AN EASY PROOF THAT THERE MAY BE NO P-POINTS WITH
AN ARBITRARILY LARGE CONTINUUM

DAVID CHODOUNSKY, OSVALDO GUZMAN, AND JONATHAN VERNER

ABsTrRACT. We provide an easy proof that there are no P-points in the models
obtained by adding many Silver reals with countable support to a model of CH.

1. INTRODUCTION

The existence of ultrafilters on natural numbers with special combinatorial prop-
erties is a major topic in set theory and set-theoretic topology. Ultrafilters with
special combinatorial properties are often hard to construct, and more often than
not, their existence is independent from the axioms of ZFC. Kunen started this
trend in [24], where he proved that there are no Ramsey ultrafilters in the random
model. Not long after Shelah found a model with no P-points (see [35, 31]) and
Miller showed that there are no Q-points in the Laver model and the Miller model,
see [27, 28]. Since then many independence theorems regarding the non-existence of
special types of ultrafilters have been proved, see [32, 4, 9, 14, 29, 30, 8, 15, 1, 6, 10]
among many others.

It is worth pointing out that although independence results are abundant, there
are some ZFC theorems. Most notably, Kunen’s construction of weak P-points in
[23]. For some other examples, see [33, 34, 19, 17].

The class of P-points is the one that has received the most attention. This
is because of their usefulness, nice combinatorial properties, and good behavior
with respect to forcing iteration. Shelah’s construction of a model without P-
points as presented in [31] and [2] (which is not the same as in [35]) proceeds as
follows: for each P-point U, a forcing P¥(Uf) is defined. This forcing is proper,
w*-bounding and kills U; the ultrafilter U cannot be extended to a P-point in the
generic extension obtained by forcing with P“(U). Moreover, this remains true in
any further extension by a proper, w*-bounding forcing. A model without P-points
is then obtained by iterating forcings of type P¥(Uf), killing each P-point one at a
time.!

In [14] it was proved that the Silver forcing (denoted by SL) kills all ultrafilters in
a similar way, although here the preservation property only holds for forcings with
the Sacks property. While P*(i/) only kills U, the Silver forcing kills every ultrafilter
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in the ground model. More precisely, SL can be decomposed as an iteration of first
adding a generic selective ultrafilter S, followed by forcing with P(S) — a variant
of Shelah’s poset P“(S). The forcing P(S) kills all P-points which are not near
coherent with S.

It follows that there are no P-points in the Silver model; the model obtained
by adding ws Silver reals to a model of CH. This is essentially the only known
model without P-points that is obtained with a definable forcing. Furthermore,
the argument from [14] also shows that there are no P-points in models obtained
by forcing with countable support products of Silver forcing, not just iterations.
In particular, the non-existence of P-points is consistent with the continuum being
arbitrarily large. The purpose of this note is to present a new proof of this result,
which is much easier than the one presented in [14]. Moreover, in our opinion, this
is the simplest known proof of non-existence of P-points in any model, regardless
of whether the continuum is wsy or larger.

The structure of the paper is as follows: After reviewing some notation and
preliminaries, in Section 3 we prove two combinatorial results that will be needed
in the next section. Both results are easy and well-known, but we include them for
completeness. The main result of this paper is presented in Section 4: there are no
P-points in any generic extension obtained by forcing (over a model of CH) with
a countable support product of Silver forcing of length greater than w;. Section 5
contains some thoughts regarding the existence of a non-Tukey top ultrafilter in
this type of models.

2. NOTATION AND PRELIMINARIES

All ultrafilters are assumed to be non-principal. For P C [w]” and A C w, we say

that A is a pseudointersection of P if it is almost contained in all elements of P,
ie. A\ P is finite for every P € P. An ultrafilter U on w is a P-point if every
countable subfamily of I/ has a pseudointersection in U. Let A and B be two sets.
The expression f; A — B denotes that f is a partial function from A to B. For
p;w — 2 the domain of p is denoted by dom(p), and cod(p) is w \ dom(p). For
convenience, we will write p~! (1) instead of p~! [{1}]. The Silver forcing (denoted
by SL) cousists of all partial functions p;w — 2 such that cod(p) is infinite. The
order g < p is simply p C ¢q. If G C SL is a generic filter, the Silver generic real is
defined as rgen = |J G, which is a total function from w to 2.

It is well-known that Silver forcing is proper and w*-bounding (this means that
every function in w® in the generic extension is pointwise bounded by a ground
model function). It is easy to see that the set of all p € SL such that p~! (1) is
infinite is open dense. From now on we assume that every element of SLL has this
property. For more on Silver forcing, the reader may consult [20]. For a set of
ordinals X we denote by SL¥X the set of all functions p; X — SL with countable
domain, which we denote by supp(p). Define ¢ < p if supp(p) C supp(q) and
q(a) < p(a) forall a € supp(p). It is not hard to prove that SL* is an w*-bounding
proper forcing and CH implies that it has the wy chain condition, see [3, 22].

