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ABSTRACT. We continue the development of the theory of construction schemes
over wj as introduced by the third author by studying their relation with forc-
ing axioms. Formally, we introduce the cardinals m’ and use the consistency
of m%_— > wi to prove a fundamental result relating gaps and almost disjoint
families over w. The cardinals mz are also used to prove some limiting results
for contstruction schemes, some of which answer questions from [10]. Finally,
we show that PID implies the non-existence of 2-capturing schemes.

Experience has shown that forcing azioms (such as MA, PFA, MM, ...) and
guessing principles (for example ¢, ot o*...) frequently have diametrically op-
posed consequences, thus giving rise to completely distinct universes of set theory.
There is a plethora of mathematical statements ¢ whose independence from ZFC
was proved by realizing that ¢ can be deduced from a certain forcing axiom and
—¢ can be deduced from a particular guessing principle. A famous example of this
is the independence of Whitehead’s problem due to Shelah (see [37]). Evidently,
this strategy has its limitations. However, whenever we suspect a certain state-
ment to be independent, it usually a good idea to ask about its relation with these
types of axioms. Nevertheless, there are independent statements for which the only
consistency proofs we know of, rely on combining components of both guessing
principles and forcing axioms. An example of this phenomenon is the famous Kate-
tov’s metrization problem, which asks whether every compact space whose square
is T (hereditarily normal) is in fact metrizable. The (consistent) positive answer
to this problem was provided by Larson and the third author in [27]. There they
introduce the forcing axiom MA,, (T') (for a Suslin tree T'), which can be thought
as the largest protion of Martin’s axiom which is compatible with the existence of
T (see also [24] and [28]). The consistency of Katetov’s problem is then obtained
by forcing with T over a model of MA,,, (T"). Since [27], forcing axioms compatible
with the existence of a Suslin tree have been widely used and studied (see [13], [14],
[39], [32], [8], [15], [52], [26]). In this way, we consider that the study of maximal
versions of forcing axioms compatible with guessing principles is very promising.
In this paper, we present the maximal version of Martin’s axiom compatible with

construction schemes.
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In [42], the third author introduced a generalization of Jensen’s (w, 1)-gap morasses
which he called construction schemes. These objects are special families of finite
subsets of w; which serve as a tool for building uncountable objects by means of
finite approximations. In that same paper, he studied construction schemes with
certain guessing properties which can be interpreted as finite dimensional versions
of the properties possessed by a {-sequence. These type of schemes are called fully
capturing, capturing and n-capturing (here, n varies over w). It is easy to prove (see
[10]) that the existence of n-capturing construction schemes is incompatible with
MA. In this paper, given an n-capturing construction scheme F, we will define its
n-parameterized Martin’s number m’ as the Martin’s number corresponding to the
family of cce-forcing notions which force our construction scheme to be n-capturing.
We will show that the principle MA™(F) (stating that m% = ¢ > w1) is consistent
with ZFC. In order to do this, we will use a finite support iteration of cce-forcings.
This approach will require to prove iteration theorems regarding the preservation
of n-capturing construction schemes. As a main application of this principle, we
will show the independence of a statement related to gaps over w which not only
PFA and CH decide in decide in the negative, but also axioms such as PFA(T) and
PFA(T)[T](we will deal with these two axioms in an upcoming paper). Before we
continue the discussion, it will be convenient to remind some important notions.

Let £ and R be two families of subsets of a set X. The pair (£,R) is said to

be a pregap if LN R =* () for all L € £ and R € R. A subset C of X is said to
separate (L,R) ift L C* C and C N R =* () for each L € £ and R € R. We say
that (£,R) is a gap in case it is a pregap and there is no C C X separating it. Of
particular interest for us are the pregaps (gaps) (£, R) for which both £ and R are
towers, that is, they are well ordered with respect to C*. If this situation occurs
and k and A are the order types of £ and R respectively, we refer to (£,R) as a
(k, A)-pregap (gap). Whenever (£, R) is a pregap and £ and R are enumerated as
(Lo)aer and (Rq)ack respectively, we rewrite (£,R) as (La, Ra)ack- Moreover, if
(L,R) is assumed to be a (k, k)-pregap, we always assume such enumerations to be
increasing with respect to C*.
Recall that an almost disjoint family (shortly, AD family) over a set X,? is a family
A of infinite subsets of X so that AN B =* () for any two distinct A, B € A. We
say A is inseparable if for any two uncountable pairwise disjoint D,E C A, the
pair (D, &) forms a gap®. AD families are one of the central objects of study in
modern combinatorial set theory. Constructing almost disjoint families with spe-
cial properties is usually difficult and in most cases had lead to the development of
powerful tools (see [2], [5], [6], [7], [12], [17],[33] and [38]). Almost disjoint families
have also played a central roll in the solution of many problems of Topology and
Analysis. An example of this is the solution of the selection problem posed by van
Mill and Wattel in [50] and solved by Hrusdk and Martinez-Ruiz in [23]. The reader
interested in learning more about AD families is referred to [19], [21] and [22].

Here L C* C and C N R =* () mean that L\C and C N R are finite.
2If X is not mentioned, we will assume that it is w.
3In [35], Soukup and Roitman call these families almost Luzin.
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One of the main motivations of this work is to understand up to which degree do
almost disjoint families determine the structure of gaps over w. In [18], the second
author, Hrusak and Koszmider constructed a special kind of inseparable AD family
A fo size w1. Among other things, they used A to recursively construct an (wy,ws )-
pregap (£, R) = (Lo, Ra)acw, with the key feature that Lyy1\La, Rat1\Ra € A
for any o € wy. This automatically implies that (£,R) is a gap. Indeed, any set
separating (£, R) would also separate (Lo+1\La, Ra+1\Ra)acw, Which is impossi-
ble because A is inseparable. This provides us with a precise way of saying that

the “gapness” of (£,R) is determined by an almost disjoint family.

Definition 0.1 (Levelwise-inseparable gaps). We call an (w1, w1)-gap (La, Ra)acw,
levelwise-inseparable if (Lay1\La, Rat1\Ra)acw, forms a gap.* If a gap is not
levelwise-inseparable, we call it levelwise-separable.

The notion of levelwise-separability is too strong. As we will see, there are
levelwise-separable gaps (see Theorem 4.3). However, when this notion is weaken
the situation changes dramatically. Recall that a subgap (L', R’) of a gap (L, R) is
a gap for which £’ C £ and R’ C R.

Definition 0.2 (Weakly levelwise-inseparable gaps). We call an (wy, w1 )-gap weakly
levelwise-inseparable (shortly, WLI) if it has a levelwise-inseparable subgap.

In this paper we will show that the statement “Every (wp,w1)-gap is WLI” is
independent from ZFC. This result is interesting as it tells us how important is the
roll played by almost disjoint families in the structure of gaps over w. It turns out
that both CH (hence, also stronger guessing principles such ¢) and PFA imply that
every gap is weakly levelwise-inseparable. As we prove in an upcoming paper, the
same holds when we consider either of the principles PFA(T) or PFA(T)[T] where
T is a Suslin tree. In order to show that consistently there is gap which is not WLI,
we will show that this statement is implied by the inequality m% > w;. Lastly, we
will show that MA does not decide this problem. In order to do this, we will prove
that non-WLI gaps can not be destroyed by ccc forcing notions.

Beyond the application mentioned above, we will use the cardinals m’ to solve

some important open problems from [10]. Namely, we will show that:

e Under m%— > wy every Aronszajn tree is special and every (wi,w;)-gap
is indestructible. In particular, the existence of a 2-capturing scheme is
not strong enough to imply the existence of neither destructible gaps nor
Suslin trees. It was already known that destrucible gaps exist if there is a 3-
capturing scheme (see [31]) and Suslin trees exist if there is fully capturing
construction scheme (see [10]).

e [t is independent from ZFC+ “There is an n-capturing construction scheme”

that every n-capturing scheme is n-capturing with partitions.

Related to the proof of the second item above is the fact that under m’% > w;
there is an ultrafilter U (F) over w; which has a ¥} definition with the scheme F

4Note that {La+1\La : a € w1} U{Lat+1\Ra : @ € w1} forms an AD family.
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as a parameter. Interestingly, any non-trivial projection of this ultrafilter to w is a
Ramsey ultrafilter. A similar phenomenom was studied by the third author in [40]
and [45]. There he defined the ultrafilter U(T") associated to an Aronszajn tree T'
and showed that U(T") behaves in a similar way to U(F) under m > w;. Finally,
we will show that the P-ideal dichotomy implies the non-existence of 2-capturing
schemes. In an upcoming paper, we will prove the consistency the axiom PFA(F)
(whose definition is as expected), and use it to show, among other things, that the
mapping reflection principle MRP is consistent with the existence of a 2-capturing
scheme and that ¢(F) has maximal Tukey type among all ultrafilters over wy. The

consistency of this new axiom will be achieved by using Neeman’s iteration method.

