath generic real, i.e., the ath Sacks
real; and s, denotes the value of s, in the generic extension.

DEFINITION 33. e : 2 — 2¢ is the function satisfying e(x)(n) = z(2n)
for every n € w.

LEMMA 34. Let u C 2<% be in'S and H : [u] — 2 be a homeomorphism.
Let a < wo. Whenever p € S, is such that pla Ik p(a) = @ and pla b
& € 2¥ for an Sq-name &, there is an Sy-name ¢ such that (pla)™q € Sat1,
(pla)™¢ < pl(a+1) and

(pla) "Ik éo H(3q) = 4.
In particular (pla)™q Ik e(8q) = & if p(a) = 1s.
Proof. Define ¢ to be an S,-name for the set
{yIn |y € [u], Yk € w H(y)(2k) = z(k), n € w}.
This is an S,-name for a perfect subtree of u and so (pja)™¢ € Sa41 and
(pla)™¢ < p[(a+ 1). We also have (p[a)™¢ IF $o € ¢ and e(H(z)) = = for
every z € [q], so the lemma follows. m

LEMMA 35. Let B < 0 < wa and suppose that p € S511 C Sy, and F s
an Sg-name for a continuous function from 2¥ onto 2* such that F~1[{z}]N
[p(0)] is perfect for every x € 2¥ in any forcing extension. There is an Sg-
name 1 such that p[d™r < p and

Pl - F(35) = 5.

Proof. Let ¢ be an Sg-name for the set

N F @0 )] = 7 () w3 0 [p6)] = F~ {5} N p(0).

u€Gs u€Gs

It is a name for a perfect set, as pre-images of singletons under F' are perfect
in p(d) in any forcing extension. Let 7 be a name such that [r] = ¢. So
plé™7 € Ssi1. Also ¢ C [p(d)], so p[d™7 < p. If z € g, then F(z) = $5. But
ploT 7 Ik 85 € [F] = ¢, so the lemma follows. m
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DEFINITION 36. c;1 : S — 2% is the following coding of perfect subtrees of
2<% by the reals. Let 7 : N — 2<% be any fixed bijection. Then given p € S
we define ¢;(p)(n) = 1 if and only if 7(n) € p. Moreover, ¢y will denote the
decoding function, i.e., for x € 2%,

ca(z) ={7(n) | z(n) =1, n € w}.

DEFINITION 37. Let {U,, | n € N} be a fixed bijective enumeration of all
clopen subsets of 2. Suppose that p € S. Define F, : 2¢ — 2% as follows:
First by recursion define a strictly increasing sequence (n;);cn such that ng
is minimal satisfying Uy, N [p] # 0 # [p] \ Uy, and both Uy, and 2¥\ U,,, are
intervals in the lexicographical order on 2¥. Given ng,...,n; for k € N let
ng+1 be minimal such that ngy1 > ng and the following conditions hold for
every o € ok+2,

(1) No<i<ki1 Uf;(i) is an interval in the lexicographical order on 2“.

(2) Nosicisr Unt Np] # 0.
(3) diam(Nogicria Uni N1p]) < (2/3)47.
Here U} = U,, and U? = 2¢ \ U, for n € N. Finally, for x € 2 and i € w we
define
Fp(@)(i) = XUy, (7).
LEMMA 38. Let p € S. Then Fp_l[{m}] N [p] is perfect for any x € 2% in

any forcing extension.

Proof. The conditions (1)—(3) of Definition [37| guarantee the property in
the statement of the lemma, and are preserved by any forcing. m

LEMMA 39. The function f : 2% x 2% — 2% defined as
f($7y) = Fcz(x)(y)

1S continuous.