3. Two FOLKLORE RESULTS
Let k be an uncountable cardinal. We say that S C [k]“ is a stick family for k
if every A € [k]" contains an element of S. For applications and results on stick

families, see e.g. [3, 7, 13, 12, 5, 11]. We are concerned when the ground model
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remains a stick family in a generic extension. There is a lot of research on this
topic, see [18, 16, 26, 21]. The following result is easy to prove.

Proposition 1 (CH). Let k be a cardinal. SL" forces that V N [ws]” is a stick
family for ws.

Proof. Let p € SL” and B such that p I B € [w]*?. Find {(pa, fa) | @ € wa} such
that for every a,v € wy

(1) pa <p,
(2) palF Ba € B,
(3) Ba # By whenever a # 7.

Since we assume CH, we can apply the A-system lemma (Lemma II1.6.15 of [25])
to {supp(pa) | @ € wo} C [K]=* and find W € [wy]*? and R € [k]=* such that
{supp(pa) | @ € W} is a A-system lemma with root R. Since SL” has size at most
wi (exactly wy in case R # 0), there is Y € [W]** such that p, | R = p, | R for

all @,y € Y. Choose X C Y countable and define ¢ = |J po. It follows that
acX

qIF{Ba|acX}CB. O

In fact a stronger statement holds; Baumgartner proved in [3] that SL” forces
that V N wy]” is a stick family for w;. We will use the version for wy since its proof
is considerably simpler than the one for w; and sufficient for our purposes.

As in [25], VF denotes the class of all P-names for a partial order P. Let  be a
cardinal, ¢ an SL*-name for an ultrafilter on w, and X C k. The restriction of U
to SLX, denoted Uy, is the SL*-name for the family

{Ae V™ |Ipe Gy plk AU,

where G x is the canonical name for the generic filter on SL¥. We will say that X is
U-suitable if SL* forces that Ux is an ultrafilter. The following may be considered
folklore:

Lemma 2 (CH). Let  be a cardinal, p € SL" and U an SL"-name for an ultrafilter
on w. There is X € [k]=*" that is U-suitable.

Proof. Construct {M, | @« <w;} a continuous increasing chain of elementary sub-
models of H()) (for some large enough \) with the following properties:

(1) U,k € M.

(2) If @ < wy, then M, is countable.

(3) [Mo,]" € My,
This is easy to do using CH. Let X = M,,, N k. Note that SL* C M, and every
countable subset of SL¥ is also in M,,. We claim that X is U-suitable. To see
this let p € SLX and B be an SL*-name for a subset of w. For every n € w find a
maximal antichain of conditions A, in M, such that every element of A, decides
if n is an element of B. Since SL¥ is proper, there is ¢ € SLY, ¢ < p such that
each q||A, = {r € A, | ¢ || r} is countable.? By the previous remarks we can find
a < wy such that ¢ and {¢||A, | n € w} belong to M,. In particular, g forces that
B is equivalent to a SLX-name in M,, so any (M, SLX )-generic filter containing
q decides if B is in U. (]

24 ||  denotes that ¢ and r are compatible.
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For our proof in the next section it is only sufficient to know that for every
ground model set the membership in ¢ is decided in V [Gx], a fact which is even
easier to prove.

4. NO MORE P-POINTS

This section contains our main result: Adding at least ws Silver reals with countable
support over a model of CH provides a model with no P-points.

For r; w —> 2 with =1 (1) inﬁnite define the interval partition P (r) = {P, (r) | n € w}
where P, (r) = {{€w||¢Nr~!(1)] =n}. Interval partitions induced by Silver
generic reals are particularly interesting and will be fundamental for our main
theorem. Fix a regular cardinal xk > w;. For @ < x and ¢ < 2 denote by 7,
the name of the a-generic real added by SL”, and D; (a) is the SL"-name of

UlPomti (7o) | m € w}.

Proposition 3 (CH). Let U be an SL"-name for a nonprincipal ultrafilter on w,
X € [k]=*" an U-suitable set and B € [\ X]°. If G C SL* is a generic filter
and i € 2, then every pseudointersection of {D; (a) | a € BY is disjoint with some
element of Ux [G].

Proof. Let B={a, |n€w}andp € S}_L“, we can assume that B C supp(p). Let A
be a name of a pseudointersection of {D; () | n € w}. Since SL" is w*-bounding,
we may assume there is a ground model increasing function f: w — w such that
pl-(Z\ f(n)) C D; (). We now find an interval partition {E, | n € wU{-1}}
such that the following holds:

(1) f(n) < min By, for n € w.