The paper is structured as follows: In Section 2 we prove that under CH and PFA
every gap is weakly levelwise-inseparable. No knowledge of construction schemes
will be necessary here. In Section 3 we provide a quick review of capturing con-
struction schemes and present the parametrized Martin’s numbers m’. In Section
4 we show that under mx > w; there is a gap which is not WLI. In Section 5, we
study in a greater detail the the cardinals m’+. In Section 6 we prove that m%,— > wy
implies that every Aronszajn tree is special and that every gap is indestructible.
In Section 7, we show that a construction scheme which is n-capturing may not be
P-n-capturing for any non-trivial partition of w. This answers a question from [10].
In Section 8, we show that Ramsey ultafilters exist under m% > w;. In Section 9, we
show that the P-ideal dichotomy implies the non-existence of 2-capturing schemes.

Finally, in Section 10 we pose some open problems.

1. NOTATION

The notation and terminology used is here mostly standard and it follows [10].
Given a set X and a (possibly finite) cardinal x, [X]* denotes the family of all
subsets of X of cardinality x. The sets [X]<"* and [X]S" have the expected mean-
ings. The family of all non-empty finite sets of X is denoted by Fin(X). That is,
Fin(X) = [X]<“\{0}. £(X) denotes the power set of X. By Lim we mean the set
of limit ordinals strictly smaller than w;. Given sets X and Y two sets of ordinals,
we write X <Y whenever max(X) < min(Y) or X = 0.

For a set of ordinals X, we denote by ot(X) its order type. We identify X with
the unique strictly increasing function h : ot(X) — X. In this way, X (a) = h(a)
denotes the a element of X with respect to its increasing enumeration. Analogously,
X[A] = {X(a) : a € A} for A C ot(X). A family D is called a A-system with
root R if |D| > 2 and X NY = R whenever X,Y € D are different. If moreover,
R < X\R for any and X\R < Y\R or viseversa for any two X,Y € D, we call D
a root-tail-tail A-system.

Given a forcing notion P, we denote by m(P) its Martin’s number, i.e., the
minimal cardinal x for which there are x-many dense sets over P which are not
intersected by any filter. We say that P is n-Knaster (or has poperty K,,) if for
each uncountable A C P we can find B € [A]“* which is n-linked. That is, every

p € [B]™ is bounded below inside P. P is said to have precaliber w; if every subset
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of PP of size w; has an uncountable centered subset. The Martin’s number for n-
Knaster forcings is defined as mg, = min(m(P) : P is n-Knaster). Finally, given a
cardinal k, C, stands for the Cohen forcing for adding x-many Cohen reals.

2. EVERY GAP IS WEAKLY LEVELWISE-INSEPARABLE

In this section we aim to prove that consistently every gap is weakly levelwise-
inseparable under CH, PFA and after forcing with C; over a model of CH. The two
latter proofs are based on the fact that, under CH, (w1, w;)-gaps satisfy a stronger
property than just being weakly levelwise-inseparable. Let (£,R) = (L4, Ra)acw,
be an (wy,wi)-gap. A set X € [wq]*?! is said to be adequate for (L, R) if for any
Y € [w1]¥?, the pregap

(Lx(a+1)\Lx(a)) Bx(a+1)\Bx(a))acy

is a gap. Note that if an (w;,w;)-pregap admits an adequate set, then such pregap
is weakly levelwise-inseparable.

Theorem 2.1 (Under CH). Let (£,R) = (La, Ra)acw, be an (w1,w1)-gap. Then
there is a club X € [w1]*! adequate for (L, R). In particular, every gap is weakly

levelwise-inseparable.

Proof. Since we are assuming CH we can enumerate [w]* as (Co)acw,. We will
build X be recursion in such way that for any 8 € w; and each a < 8 one of the

following conditions occur:
(A) (B)
Lx(p+1)\Lx(g) " Ca- (Rx(p+1)\Bx(5) N Ca #7 0.

If v is limit and we have constructed X () for any a < v we just define X () as
sup(X(a) : « < 7). The interesting case is when we have constucted X () for

some ( € wy and we want to define X (8 + 1). Here, we have the following claim:

Claim: The pregap (Ls\Lx ), Rs\Rx(5))s>x () is a gap.

Proof of claim. Suppose towards a contradiction that this is not the case and let C
be a set separating (Ls\Lx (s, Rs\Rx(8))s>x(5)- Then CULx ) separates (£, R)
which is a contradiction. O

Fix a < B. According to the previous claim, the set C, does not separate
(Lé\LX(,B)vRé\RX(B))§>X(6)~ Thus, we can find 6, > X(ﬂ) for which either
Ls \Lx gy Z* Cq or Rs, N Cqy #* 0. Let us define X (8 + 1) as sup(do : a < ).
Then Ls \Lxg) € Lxs+1)\Lxp) and Rs,\Rx3 € Rx(s+1)\Rx(p) for each
a < B. In this way we guarantee that either condition (A) or condition (B) will
occur for any such «. This finishes the recursion.

We will now prove that X is as desired. Let YV € [wq]“?. We need to show
that (Lx(a+1)\Lx(a)s Bx(a+1)\Bx(a))acy is a gap. For this, fix C' an infinite
subset of w. By the assumptions, we know that there is o € w; so that C =
Cqa. Let B € Y be such that 3 > a. Therefore, either Lxs41)\Lx () Z* Cq or
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(Rx(8+1)\Rx(8)) N Co #* 0. In any case, X (/3) witness that C,, does not separate
the gap that we are considering. |

Now we analyze the relationship between levelwise-separable gaps and the Cohen
forcing C.

Lemma 2.2. Let (L, R) = (Lo, Ra)acw, be an (w1,w1)-gap and let X € [wy]*t. If
X is adequate for (L,R), then C I “ X is adequate for (L,R)”.

Proof. Let G be a C-generic filter over V and let Y € [w1]** N V[G]. Suppose
towards a contradiction that there is C' € V[G] separating the pregap

(Lx(a+1)\Lx(a)s Bx(a+1) \Bx (a))aey -

Since Y is uncountable we can find a,b € [w]|<* and Y’ € [Y]¥* N V[G] so that
for any a € Y, (LX(a—‘,-l)\LX(a))\O = a and (RX(a+1)\RX(a)) N C = b. Due to
well-known facts concerning the Cohen forcing C, we know there is Z € [w1]“* NV
with Z C Y’. Let us define

C' = U Lx(a+1)\Lx(a)-
ac”Z

Then C" € V and trivially Lx(a4+1)\Lx(a) € C' for any o € Z. Furthermore,
C'" € CUa. Therefore, (Rx (a+1)\Rx(a)) NC" is finite for any o € Z. We conclude
that, in V, there is a set separating the gap (Lx(a+1)\Lx(a), Bx(at+1)\RxX(a))acz-
This is a contradiction to the hypotheses. |

Theorem 2.3 (Under CH). Let k be an uncountable cardinal. Then

»”

Ck I+ “ Every (w1,w1)-gap is weakly levelwise-inseparable

In particular, the statement “Every (wi,w1)-gap is weakly levelwise-inseparable” is

consistent with an arbitrarily large continuum.

Proof. If kK = w; the argument is clear, since in this case C, forces CH. So sup-
pose that kK > wy and let G be a Cy-generic filter over V. Finally, let (£,R) =
(Lo, Ra)acw, € V]G] be an arbitrary (wq,w;)-gap. Since |L£| = |R| = wy, then
there is a C,,-generic filter over V, namely H, and a C,-generic filter over V[H],
namely K, so that V[H|[K] = V[G] and (£, R) € V[H]. By the hypotheses, V is a
model of CH. Therefore V[H| models CH too. According to Theorem 2.1 there is
X € V[H] which is adequate for (£, R). We finish by proving the following claim.

Claim: X testifies that (£, R) is weakly levelwise-inseparable.

Proof of claim. Suppose towards a contradiction that there is C' € V[G] separating
the pregap

(Lx(a+1)\Lx(a)) Bx(a+1)\Bx (a))acw: -
Again, since |C| = w we can find C-generic filter over V[H], say H', for which
C € V[H][H']. By virtue of Lemma 2.2, V[H|[H'] E X is adequate for (L,R). In
particular C' can not separate the pregap that we are considering. This contradic-
tion finishes the proof. O
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We will finish this section by showing that PFA also implies that every gap is
weakly levelwise-inseparable. For this sake, we need to generalize the concept of an
adequate set. Let us say that a pregap (D,€) = (D4, Ea)acw, (not necessarily of
type (wi,w1)) is almost Luzin if (D’,&’) is a gap for any two uncountable D' C D
and & C &.