Proof. Let5>0 Let {U, | n € N} and {U,, | i € N} for p € S be as
in Definition Let ip € 2N be such that Y32, 1/2" < £/2. Given p € S
there is m € w such that if p,p’ € S are such that c1(p)m = c1(p’) Im, then
the constructions of {U,, | i < ip} for p and for p’ agree. It follows that if
r, € 2¢ is sufficiently close to x € 2¥; then |F,(,,)(2) — Fiy(2)(2)] < €/2 for
all z € 2 (i.e., F,(,,) converges uniformly to F,,)). So

’FCQ(ZE)(y) - FCQ(l’n)(yn)| - |F62(x)( ) — F. 2 (x )(yn) + FCQ(:L")(yn) - FCQ(xn)(yn)|

< |Fcz(m)(y) - F (yn)| + ‘ (yn) - Fcz(mn)(yn)’ <e

if 2,2y, yn € 2, n € N and |y — yn] and |z — xn| are sufficiently small by
the continuity of F.,(z) and the above-mentioned uniform convergence. m
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THEOREM 40. The following statement is true in the Sacks model: Sup-
pose that {x¢ | £ < wa} C 2 is a set of distinct reals and {ye | £ < wa} C 2%,
Then there is a continuous g : 2* — 2% and X C wsy of cardinality wy such
that g(x¢) = ye for all £ € X. In fact, there is a ground model continuous
¢ 29 x 29 = 2% such that ¢(xg, s5) = ye for all £ € X and some § < ws.

Proof. As CH holds in all the intermediate models, we may assume (re-
numbering the pairs (xg,yg)) that there are conditions py € S,, and S,,-
names g, 9 for xg and yy respectively where 6 < ws is such that py IF g
¢ VSo+1. Using |12, Theorem 6], by passing to a stronger condition than py
we may assume that for each § < wy there is a continuous hy : 2% — 2“ such
that pg I- hg(ig) = $g, for all # < wy (as no ground model function h can
satisfy h(sg) = xg since zy ¢ V50+1). Using the CH in the ground model we
can apply the stationary A-system lemma @ for countable sets and obtain
a stationary A C {a € wy : ¢f () = wy} such that {supp(py) | 6 € A} forms
a A-system with root A C wy and all the conditions agree on A.

Next the pressing down lemma yields a stationary A’ C A such that there
is a0 < wy with supp(pg) N C « for all # € A’. We will work for the rest of
the proof in V5%, which will be treated as the ground model. By passing to
a subset of A" of cardinality wo we may assume that

(1) po IF h(ig) = 39
for a fixed continuous h : 2¢ — 2% and all § € A’ and py(0) is a fixed perfect
tree u C 2<% and the supports of pgs for § € A’ are pairwise disjoint and

min(supp(py)) = 6 for all § € A’. Also fix a homeomorphism H : [u] — 2%.
Recursively construct a strictly increasing (¢ | £ < wy) € A’ such that

supp(py, ) C [0c, O¢11)
and g is an Sy, ,-name for all £ < w;. Let 6 < wa be sup{fe | £ < w1}

We will work with the iteration Ssy;. In the model VS6+1 the function g
is defined by

g(x) = eo f(eo H(h(x)), s5),
where f is as in Lemma We will prove that there are uncountably many
§ < wy such that g(ze,) = yp.. By (1) it is enough to prove that given

(3) By the stationary A-system lemma we mean the following: given a family {Xj |
0 < w2} of countable subsets of wa there is a stationary set A C {a € ws | cf(a) = w1}
such that {Xy | 6 € A} forms a A-system. One can prove it as follows: Take regressive
f {0 <ws|ct(f) =w} — wa given by f(0) = sup(Xe N ). The pressing down lemma
yields a stationary A’ C {6 < w2 | cf(0) = w1} where f is constantly equal to . By CH and
the wi-additivity of the nonstationary ideal on w2 there is a stationary A” C A’ such that
XoN6y is constant for € A”. Consider g : wz — w2 given by g(8) = sup{sup(X,) | n < 6}.
Let A C A” be the intersection of A” with the club consisting of the ordinals greater than
0o and closed under g. Then A is the required set.
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p € Sg11 and 1 < wy there are p’ < p with p’ € Ssy1 and n < £ < wy such
that
(2) P IF fleo H(36),35) = S0c1 €(36,41) = Y-