(2) Eant; Ncod(p (o)) # 0 for every n € w and j € 2.

Define Uy = |J{F2n+1 | n € w}, this is a ground model set. Since X is U-suitable
and BN X = (), we can find py <p, p | B =p; [ B such that p; decides if Up is in
U . TEp IFUy eU,let U =Uy and A, = E,, for n € wU{—1}. In case p; IF Uy ¢ U,
let Ay =E_1UEyand A, = E, 41 for n € w. Define U = |J{Az2n41 |n €w}. In
either case, we have the following:

(1) {An | n € wU{—1}} is an interval partition.
(2) U=U{A2n41 |n€w}and p1 FU € U.
(3) f(n) < min Ay, for every n € w.
In particular, p; IF Z N Agpy1 C D; (an).

(4) Azn Ncod(py (o)) # O for every n € w.

Let p2 < p1 be a condition such that for every n € w the following holds:
(1) A;ncod(ps (o)) = 0 for every | < 2n.
(2) |Azn N cod(ps ()] = 1
(3) Azpt1 Ncod(pz (an)) =0

Let a,, be the unique element of As, N cod(ps (v, )) and define the set

Hy, = Aznp1 NU{P2m+i (p2 (an)) [ m € w}.
It is easy to see that for every ¢ < p, the following hold:

(1) If g (an) (an) = 0, then g IF Agp 1 N D, (an) =H,.

(2) If g (an) (an) = 1, then g Ik Agpiq \ D; (o) = H,. In particular, ¢ I-
H,ND;(ay) = 0.
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Define H = |J{H, | n € w}, note that H is a ground model set. Once again,
find p3 < p, that decides if H is an element of ¢ and ps | B = po | B. We will now
proceed by cases; first, assume that ps IF H ¢ U. Let ¢ be an extension of p3 such
that ¢ (o) (an) = 0 for every n € w. We know that ¢ IF Agy, 1 N D; (an) = H,, for
every n € w. Thus, ¢ forces the following:

ZnU = (J(Z N A1) € | JDi(om) N Agnin) = |JHa = H ¢ U
new new new
So, ¢ - ZN (U \ H) = 0. This finishes the proof for this case, since U \ H is forced
to be in U.
We are left with the case p3 IF H € U. Let q be an extension of ps such that
q (@) (an) = 1 for every n € w. Now ¢ IF H, N D; (a,) = ) for every n € w. It
follows that ¢ forces the following:

ZnH = J(ZnH,) S |JDi(an)NAznp1NHy) = | (Di (an) N Hy) = 0.

new new new

O

The main result now follows easily.

Theorem 4 (CH). Let k > wy be a regular cardinal. SL" forces that there are no
P-points.

Proof. Let U be an SL"-name for an ultrafilter and p € SL®. By Proposition 2
we can find an U-suitable set X € [k]*'. For every o € k let é, be an SL"-
name for which p I- De, (a) € U. Pick W € [5]** such that W N X = (. By
extending p if necessary, we may assume that there is ¢ € 2 such that p forces that
{a € W | é, = i} has size wy. Apply Proposition 1 to find a ground model countable
set B C W and g < p such that ¢ IF é, = i for every a € B. Proposition 3 entails
that ¢ forces that {D; (a) | & € B} is a countable subset of U that does not have a

pseudointersection in U. O

5. TowARrDS TUKEY Top

Let U be an ultrafilter on natural numbers. We say that U is Tukey top if there is
W € [U]° such that W ¢ U for every Wy € [W]* (here ¢ denotes the cardinality
of the set of real numbers). It was a long standing problem of Isbell whether
ZFC implies the existence of a non-Tukey top ultrafilter. The problem was recently
solved in the negative by Cancino and Zapletal in [10]. However, it is still not known
whether a non-Tukey-top ultrafilter exists in models obtained by adding Silver reals,
either by iteration or countable support product. The proof of Theorem 4 originated
from our attempt to show that there are no Tukey-top ultrafilters in such models.
Although we were ultimately unable to prove this result, we believe that we got
close. Let us sketch our attempted proof.

Assume CH, let k be a regular uncountable cardinal, and U be an SL"-name for an
ultrafilter. Find X, and W as in the proof of Theorem 4, only this time make sure
W has size k. Proposition 3 implies that if B € [W]“ NV, then ({D; (¥o) | « € B}
cannot be in . The problem is that we do not know what to do in case B ¢V.
We believed that this argument can be refined to take care of all countable subsets
of W; this would imply that ¢/ is forced to be Tukey top.
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