Definition 2.4 (Highly adequate sets). Let (£, R) = (Lo, Ra)acw, be an (w1, w1 )-
gap. We say that X € [w1]“" is highly adequate for (£, R) if the pregap

(Lx(a+1)\Lx(a)s Bx(a41) \Bx(a))aex

is almost Luzin.

Trivially, if X is highly adequate for (£, R) then it is also adequate. It is very
easy to check that the dichotomy satisfied by the club X that we constructed in
Theorem 2.1 already implies that X is a highly adequate set for the gap (£, R).
Hence, we have the following proposition.

Proposition 2.5 (Under CH). Let (L, R) = (La, Ra)acw, be an (w1,w1)-gap.
Then there is a club X € [w1]“* highly adequate for (L, R).

Definition 2.6 (Normal pregaps). Suppose that (Dg, Fo)acw, iS a pregap. We
say that it is normal if D, N E, = () for each a € w;.

Suppose that (Da, Ea)acw, is a pregap and consider, for each a, D!, = D,\E,
and E!, = E,\D,. Then (D, E/)acw, is a normal pregap. Furthermore, both gaps
induced the same equivalence classes in Z(w)/Fin. In particular, (Da, Eq)acw, 1S
WLI if and only if the same is true for (D., E. )acw, -

Definition 2.7 (Biorthogonal gaps). Let (D, &) = (Dq, Ea)acw, be a normal pre-

gap. We say that (D,€&) is biorthogonal if (D, N Eg) U (Dg N E,) # 0 for all
a# P € w.

The following is already known for (w1, w1 )-gaps.

Lemma 2.8. If (D,€) = (Eqa, Do )acw, S a normal biorthogonal pregap, then it is
a gap.

Proof. Suppose towards a contradiction that there is C' € [w]¥ which separates
(D,€&). According to the pigheonhole principle, there is X € [w;]¥* for which
D, \C = Dg\C and E,NC = EgNC for all a,f € X. Fix two distinct o, 5 € X.
Then

DoNEg= (D, N(EgNC))U(EgN (D \C))
= (DaN(EaNC))U(EgN (D\C)) =10

By symmetry, we also have that Dg N E, = 0, but this is a contradiction to the
normality of (D, ). Thus, the proof is over. |
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Let (D,€) = (D4, Fa)acw; be a normal gap. We define the forcing L(D, ) as
the set of all p € [w1]<“ so that (D, N Eg) U (DgNE,) # 0 for all & # § € p. The
order is given by

p < ¢ if and only if ¢ C p.

Proposition 2.9. Let (D,€) = (Da, Ea)acw, be a normal gap. If (D, E) is almost
Luzin, then L(D, ) is ccc.

Proof. Let A be an uncountable subset of L(D, ). We will show that A is not an
antichain. By refining A, we may assume without loss of generality that there are
n,m € w for which the following properties hold for each p, q € A:

(1) |p[ = mn.

(2) For all i,5 < n, (Dpy N Epy) U(Dpiy N Epgy) € m.

(3) For all i <n, Dy Nm = Dyiy Nm and Dyy Nm = Dy;y Nm.
Note that for any two given conditions in p,q € L(D, £), we have that p and ¢ are
compatible if and only if p\q and ¢\p are compatible conditions. Because of this
and due to the A-system Lemma, we may also assume that the elements of A are
pairwise disjoint. Now, we proceed to find distinct p,q € A for which pU q is a

condition. This will be done after proving the following claims.

Claim 1: Let p,q € A and i # j < n, then (D, N Ey;)) U (Dyijy N Epy) # 0.

Proof of claim. Just note that by the conditions (2) and (3), we have the following

chain of equalities:

((Dpiy N Eq(s)) U (Dg(i) N Epy)) Nme= (Dypgiy N (Eygy Nm)) U ((Dg(jy Nm) N Epgy)
= (Dyp(i) N (Epgi) Nm)) U (Dygy Nm) N Ey()
= (Dy(iy N Ep(s)) U (Dps) N Epiy) # 0.

This proves the claim. O

Claim 2: Let A’ € [A]“* and ¢ < n. Then there is X € [A’]“* so that for any k € w,
if {p € X : k € Dy} is non-empty, then it is uncountable. Analogously with the
set {pe X : ke Ey;}.

Proof of claim. Let M be a countable elementary submodel of H(ws) such that
A" e M. We put X = A\M. Note that if k& € w is such that k € Dy for
some ¢ € &, then the set {p € A" : k € Dy} is an element of M which is not
contained in it. By elementarity, it follows that this set is uncountable. Therefore
peX :keDyy} ={pec A : kc Dy, }\M is uncountable as well. The same
argument holds for the set {p € X : k € E,(;)}. Hence, the proof is over. (]

Claim 3: Let ¢ < n and X, Y be uncountable disjoint subsets of A satisfying the
conclusions of the Claim 2 when applied to i. Then there are X’ € [X]“! and
V' € [V]“! so that

(Dpiy N Eq(a)) U (Dagiy) N Epgiy) # 0
forallpe X' and q € )'.
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Proof of claim. Since (D, ) is almost Luzin, we have that ((Dp;))pex, (Eq(i))qey)
is a gap. In particular, there is k € w, p’ € & and ¢’ € Y for which k € (D N
Eqiy) U (Dgriy N Epiy). Without loss of generality we may assume that & €
Dp’(i) N Eq’(i)~ We define

X/ = {p cX Z,k S Dp(i)},

yl = {q ey :ke Eq(z)}
It is straightforward that X’ and )’ are the sets that we are looking for. O

By applying multiple times the claims 2 and 3, we may build two sequences X,,_; C
o CXyCAand Y1 C--- C Yy C A of uncountable sets for which XY Ny =0
and such that (D) N Eq)) U (Dgy N Eq)) # 0 for alli <n, p € X; and ¢ € V.
Using Claim 1, it should be clear that if p € X,,_; and ¢ € Y,,_1, then pU g is a
condition of L(D, £). Thus, we are done. |

Corollary 2.10. Let (D,&) be an almost Luzin gap. Then there is a ccc forcing Q
so that Q IF “(D,E) has a biorthogonal subgap.”

Theorem 2.11 (Under PFA). FEvery (w1,w1)-gap is weakly levelwise-inseparable.

Proof. Let (L, R) = (La, Ra)acw, be an (wy,wr)-gap. There is no loss of generality
in assuming that (£, R) is normal. Consider the forcing P = 2<“* and let G C Pbe a
P-generic filter over V. Then V[G] models CH. Furthermore, [w]“NV = [w]*NV][G].
In this way, (£,R) is still a gap in V[G]. According to the Proposition 2.5, we can
find a club X C w; in V[G] which is highly adequate for (£,R). That is, in
V[G], the gap (LX(aJrl)\LX(a),RX(aJrl)\RX(a))(Xewl is almost Luzin. Therefore,
by virtue of the Corollary 2.10 there is a ccc forcing Q which forces this gap to have
a biorthogonal subgap. Let H be a Q-generic filter over V[G]. In V[G][H], there is
Y € [w1]“" so that the pregap

((Lx(a+1)\Lx(a))s (Bx(a+1) \BxX(a)))acy

is biorthogonal.
Returning to V, let Q be a P name for Q in V[G]. Also, let X and Y be two
P % Q-names for X and Y respectively. Finally, let p € P % Q which forces X and
Y to have the properties discussed in the previous paragraph. Given £ € wq, we
define
De:={q<p :¥<a,fcw (¢F“acX, and BY) },

Ee:={q<p:plF“cg X" orthere is a € w such that pIF “X(a) = £"}.
It is straightforward that both D¢ and E¢ are dense below p for any & € w;. Since
P is o-closed and Q is forced to be cce, then P x Q is proper. In this way, there is a
filter F' which intersects each D¢ and E¢. Let

X' ={a:3qeF(qlF “ae X”)},
Y ={a:3geF(ql“aecyY”)}
Note that the statement
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7

“(Lxr(ar)\Lxr(a) VR (p+1) \Rx(8)) U (Rx7(at 1) \Rx(a) VLx7(511) \Lx(5)) = 0

is absolute. Hence, it follows that that the pregap

(LX’(a+1)\LX/((x)7 RX’(a+1)\RX’(a))a€Y’

is biorthogonal. In particular, it is a gap by Lemma 2.8. Form this, we easily have

that (£, R) is weakly levelwise-inseparable. |

3. BASICS ON CONSTRUCTION SCHEMES

We now recall what construction schemes are, and review some important facts
about them. For a detailed introduction to this topic, see [9]. A type is a sequence
T = (M, Ng+1, Tk+1)kew Of triplets of natural numbers such that the following con-
ditions hold for any k € w:

(a) mo =1, (¢) mp > ris1,
(b) ng+1 =2, (d) mpgs1 = i1+ (Mg — Tht1)Nket1-

We say that type is good if for each r € w, there are infinitely many k’s for which
r = ri. Throughout this text, we will only work with good types. We say that
partition of w, namely P, is compatible with T if T is good when restricted to each
member of P. That is, for each P € P and every r € w there are infinitely many
k € P for which r, = r.