Given 1 < wy let n < £ < w; be such that the support of p[d is included
in 0, so we can assume that p[d € Sy, and so p(d) is an Sp,-name. As
supp(pgg) C [f¢,0¢41), the conditions p and Ppo, are compatible. Let p" € Ssi1
be obtained from p by replacing 1s by pg, (o) on any a € [0¢,0¢41) so that
p" < p,pe. and p”(0¢) = u. Now to obtain the desired p’ < p” satisfying (2)
we will modify p” on ¢, 0¢1 and 0 using Lemmas [34] and .

By Lemma there is an Sp.-name ¢ such that (p”[0¢)"¢ € Sp. 41,
(p"10¢)"q < p"[(0c +1) and
(3) (p"10¢) "¢ I € 0 H (39,) = 1 (p(0))-

Since p”(0¢41) = 1s and g, is an Sy, ,-name by the last part of Lemma

there is an Sy, ,-name ¢ such that (p”[0¢11)70 € Sy, (P"[0cs1)"0 <
P"[(0¢41) and

(4) (p” [9§+1)A0 I- é(‘é95+1) = y@g'

In V% consider the continuous function F,(5) as in Definition Apply
Lemma (35| (its hypothesis is satisfied by Lemma and find an Sg-name 7
such that (p”]0)"7 < p” and

(5) (P"10) 7 I Ey5)(36) = S0, ,-
Define p’ < p in Sy by replacing in p”

e u by ¢ on the ¢th coordinate,
e 1 by 0 on the ¢4 1th coordinate,
e p(6) by 7 on the dth coordinate.

It follows that p’ € Sy, p’ < p” < p and p'[(0¢ +1) < (p"10¢) "¢, p'[(Og11 +
1) < (p"10g41) "6 and p'[(6 + 1) < (p"[0) 77
Note that (5) and (3) give

p/ I Fcz(éoH(s%)) (35) = Fp(5) (85) = $9§+1'
which together with (4) gives the required (2). m

REMARK 41. It is proved in [I2] that under the hypothesis of Propo-
sition [40| there is a continuous ¢ : 2 — 2N and either there is X C wo of
cardinality wy such that g(x¢) = ye, or g(ye) = x¢ for every £ € X. Note that
if z¢ = s¢ and y¢ = s¢q1, where s¢ denotes the {th Sacks real for { < wo,
then there is no continuous ¢ : 2 — 2N such that g(z¢) = ye for wp-many
& < wq. This follows from the fact that any continuous function is coded in
some intermediate model.
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THEOREM 42. In the Sacks model every almost disjoint family of cardi-
nality we has the wy-controlled embedding property.

Proof. Work in the Sacks model. Let A be any almost disjoint family
of cardinality 2¥ = ws and ¢ : A — 2¥ any function. By Theorem and
Lemma [2] and Remark [3| there is a subfamily A" C A of cardinality we and
a function f : A" — 2% such that the limits 24 = lim,eca f(n) exist for
each A € A’ and are different for distinct A € A’. By Theorem {0| there
is a subfamily B C A’ of cardinality w; and a continuous g : 2% — 2%
such that g(z4) = ¢(A) for all A € B. By the continuity of g we have
d(A) = g(za) =limpeq g(f(n)) for all A € B. So f': N — 2% given by go f
witnesses the wy-controlled embedding property for A and ¢. =

6. An application: Abelian subalgebras of Akemann—Doner C*-
algebras. The application of our combinatorial results from the previous
sections presented here is related to non-commutative C*-algebras defined
by Akemann and Doner [I] with the help of almost disjoint families. Let us
recall these constructions. In this section C will stand for the field of complex
numbers. We consider the C*-algebra My of all complex 2 x 2 matrices with
the usual linear algebra operations and with the operator norm, that is,

IM]| = sup{[|Mv]]2 : |[vlla =1, v € C?},

where ||(v1,v2)|l2 = v/|v1]? + |v2|? for (v1,v2) € C%. We denote by £ (M)
the C*-algebra of all norm bounded sequences from My with the supremum
norm and the coordinatewise operations. Let c¢o(M2z) denote the C*-sub-
algebra of £, (M3) consisting of sequences of matrices whose norms converge
to zero.