A construction scheme (of type 7) over X is a family 7 C Fin(w;) which: Is
and furthermore, if we put Fj, := {F € F : |F| = my}, then the following two
properties are satisfied for each k € w:

cofinal in (Fin(w;), C), any member of F has cardinality my for some k € w,

(i) VREe F(ENFCE,F),
(11) VFEfk+1 E'Fo,...,FnkJrl_l Efk such that

Moreover, (F;)i<n,,, forms a A-system with root R(F') such that |R(F)| =
Tka+1 and R(F) < Fo\R(F) <0 K Fnk+1_1\R(F).

Note that for a given F' € Fj41, each of the F;’s mentioned above can be written
as Flry41) U F[[a;,a; +1)] where a; = rgy1 + 1+ (mgy1 —my). In particular, this is
saying that the family (Fj)i<p,., is unique, so we call it the canonical decomposition
of F.

To each construction scheme JF, we associate with some natural functions of
countable codomain. The first of such functions is the one derived from the cofinal-
ity condition in the definition of a scheme. Namely, given «, 8 € w; there is F € F
such that {a, 3} C F. Hence, we can define p : w? — w as:

pla, ) =min(k € w : IF € F ({a, B} C F)).
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For each finite A C w1, we also define
p* = max(p[A®]) = max(p(a, B) : a, B € A).

It is not hard to see that p’" = n for each F € F,,. The most important feature
of the function p is that it is an ordinal metric®. This means that it satisfies the

properties stated in the following lemma.

Lemma 3.1. Let F be a construction scheme. The following properties hold for
any a, 3,7 € dom(F) and each k € w:

(omq) p(a, B) =0 if and only if a = B.

(om2) pla, B) = p(B, ).

(om3) If « < min(B8,7), then p(a, B) < max(p(a, ), p(8,7)).
(oma)

omy) {£ < a: pla, &) <k} is finite.

Given o € wy and k € w we can define the k-closure of o as () = {{ < « :
pla,€) < k} and (o), = (o) \{a}. Note that property (om4) is saying that all the
k-closures are finite. It is a useful fact that for any k € w (with my < |dom(F)|)
there is at least one F' € Fj, such that o € F. Even more, for any such F' we have
the equalities:

Fn(a+1)= ()
Fna=(a),.

Given « € dom(F), the k-cardinality function |a|_: w — w is defined as:

el = [(a)y |-

It is helpful to remember that if F' € Fj is such that o € F, then F(||a][x) = a.
Recall that if f,g : w — w are distinct, we can define A(f,g) := min(k € w :
f(k) # g(k)). We put A(f,g) := w whenever f = g. In the case of construction
schemes, this leads to the definition of the function A : w? — w + 1 which is

defined as:

Afe, B) = A(llall, [18]))-
In the following lemma, we describe the most basic properties of this function as
well as its relation with the p-function.

Lemma 3.2. Let F be a construction scheme and let «,3,6 € wy. Then the
following properties hold:
(dp1) If a < B, then ||a|lx < ||B|lk for each k = p(a, B). In particular, Ae, B) <
p(a, B) whenever a # 3.
(dp2) If A, B) < A(B,9), then Aa, B) = A(a, d).
The last canonical function that we will present is the one which is related to
the property (i¢) in the definition of a scheme. Namely, given o € wy we define the

function E, : w — {—1} Uw as follows; If 1 < k € w, then there is F' € F}, so that

a € F. According to the property (i) in the definition of a construction scheme,

50rdinal metrics were introduced by the third author in [47]. See [41] for a full introduction.
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we have that either o € R(F) or there is a unique ¢ < ny, such that a € F;\R(F).
We then define
-1 ifae R(F)
i ifaeF\RF)
It can be proved that this definition does not depend on the choice of F. Now, if
k = 0 we simply define =, (k) as 0.

The two lemmas below relate the functions p, Z and A.

Lemma 3.3. Let o, 8 € wy be distinct ordinals and k < A, 8). If h: (o) —
(B) is the only increasing bijection and d,7y € (a)y are such that & <y and h(§) # ¢
then the following happens:

(a) h(y) # 7,
(0) pla,B) = p(v, k(7)) = p(6,h(8)) = A(S, h(5)) = Ay, h(7)) = Ale, B).

Lemma 3.4. Let F be a construction scheme, a < 8 € dom(F) and 1 < k € w.
Then:

(a
(b
(c
(d

If k < Ao, B), then Eq(k) = Eg(k).

If k = p(a, B), then 0 < By (k) < Eg(k).

If k> p(o, B), then either 24 (k) = —1 or 24 (k) = Z(k).
If k = A(e, B) then 0 < Eq(k) # Eg(k) > 0.

— L D =

Definition 3.5 (Captured systems). Let 1 < n,m € w and D = (D;);<, C [X]|™
be a root-tail-tail A-system with a root R of cardinality r. Given [ € w, we will say
that D is captured at level [ if :

e For all i < n and each a < m,

_ -1 ifa<r
Ep) =9 .
) ifa>r
e Foralli<j<nandr<a<m,
p(Di(a), Dj(a)) =1 = A(D;(a), Dj(a)).

If moreover n = n;, we say that D is fully captured. Whenever D € Fin(X), we say
that D is captured (resp. fully captured) in case {{a} : a € D} is captured (resp.
fully captured).

A scheme F is said to be P-n-capturing (for some n € w and a partition P of
w) if for any uncountable S C Fin(w;) and each P € P, there are infinitely many
[ € P for which there is D € [S]™ captured at level . F is P capturing provided
that it is P-n-capturing for every n > 2. The notion of a P-fully capturing scheme
has the expected meaning. If P = w, we omit it from the notation.

We will frequently use the following results.

Lemma 3.6. Let D be a finite subset of Fin(X) and l € w. For any A € D, let
as = max(A). Suppose that there are j € w, a < m; and C C a+ 1 so that the
following conditions hold for any A € D:
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(a) p? <4,
®) llaal; = a,
(c) (aa);[C] = A.

If D={aa : A€ D} is captured at some level I, then D is also captured at level l.

Lemma 3.7. Let F be a construction scheme and P be a partition of w compatible
with 7. Then:

e For each n € w, F is n-P-capturing if and only if for each S € [w1]** and
P € P there is D € [S]™ which is captured at some level | € P.

o F is P-fully capturing if and only if for each S € [w]“* and P € P there is
D € Fin(S) which is fully captured at some level l € P.

We are now ready to state the Capturing axioms. The axiom FCA (part) was
introduced in [42]. The other axioms were later studied in [20], [25], [29], [30] and
[10]. All of them hold under ¢ or after adding at least w;-Cohen reals (We do not

know whether one Cohen real is enough).

Fully Capturing Axiom [FCA]: There is a fully capturing construction scheme

over wy of every possible good type.

Fully Capturing Axiom with Partitions [FCA (part)]: There is a P-fully
capturing construction scheme over wy for every good type 7 and each partition P

compatible with 7.

n-Capturing Axiom [CA,]: For any n’ < n, there is an n/-capturing construction

scheme over wy of every possible good type satisfying that n’ < ny, for each k € w\1.

n-Capturing Axiom with Partitions [CA, (part)]: For any n’ < n, there
is a P-n/-capturing construction scheme over w; for every good type 7 satisfying
that n’ < ny for each k € w\1 and each partition P compatible with 7.

Capturing Axiom [CA]: CA, holds for each n € w and there is a capturing con-
struction scheme over w; for every good type satisfying that the sequence (ngt1)kecw

is non-decreasing and unbounded.

Capturing Axiom with partitions [CA (part)]: CA,(part) holds for each n € w
and there is a P-capturing construction scheme over wy for every good type 7 sat-
isfying that the sequence (nki1)re. is non-decreasing and unbounded and each

partition P-compatible with 7.

We now define the main concept of this work. Let us say that a forcing P

n-preserves a scheme F if P I+ “F is n — capturing”.
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Definition 3.8 (Parametrized Martin’s numbers). Let F be a construction scheme

and 2 < n € w. We define m’z as follows:

w if F is not n-capturing

my =
min(m(P) : P is ccc and P Ik “F is n — capturing”) if F is n-capturing

m%_— is denoted simply as mr.

4. NOT EVERY GAP IS WEAKLY LEVELWISE-INSEPARABLE

In 1909, Hausdorff gave a clever recursive construction of an (w1, w )-gap without
appealing to any extra axioms. This is quite surprising, as it is required to overcome

¢ obstacles in only wi-many steps. Such gap satisfied the property below.

Definition 4.1 (Hausdorff condition). Let (£,R) = (L4, Ra)acw, be an (w1, ws)-
pregap on w. We say that (£,R) is Hausdorff if {a < 8 : LgN Ry C k} is finite
for each f € wy and k € w.