For 6 € [0,27) define a 2 x 2 complex matrix of a rank one projection by

_ sin? 6 sin @ cos 6
Po = sin @ cos 6 cos? 0
Given A C N and 0 € [0,27) define Py g € £oo(M2) by

0, n¢gA,
FPasln) = {pe neA

Given an almost disjoint family A C p(N) and a function ¢ : A — [0, 27) the
Akemann—Donner algebra AD(A, ¢) is the subalgebra of ¢, (Ms) generated
by co(Ma) and {P4 44y | A € A}. As the distance between Py g and Pas g
is at least 1 for any distinct infinite A, A’ C N and any (possibly equal)
0,0 € [0,2m), such algebras are non-separable if A is uncountable. Clearly
if A is uncountable and ¢ : A — [0,27) is constantly equal to 6, then
AD(A, ¢) contains the non-separable commutative C*-algebra isomorphic
to the algebrs Cy(¥(.A)) of all complex valued continuous functions on ¥(.A)
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vanishing at infinity because pg = pp = pj since it is a projection. However,
as Akemann and Doner proved under CH, one can choose A so that for
every injective ¢ : A — (0,7/6) the algebra AD(A, ¢) has no non-separable
commutative subalgebra. In [6] the hypothesis of CH was removed by showing
that a ZFC Luzin family A is sufficient for this result of Akemann and Doner.
We have the following two lemmas, implicit in [T}, [6]:

LEMMA 43. Suppose that A is an almost disjoint family and ¢ : A —
[0,27). If there is B C A of cardinality k and f : N — [0,27) such that
lim,ep f(n) = ¢(B) for every B € B, then AD(A, ¢) contains a commuta-
tive C*-subalgebra of density k.

Proof. First define Py € l(Mz) by Pp(n) = pj(n). For B € B define
Rp € l(M3) by Rp(n) = Prxp(n) for n € N, where x g is the characteristic
function of B. The hypothesis about f implies that Rp—Pg ¢(p) € co(Mz) for
all B € Bandso Rpisin AD(A, ¢). The algebra generated by {Rp | B € B}

is commutative isomorphic to Co(¥(B)) and of density  as required. =

LEMMA 44. Let ¢ € R be such that ||po — pel| < 1/4 for 8 € [0,¢].
Suppose that A is an almost disjoint family and that ¢ : A — [0,c] is such
that for no B C A of cardinality k is there an f : N — [0,c] such that
lim,ep f(n) = ¢(B) for every B € B. Then AD(A, ¢) does not contain any
commutative C*-subalgebra of density k.

Proof. This is a slight modification of an argument from [I] and modified
in [6]. Let p: {pg | 6 € [0,1/4]} — [0,1/4] be defined by p(ps) = 0. Then p is
a continuous map from a closed subset of the unit ball By of Ms into [0, 1/4].
Use the Tietze extension theorem to find a continuous n : By — [0,1/4]
which extends p.