It is a standard excercise to prove that any (w;,w;)-pregap satisfying the Haus-
dorff condition is in fact a gap. Under the P-ideal Dichotomy (PID), if (£, R) is
an (wy,wy)-gap, then there are cofinal £ C £ and R’ C R so that (L, R') is a
Hausdorff gap. This was proved by Abraham and the third author in [1]. The same
result follows from m > w;.

Theorem 4.2. Let F be a 2-construction scheme. For each o € wy, define
L, ={2k+Z.(k) : k €ew\l, and E,(k) > 0},
R, ={2k+ (1 -Z24(k)) : k€w\l, and E4(k) > 0}.
Then, (Lo, Ra)acw, 1 a Hausdorff gap.

Proof. Since r, = 0 for infinitely many k’s, it should be clear that each L, and R,

are infinite. By virtue of the part (c¢) in Lemma 3.4, we have that if o < /3 then
L \Lg C {2k +E,(k) : k < p(a, B) and Eq(k) # Ep(k) },

Ro\Rjs € {2 + (1~ Za(k)) : k< pla B) and o (k) # Z5(k) }
As the sets on the right are finite, this means (L,)aew, and (Ra)acw, are both
wi-towers. Furthermore by definition we have that L, N R, = 0 for each o € w;.
This implies that (Ly, Ra)acw, 1S a pregap.

The only thing left to prove is that the Hausdorff condition is satisfied. For this
purpose take § € wy and k € w. We claim {a < 8 : LgN R, C k} C (8)x. For
this, take an arbitrary a < S satisfying p(«, 8) > k. By the part (b) of Lemma 3.4,
Ea(pla, B)) = 0 and Zg(p(e, f)) = 1. This means 2p(o, ) +1 € Lg N Ry, so we
are done. |

An interesting feature of the proof given above is that not only we prove that
there is a gap using a 2-construction scheme, but such gap can be explicitly defined

from it.
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Theorem 4.3. The Hausdorff gap (L, R) constructed in Theorem 4.2 is levelwise-

separable.

Proof. Let o € wy and consider an arbitrary k > p(a, a+1). Note that ||a|z+1 =
|l 4+ 1]|- By the point (¢) of Lemma 3.4 we know that either Z441(k) = Eq(k) or
these two numbers are different and =, (k) = —1. It follows that in the latter case
ry — 1 = |lallx < |la+ 1||x = rx < mg, which means that Z,41(k) = 0. From this

fact we conclude that

Lot1\Lo =" {2k + Z041(k) : k> pla,a+ 1) and (k) # Eas1(k)}
C{2k :kcw and Eq41(k) =0} C {2k : k € w}.

In the same way, we have that R,4+1\Ro C* {2k + 1 : k € w}. Hence, the set of
even numbers separates (Lo+1\La, Ro+1\Ra)acw, - [ ]

Lemma 4.4. Let (£, R) = (La, Ra)acw, be an (w1,w1)-gap. The following state-
ments are equivalent:

(1) (Las Ra)acw, is not weakly levelwise-inseparable.

(2) For any S € [w1]*t, the gap (Lo, Ra)acs is levelwise-separable.

(3) For any club S C wq, the gap (Lo, Ra)acs 18 levelwise-separable.

Proof. The only nontrivial part of the proof is to show that (3) implies (1). For
this, let X and Y be uncountable subsets of w;. Our goal is to prove that there is
a C € [w]¥ which separates (Lx(a+1)\Lx(a)s By (a4+1) \Ry (a))acw: - Let (Ma)aecw,
be a continuous chain of elementary submodels of a largely enough H()) so that
X,Y,(L,R) € My. Now define S as {0} U{M,Nw; : @ € wi}. Then S is a
club. Furthermore, by elementarity it is straightforward that for any o € w; there
is g € S with:

According to the hypotheses, there is a subset C' of w which separates the pregap
(Ls(a+1)\Ls(a)s Rs(a+1)\2s(a))acw, - Note that if o € wy; and § € S are as previ-
ously stated then LX(Q_H)\LX(Q) c* L5(5+1)\Ls(ﬁ) C* C and Ry(a+1)\Ry(a) c*
Ry (g+1)\Ry () € w\C. Therefore, C' separates

(Lx(a+1)\Lx(a)s By (a+1) \ Ry (a) ) acw: -
This finishes the proof. |

Corollary 4.5. Let (L, R) = (La, Ra)acw, be an (w1,w1)-gap which is not weakly

levelwise-inseparable. If P is a ccc forcing, then
Pl “(L,R) is not weakly levelwise-inseparable”.

Proof. Suppose towards a contradiction that there is G a P-generic filter over V such
that, in V[G], (£, R) is weakly levelwise-inseparable. According to the point (3) of
Lemma 4.4, there is a club S € V[G] such that the gap (Ly, Ra)acs is levelwise-
inseparable. Since IP is a ccc forcing, we can find a club C' € V for which C' C S.
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In particular, C' is levelwise-inseparable and belongs to V. This contradiction ends
the proof. ]

Suppose that (£, R) is a pregap over w and C' is an infinite subset separating it.
Define s : LUR — w as:

min(n : X\n C C) ifXel

X) =
so(X) min(n : X\nNC=0) fXeR

Then L N R C max(sc(L), sc(R)) for any L € £ and R € R. This motivates the
following definition.

Definition 4.6 (Separating functions). Let (£,R) be a pregap. We say that s :
LUR — w is separating if LN R C max(s(L),s(R)) for any L € £ and R € R.

Lemma 4.7. Let (£, R) be a pregap. If there is a separating s : LUR — w then
there is C' € [w]* which separates (L, R).

Proof. Let s be as in the hypotheses. We define C' as

{new:3LeL(nel ands(L)<n)}=|J L\(s(L)+1).
LecL

Note that L C* C for any L € L. For R € R we claim that R\(s(R)+1)NC =0
which in particular implies that RN C =* (). Suppose towards a contradiction that
this is not the case and let n be an element in the intersection of both sets. On one
hand, since n € C thereis L € L withn € L and s(L) < n. In particular, n € LNR.
On the other hand, since s is separating then L N R C max(s(R),s(L)) C n. This

is a contradiction. Therefore the claim is true, which means that C' separates
(L,R). |

Definition 4.8. Let (D,€) = (Da, Ea)acw, be a normal pregap. We define the
forcing P(D, &) = P(Da, Ey)acw, as the set of all functions p;w; — w with finite
domain and such that D, N Eg € max(p(a),p(5)) for all a, 8 € dom(p). The order
is given by

p < q if and only if ¢ C p.
Remark 4.9. If (D,€) = (D4, Fa)acw, is as in the previous definition and 5 € w;
then Mz = {p € P(D,&) : B € dom(p)} is dense in P(,D). If G is a filter
intersecting each Mg then the function s : DU E — wy given by:

s(Da) = 5(Ea) = | JG(a)
is well-defined and separating.

The following proposition generalizes a well-known result of Kunen (we reiterate

that our pregaps do not need to be linearly ordered).

Proposition 4.10. Let (Ey, Dy)acw, be a normal pregap. The following state-
ments are equivalent:

(a) P=P(Eqs, Do)acw, is ccc.

(b) There is Q ccc with QI+ “ (Eq, Do)acw, can be separated”.
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(¢) There is W a transitive model of ZFC extending V with wlV = w} where
W = (Ea, Do) acw, can be separated.

Proof. Trivially (a) implies (b) and (b) implies (¢). In order to prove that (c)
implies (a) take an arbitrary uncountable subset P in V| say A. For any p € A let
d, = dom(p). Without loss of generality we can suppose that A is a A-system with
root R, there is n € w so that |p| = n for every p € A and p(d, (7)) = q(dq(7)) for
all p,q € A and each i < n.

Let W be as in the hypotheses of (¢) and let C' € W which separates (Eq, Do) acw, -
Since w} = w}’V and V models that 4 is uncountable, we can find an uncountable
A" C Ain W, so that By 3\C = E4,;\C and Dg,;y N C = Dg, ) N C for all
p,q € A and i < n. Fix two distinct p,q € A’. We claim that p U g € P. Indeed,
let 7,5 < n. Then

Eq,) N Dg,jy = (Ea,i)\C) N Da,;)) YU (Eq, @) N (Da,) NC))
((Ed »\C) N Dq,(;)) U (Eq, @) N (Da, ) N C))
€ max(q(dq (7)), ¢(dq(j)) U max(p(dp(i)), p(dp(5)))
= max(p(dp(i)), p(dq(5)))-
This finishes the proof. |

Consider the gap (Lq, Ra)acw constructed in Theorem 4.2 and for any k € w let
Ny =2(k+1)={0,...,2k + 1}. The following properties follow directly from the

proof of such theorem and the definition of the A-function.

Proposition 4.11. Let o« < 8 € wi. Then:

(0) Lo N Ry = 0.
(1) For each k € w, both {2k,2k +1} N L, and {2k,2k + 1} N R, have at most
one point.

2) All of the sets Lo\Lg, Ro\Rg, Lo NRg and LgN R, are subsets of N, 3)-
B B B B p(a,p)
(3) La N Na(a.py-1 = L N Na(a,p)—1 and Ra N Naa,p-1 = Bs N Na(a,p)-1-

In the next theorem, we will show that the existence of (w1, w;)-gaps which are
not weakly levelwise-inseparable is consistent with ZFC. The proof we provide can
be simplified by the use of Lemma 5.2. We decided to keep it this way in order to

motivate such lemma.

Theorem 4.12. Let F be a 2-capturing 2-construction scheme for which mz > w.
The Hausdorff gap constructed from F in Theorem 4.2 is not weakly levelwise-
inseparable.

Proof. Let S € [wi]“*. We will show that the gap (Lg(a), Rs(a))acw, is levelwise-
separable. In other words, we will show that pregap (Da, Eq)acw, can be separated
where Dy = Lg(a+1)\Ls(a) and Ey = Rg(a+1)\Rg(a) for each a € w;. This is
enough due to the Lemma 4.4. In view of Remark 4.9 and since we are assuming

that mz > wy, it is sufficient to prove that for P = P(D,, Ey)acw, We have:

(1) P is a ccc forcing,
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(2) PIF “ F is 2-capturing ”.

Proof of (1). For this consider an arbitrary A € [P]“*. Given p € A define Z, =
{S(cr),S(a+ 1) : a € dom(p)}. By refining A we can assume without loss of
generality that for any p,q € A the following conditions hold:

(a) Ip| = lal,

(b) If f : dom(p) — dom(q) is the increasing bijection then p(a) = ¢q(f(«))
for each o € dom(p). In particular, there is k € w with k > max(im(p)) for
each p € A.

Furthermore, we can suppose that the set {dom(p) : p € A} forms a root-tail-
tail A-system with root R satisfying the following properties for any two distinct
p,q € A:

(¢) If R # 0, then max(R) + 1 < min(dom(p)\R).
(d) max(dom(p)) + 1 & dom(q).

As the set {Z, : p € A} is uncountable and F is assumed to be 2-capturing then
there are distinct p, ¢ € A for the set {Z,, Z,} is captured at some level I > k. We
affirm that p and ¢ are compatible. This will follow from the next claim.

Claim 1: pU q is a condition of P.

Proof of claim. First note that if F' € F; is such that Z, U Z, C F then Z,NZ, =
ZyNR(F)=Z,;NR(F).

Now, let us consider f : dom(p) — dom(q) and h : Fy — F; the increasing
bijections. In order to prove that pUgq is a condition it is enough to take oo € dom(p)
and B € dom(q) and show that both E, N D and D, N Eg are contained in
max(p(a),q(B)). If either a or § belong to the intersection of dom(p) N dom(q)
there is nothing to do. So we can assume that a € dom(p)\dom(q) and g €
dom(q)\dom(p). Then {S(«),S(a+ 1)} C Z,\Z, C Fy\R(F') and {S(5),S(8 +
1)} € Z,\Z, C F1\R(F) due to the points (c¢) and (d). Thus p(S(a+1),S(6+1)) =
I and consequently D, N Eg C Lg(at1) N Rsg+1) € N; due to the point (2) of
Proposition 4.11. But Eg(4)(l) = Eg(a+1)(l) = 0. Therefore 2 € Lga) N Ls(a+1)-
In particular 2/ € Lg(a+1), 50 2+ 1 & Lg(a+1) by the point (1) of Proposition 4.11.
In this way {2,2{ + 1} N D, = 0. Thus,

D,NEg C Nj_.

S(f(«)) and h(S(a+1)) = S(f(a) +1).

The next thing to note is that h(S(a)) =
I=A(S(a+1),5(f(a)+1)). In virtue of the

This means that A(S(a), S(f(@))) =
point (3) of proposition 4.11 we have

Ls(a) " Ni—1 = Ls(f(a)) N Ni-1,
Ls(a+1) N Ni—1 = Ls(f(a)+1) N Ni—1.

Hence, Dy N Ni—1 = Dyq) N N;—1. From all the equations we have so far we
deduce that Dy N Eg = Dyo) N Eg € max(q(f(a)),q(B)) = max(p(c),q(B)). In a
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completely similar way we can show that E,NDg C max(p(a), ¢(8)). We conclude
that p U q € P so we are done. O

O

Proof of (2). For this we will show that the equivalence of 2-capturing stated in
Lemma 3.7 is forced by P. Let X be a name so that 1p I “ X € [w1]*” and let
q € P. We shall find p < ¢ so that

plk“3M € [X]* (M is captured ) ”.

As X is forced to be uncountable we can find for each o € w1 a condition p, < ¢
and £, > a with p, IF “ &, € X 7. We can suppose without loss of generality that
the family A = {p, : @ € w1} satisfies the conditions (a), (b), (c) and (d) of the
previous paragraphs. We may also assume that for any distinct o, 8 € wy :

(d) &a # &p and |2, U{&a}| = |Zp, U{Sp},

(e) Ifg: Z,, U{la} — Zp,U{{s} is the increasing bijection then g[Z, ] = Z,,

and g(&a) = &p-

Since F is 2-capturing there are o < 8 € wy for which {Z, U {&.}, Z,, U{&p}} is
captured at some level [ greater than k. In virtue of the conditions (d) and (e) it
Zy,} and {4, 8} are also captured at level [. As in the
first part of the proof, this implies that p = p, U pg is a condition of P. To finish,
just note that p < g and p IF “ {€,,&5} € [X]? and {€q,E5} is captured ”. O

is easy to see that {Z),

)

The inequality mz > w; is consistent as we shall see in the following section.
Therefore, by combining the results above and Theorem 4.12, we conclude the

following:

Theorem 4.13. The statement “Every gap is weakly levelwise-inseparable” is in-
dependent from ZFC.

So far we have seen that both CH and PFA imply that every gap is weakly
levelwise-inseparable. On the other hand, the existence of a 2-capturing construc-
tion scheme F for which mz > w; implies the existence of a non WLI gap. We will

end this subsection by proving that MA is not sufficient to decide this problem.

Theorem 4.14. MA is independent from the statement “Every gap is weakly

levelwise-inseparable”.

Proof. Since PFA implies that all gaps are WLI, then MA is consistent with that
same statement. In order to show the consistency of the negation, we start with
a model V in which there is a non WLI gap. We now consider a ccc forcing P
which forces MA and let G be a P-generic filter over V. Then V[G] is a model MA.
Furthermore, by means of the Corollary 4.5, V[G] also models the existence of a
non WLI gap. ]
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5. FRAGMENTS OF MARTIN’S AXIOM

Let us recall some of the previous work done by Kaladjzievski and Lopez [25]

regarding the preservation of capturing properties.

Definition 5.1 (n-preserving property). Let P be a forcing notion and which pre-
serves wy and F be a construction scheme. Given 2 < n € w, we say that P
n-preserves F if

PIF ¢ F is n-capturing ”.

Note that if P and F are as in the previous definition, then F is n-capturing.
Usually, proving that a ccc forcing P n-preserves a scheme F, is similar to proving

that P is ccc. The following lemma gives us a useful way of handling this situation.

Lemma 5.2. Let F be an n-capturing construction scheme and P be a forcing.

The two following statements are equivalent:

(1) P is ccc and n-preserves F.
(2) For any A € [P]“* and each injective function v : A — wy, there is
{po,---,pn=1} € [A]" for which:
e {po,...,pn—1} is centered. That is, there is p € P so that p < p; for
any v < n.

o {v(po),...,v(pn—1)} is captured.

Proof. Proof of (1) = (2). Let A be an uncountable subset of P and consider v :
A — wy an injective function. As P is ccc, there is G a P-generic filter over V for
which GNA is uncountable. In V]G], let X = v[ANG]. Note that X is uncountable

since v is injective. As P n-preserves F, there is {ao,...,an—1} € [X]™ which is
captured. Given i < n, let p; € ANG be such that v(p;) = «;. Then {po,...,pn—1}
is centered because it is included in G, and {v(po),...,v(pn—1)} is captured. O

Proof of (1) < (2). In order to show that P is ccc let A € [P]“t. Let us consider
v : A — wp an aribtrary inyective function. According to the hypotheses, there
is {po,...pn—1} € [A]™ which is centered. Particularly, py and p; are two distinct
compatible elements of A. Thus, A is not an antichain.