Suppose that C is a commutative subalgebra of AD(A, ¢) whose density
is k. As in [I] and [6], in a slightly different language, it follows from si-
multaneous diagonalization of commuting matrices that there are rank one
projections g(n) € Mj such that a(n)g(n) = g(n)a(n) for each n € N and
each a € C and we may assume that ||g(n) — po||?> < 1/2 by [6, (2.1)]. It is
easy to note that for each a € AD(A, ¢) the limit lim,c4 a(n) exists and is
a multiple of py4). The density of C being x means that there is B C A of
cardinality k such that for each B € B there is ap € C such that the limit
lim,cp ap(n) exists and is equal to zBpy(p) for a non-zero complex number
zp. By the compactness of the unit ball in Ms, for each infinite B C B
there is an infinite B” C B’ such that lim,cp» q(n) = ¢ exists, and so it
has to be a rank one projection which commutes with lim,ec4 ap(n) which
is 2BPg(B); 50 Pg(py and ¢’ commute; but [¢' —py(p)ll < 1/v/2+1/4 <1 and
0 ¢' = py(p) (see e.g. [0, Lemma 3]). This means that actually lim,ecp q(n)
exists and is equal to pypy for each B € B. By the continuity of n we
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have lim,epn(q(n)) = n(pgp)) = ¢(B). Define f : N — [0,1/4] by f(n) =
n(g(n)). So lim,ep f(n) = ¢(B) for every B € B, contradicting the hypoth-
esison A. m

As corollaries we obtain:

THEOREM 45. In ZFC, for every almost disjoint family A of cardinality c
there is ¢ : A — [0,2m) such that the Akemann—Doner C*-algebra AD(A, ¢)
of density ¢ has no commutative subalgebras of density c.

Proof. Fix an almost disjoint family A of cardinality ¢. By Theorem [f]
there is ¢ : A — R such that for no B C A of cardinality ¢ thereis f : N - R
such that lim,ep f(n) = ¢(B) for all B € B. By applying a continuous
injective mapping we may assume that R is replaced by [0, ¢], where ¢ € R is
as in Lemma[44] Now Lemma [44]implies that AD (A, ¢) has no commutative
subalgebras of density ¢. m

THEOREM 46. [t is consistent that every Akemann—Doner algebra of den-
sity ¢ contains a nonseparable commutative subalgebra.

Proof. We claim that the above statement holds in the Sacks model.
By Theorem [2] given any almost disjoint family A of cardinality ¢ and a
function ¢ : A — R there is an uncountable B C A such that lim,ecp f(n) =
¢(B) for all B € B. It follows from Lemma [43| that AD(A, ¢) contains a

non-separable commutative subalgebra. m

THEOREM 47. Let ¢ € R be such that ||pg — pg|| < 1/4 for 6 € [0,¢]. It
is consistent with the negation of CH that for every almost disjoint family A
of cardinality ¢ there is ¢ : A — [0, c] such that the Akemann—Doner algebra
AD(A, ¢) of density ¢ has no non-separable commutative subalgebra.

Proof. Work in the Cohen model. Fix an almost disjoint family A of
cardinality ¢. By Theorem is there an ¢ : A — R such that for no
uncountable B C A is there an f : N — R such that lim,cp f(n) = ¢(B)
for all B € B. By applying a continuous mapping we may assume that R is
replaced by [0, ¢|, where ¢ € R is as in Lemma Now Lemma implies
that AD(A, ¢) has no commutative non-separable subalgebras. =

THEOREM 48. Let ¢ € R be such that ||po — pg|| < 1/4 for 6 € [0,c]. It
is consistent with the negation of CH that there is an almost disjoint family
A of cardinality ¢ such that for every ¢ : A — [0,c| the Akemann—Doner
algebra AD(A, ¢) of density ¢ has no non-separable commutative subalgebra.

Proof. Work in the Cohen model. Let A be an almost disjoint family
of cardinality ¢ from Theorem [I7] By Theorem [17] for no ¢ : A — R is
there an uncountable B C A and f : N — R such that lim,cp f(n) = ¢(B)
for all B € B. Now Lemma {44| implies that AD(A, ¢) has no commutative
non-separable subalgebras. »
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These results complete an earlier result of [6] that there is in ZFC an
almost disjoint family A (any inseparable family) such that for every ¢ :
A — [0, c) the Akemann—Doner algebra of density w; has no non-separable
commutative subalgebra.
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