Now we will show that P n-preserves F. For this purpose, let G be a P-generic
filter over V and X € V[G] N [w1]“*. Let X be a name for X which is forced to be
an uncountable subset of wy by 1p. To finish, it is enough to show that the set of
all p € P for which there is D € [wq]™ so that D is captured and p I- “ D C X7, is
dense in IP. For this purpose, let ¢ € P. If there is p < ¢ for which the set Y, = {a €
wi :plk “ae X” } is uncountable, we are done. Therefore, we may assume that
Y, is at most countable for each p < ¢. From this fact, it is easy to see that there is
A € [P]** and an injective function v : A — wy so that p < gand p Ik “ v(p) € X7
for any p € A. According to the hypotheses, there is {pg,...,pn—1} € [A]™ which
is centered and for which D = v[{po,...,pn-1}] is captured. Let p be such that
p < p; for each i < n. Then p < g and p IF “DC X", O
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The lemma below was proved in [25].

Lemma 5.3. Let n € w, P a partition of w and suppose that F is a P-n-capturing
construction scheme. If P is an n-Knaster forcing then P P-n-preserves F.

In [25], Kalajdzievski and Lopez used the lemma above to show that my, is
consistent with CA,,.

Theorem 5.4. Let 2 < n € w and V be a model of CH. For any cardinal k > wq

of uncountable cofinality, there is an n-Knaster forcing K so that
KIF “c=r=mg, +CA, ”.

In that same paper, they showed that mg,_ > w; implies that there are no n+1-
capturing construction schemes. For that purpose, they used the next property.

The Property (x),: For any uncountable I' C w* there is Ty € [T']“* such that
there are no go,...,gn € I'p and k € w with go|x = - -+ = gn|r and g¢;(k) # g;(k) for
any ¢ < j < n.

The property (%), was considered by the third author in [46]. The next theorem
follows from Lemma 6 of such paper.

Theorem 5.5. Let 2 < n € w. Then mg, > wy implies (%)p.

In contrast, n + 1-capturing construction schemes imply the failure of (%), (see
Theorem 2.4 in [25]).

Theorem 5.6. Let 1 < n € w. If there is an n+ 1-capturing construction scheme,
then (x), fails.

Proof. Let F be an n + l-capturing construction scheme. For any o € w; let
fa : w — w be defined as:

fa(k) = llallk-
Now, let ' = { fo : @ € w1 }. Since F is n + l-capturing, for any S € [w;]*? there
is D € [S]"! which is captured at some level I. Then gp)li = -+ = gp(m)li and
9pi) (1) < gp(;)(1) for any i < j < n. In this way, I" testifies the failure of (x),. W

Remark 5.7. Suppose that F is an n-capturing construction scheme. The following
diagram represents the basic relations between the cardinals m’% and mg, for each
i < n. Note that the non-trivial relations hold due to Lemma 5.3.

Mp, —— Mg, ¢ ... ¢—— Mg, —— ¢
w1 m% m? m’

Having the n-Knaster property may be optimal in terms n-preserving a con-

struction scheme.

Proposition 5.8. Let 2 < n € w and F be an n-capturing construction scheme for
which M > wy. Given a ccc forcing P and m > n, the following statements are
equivalent:
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(a) P is m-Knaster.

(
(c

(d) P has precaliber w .

)

b) P is n-Knaster.
) P n-preserves F.
)

Proof. (a) implies (b) and (d) implies (a) are obvious, and (b) implies (c) is just
Lemma 5.3 (which does not require m’% > w;). In order to prove that (c) implies
(d), let A € [P]“r. Since m’% > w1, so is m(P). As P is cce, this means that there is
a filter G over P so that AN G is uncountable. |

Corollary 5.9. Let 2 < n € w and F be an n-capturing construction scheme. If
mr > wy, then m% = mg  for each m > n.

A a corollary of Theorem 5.6, we also have the following.

Corollary 5.10. Let 2 < n € w and F be an n-capturing construction scheme. If

mi > wy then mg,, = wy for each m <n and m2 = w for each m > n.

In order to show the consistency of m’s > wy, it suffices to prove that n-preserving

F is a property which is preserve under finite support iteration of ccc forcings.

Lemma 5.11. Let F be an n-capturing construction scheme and ((Pe)e<y, (Qe)e<s)

be a finite support iteration of ccc forcings so that
Pe IF Qg n-preserves F 7.
Then P., also n-preserves F.

Proof. The proof is carried by induction over v by appealing to the equivalence of
n-capturing provided by Lemma 3.7. Both the base and the successor steps of the
induction are trivial to show. Hence, we will only do the limit case. For this, let
us assume that 7 is limit and we have already showed that P, n-preserves F for
each a < ~. Let X be a P.,-name for an uncountable subset of w; and consider an
arbitrary ¢ € P,. We can take a sequence (pg, ae)ecw, C Py X wi such that for any
two distinct &, pu € wy, the following properties hold:

e p: < qand pe lF “ae € X7,

o ar # .
By refining the sequence if necessary, we may assume that {dom(p¢) : £ € wi}
forms a A-system with root R C v. Now, let o < v be such that R C a. Observe
that ¢ € P,. As P, is cce, there is G a P,-generic filter over V' so that S = {£ €
w1 : Pela € G} is uncountable. In particular, this implies that for any &, p € S,
the conditions p¢|o and p,|o are compatible. Since R = dom(p¢) Ndom(p,) C «, it
follows that pe and p, are compatible. Now, according to the inductive hypotheses,
F is n-capturing inside V[G]. Therefore, there is D € [S]"~! so that the family
{a¢ : £ € D} is captured. To finish, let ¢ € P,, be such that p < pe for any £ € D.
It is straightforward that p < ¢ and

plF“{ae : (€D} € [X]" and it is captured 7.
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Theorem 5.12. Let k > wy be a regular cardinal such that 2<% = k. Given F an

n-capturing construction scheme, there is a ccc-forcing P for which

»

Pl “mr=c=x

Proof. We can construct a finite support iteration ((Pe)e<, (Qe)e<s) of ccc forcings
so that following properties hold for each £ < k:

o PelF “|Q¢| < K7,

o P« QE n-preserves JF 7.
If the iteration is constructed with an appropriate bookkeeping, we can arrange
that whenever G is P,-generic over V and Q is a cce forcing inside V[G] of size less
than k which n-preserves F, then there are cofinally many £ < k for which Q is
order isomorphic to Qg By standard arguments, all of these properties imply that
P = P, satisfies the desired conclusion. |

6. TREES AND GAPS UNDER mr > wq

Recall that a partial order (T, <) is called a tree if t| :== {s € T : s < t}
is well-ordered for any ¢t € T. For each ordinal «, the level a of T is defined as
T, :={t €T : ot(t)) = a}. The height of T, written as Ht(T'), is the minimal
ordinal for which T,, = . We say that T is an w;-tree if Ht(T) = wy, and T, is
countable for each a. An wi-tree without uncountable chains Aronszajn and an
wi-tree without uncountable antichains is called Suslin.

In [31], Lopez and the third author claimed to have proved that Suslin trees exist
assuming the existence of a 3-capturing scheme. Unfortunately, the construction
they provided was incorrect. In [10], we showed that Suslin trees of two special
kinds, namely coherent and full, exist whenever there is a fully capturing construc-
tion scheme for which the sequence (nj)rec. grows “quick enough” with relation to
(mi)kew. We will start this section by showing that 2-capturing schemes do not
suffice to construct Suslin trees. For this task, we will need the next lemma. It is
important to remark that we do not know what happens with respect to 3-capturing

schemes.

Lemma 6.1. Let F be a 2-capturing construction scheme. Given X € [w1]**, the
set{aoe X : {fe€X : {a,B} is captured} is uncountable} is co-countable in X.

Proof. Let X be as in the hypotheses. Suppose towards a contradiction that there
are uncountably many « € X for which the set C, = {f € X : {a, 8} is captured }
is countable. Then we can recursively construct an uncountable Y C X so that if
a < B €Y, then 8 > sup(C, U {0}). As F is assumed to be 2-capturing, there
are o, § € Y for which {«, 8} is captured. Since Y C X, then 8 € C,, which is a
contradiction. |

Theorem 6.2. Let F be a 2-capturing construction scheme. If mz > wy, then
there are no Suslin trees.

Proof. Let us assume towards a contradiction that there is a Suslin tree T'. It is well

known that Suslin trees are never Knaster. Therefore, by Propositions 5.8 and 5.2,
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there are X € [T]“* and an injective function ¢ : X — w; in such way that for any
two distinct x,y € X, if {¢(z),((y)} is captured, then z and y are incompatible.
We now define

P = {p e [X]<¥ : pis an antichain in T}

and order it with the reverse inclusion.

Claim: P is ccc and 2-preserves F.

Proof of claim. We will prove the claim by appealing to the Lemma 5.2. Let A €
[P]“r and v : A — wq be an injective function. Given p € A, let us define

Ap =l U{r(p)},
a, = max(4,).
Without any loss of generality we may assume that the elements of {4, : p € A}

are pairwise disjoint. Furthermore, we can suppose that there are n,k,a € w so
that the following conditions hold for any two distinct p, g € A:

(d) |A,| = |A4|. Furthermore, if h : (ap)r — (aq)k is the increasing bijection,
then h[A,] = A, and h(v(p)) = v(q).
(e) plap,aq) > k.
We now enumerate each p € A as xf,...,x,_; in such way that ((z}) < ((z})
whenever i < j. By virtue of the Lemma 3.6 and the items (b), (¢), (d) and (e)
above, if p,q € A are such that {a,, oy} is captured, then so are {v(p),v(¢)} and
{¢(2?),¢(z])}. The claim follows directly from the next subclaim.

Subclaim: There are distinct p, ¢ € A so that pUgq is an antichain and {a,, aq} are

captured.

Proof of subclaim. Let us suppose that the subclaim is false. Then, given p,q € A,
if {ap, g} is captured, then p U ¢ is not an antichain. In this way, there are
ip.qs Ip,g < 1 for which xfpvq and x?m are different but comparable in T'. By means
of Lemma 6.1, we can construct three sequences (ps)s<n241 C A, ((is,7s))s<nz11
nxnand (Ms)sen241 C [A]“? so that the following properties are satisfied for each
s<n?+1:

e For all ¢ € M, {ay,, a4} is captured and (i, js) = (ip,.q5 Jp..q)-
[ ] p8+1 S Ms~
[ ] Ms+1 g MS'

By the pigenhole principle, there are s < r < n? + 1 for which (is,js) = (i, jr) =
(i,4) for some i, j < n. Since M, is uncountable but xfsi U xfri is countable, there
is ¢ € M, for which 27,27 < x§. As T is a tree, then 27* and 27" are comparable.

On the other hand, p, € M. Thus, {a,,, o, } is captured. So by the observations
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prior to the subclaim, this means that {¢(z*),((27")} is captured too. Therefore,

z* and z* are incompatible. This is a contradiction, so the proof is over. O

O

P is an uncountable ccc forcing which 2-preserves F. As mx > wq, such forcing
contains an uncountable filter, namely G. Note that | JG is an uncountable chain
in T'. This contradicts the fact that 7" is Suslin. ]

An Aronszajn tree T is called special if it can be partitioned into countably many
antichains. It is a theorem of the third author (see [44]) that if mg, > wy and T is
an Aronszajn tree without Suslin subtrees, then T is special. Since mr < mg,, we

have the following corollary.

Corollary 6.3. Let F be a 2-capturing construction scheme. If my > wq, then
every Aronszajn tree is special.

We will study (w;,w1)-gaps in the context of forcing. The reader can find fairly
complete treatments of this subject in [4], [36] and [43].

The following fundamental lemma is attributed to Kenneth Kunen. For proofs,
we redirect the reader to [16], [36] and [43].

Lemma 6.4. Let (Ly, Ro)acw, be a normal (w1, wy)-pregap. Then (Lo, Ra)acw,
is a gap if and only if for any S € [w1]¥* there are a < § € S such that (Lo NRg)U
(LN Ry) # 0.

Our next goal is to study (w;i,w)-gaps in the context of forcing. For the rest
of this section we will assume that if (L, Ra)acw, 18 an (w1, wr)-pregap then it is
normal. That is, L, N R, = () any a.

Definition 6.5. Let (£,R) be an (w1, w;)-pregap. We say that (£, R) is destruc-
tible if there is a forcing notion P which preserves w; in such way that (£, R) is not
a gap in some generic extension through P. If this does not happen, the gap is said
to be indestructible.

Note that the Hausdorff condition is absolute. Hence, any Hausdorff gap is
indestructible. In particular, this implies that under PID any (w1, w;)-gap is inde-
structible (see [1]).

In Definition 4.8 we presented the forcing P(D, £) where (D, ) is a pregap (not
necessarily of type (wy,w1)) with |D| = |€] = wy. According to Proposition 4.10,
this forcing is ccc if and only if the pregap (D, &) can be separated in some wi-
preserving extension of the universe. Forcings with such properties have already
been studied for the case of (w1,ws)-gaps. In the following definition we present

some well-known reincarnations of them (see [11], [36], [48] or [51]).

Definition 6.6. Let (£,R) be an (wy,ws)-pregap indexed as (Lq, Ra)aecx where
X is an uncountable set of ordinals. We define the following forcing notions:

e xo(L,R)={pe[X]¥: (aLerLa) N ( U Ra) =0}

aep

o Xi(L,R)={pe[X]™ :Ya#Bep((LaNRs)U(LsNRa)#0)}.
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both ordered by reverse inclusion.
The following theorem can be found in [11], [36], [48] and [51].

Theorem 6.7. Let (L, R) be an (w1, w)-pregap:
e x1(L,R) is ccc if and only if (L, R) is a gap. In this case, there is some
condition in x1(L,R) forcing (L,R) to be indestructible.
e xo(L,R) is ccc if and only if (L, R) is destructible. In this case, there is
some condition in xo(L,R) forcing (L,R) to be separated.

A particular instance of destrucible gaps were introduced by the third author.
Let (Lo, Ra)acw, be an (w1, w;)-pregap. We say that (La, Ra)acw, 18 Todoréevié
if for any S € [w1]¥* there are @ < § such that L, C Lg and R, C Rg. In [31],
Lopez and the third author showed that the existence of Todorcevié¢ gaps follows
from C'As and C'Ay(part). Here we give another proof of such result based on the

construction given in Theorem 4.2.

Theorem 6.8 (Under C Az (part)). Let F be a P-2-capturing 2-construction scheme
with P = {Py, P1}. Also, consider (Lo, Ra)acw, the Hausdorff gap constructed in
Theorem 4.2. Let
C=J{{2k2k+1} : ke R\1}
and define
LY = LoNC = {2k +Z,(k) : k€ Py\1 and Z,(k) > 0},
RS =RoNC ={2k+ (1 -E2,(k)) : k€ P\1, and Zo(k) = 0}
for each a € wy. Then (L|c,R|c) = (LS, RS )acw, s a Todoréevié gap.

Proof. (LY, RS)aecw, is a pregap by similar reasons as the ones in the proof of
Theorem 4.2. That is, LY N RY = 0 for each o € wy and if a < 3 then:

(a) LEVLS C {2k +Za(k) : k < pla, B) and Za(k) # Z5(k)},

(b) ROVRS C {2k + (1 - Za(k) : & < pla, B) and Zalk) £ Za(k)}.
In particular, as a consequence of (a) we have:

(e) LY N Rg C{2k+EZ4(k) : k< p(a, B) and Eo(k) # Eg(k)}.

In order to prove that (LS, RS )new, is a gap we will use the equivalence provided
by Lemma 6.4. Let S € [w1]“*. Since F is P-2-capturing there are o < 8 € S so
that {a, B} is captured at some level | € Py. It follows that A(a, 8) =1 = p(w, B).
Hence, E,(k) = Zg(k) for any k < [. From this and by the the point (c) above
we deduce that LS N R§ C {21+ E,4(1)}. Furthermore, since I = p(a, ) and F is
a construction scheme, we also have that Z,(I) = 0 and Zg(I) = 1. Therefore we
conclude that LS N Rg = {2l}, so in particular (L N Rg) U (L(BJ NRS) # 0. As we
said before, by Lemma 6.4 we are done.

Now we will prove that (LS, RS )aew, is Todoréevié. Let S € [wi]“t. Since F
is P-2-capturing, there are @ < 8 € S such that {«, 8} is captured at some level
l € P;. Again, by the points (a) and (b) written at the beginning of the proof we
deduce that Lg\LgJ C {21} and RQC\Rg C{2l+1}. Butl € Py so {21,2l + 1} has
empty intersection with both LS and RS by definition of these two sets. In this
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way we conclude that LS\LG = 0 and RS\R§ = (). In other words, LS € L and
RS C Rf. [ |

It is natural to ask whether destructible gaps can be constructed only by using
a 2-capturing construction scheme. In the next theorem we will show that this is
not the case. In order to prove it, we will make use of the following two lemmas

which are implicit in the proof of Theorem 6.7.

Lemma 6.9. Let (£,R) = (Lo, Ra)acw, be an (wi,wi)-gap. Suppose that A €
[xo(L,R)]¥*. Then there are n € w and B € [A]“* N P ([w1]™) an uncountable root-
tail-tail A-system such that for any two distinct p,q € B, the following conditions
are equivalent:
e p is compatible with q.
o (Lpn-1) N Ryn—1)) U (Lgn—1) N Rpn—1)) = 0. In other words, {p(n — 1)}
is compatible with {q(n — 1)}.

Lemma 6.10. Let (£,R) = (Lo, Ra)acw, be an (wi,wi)-gap. Suppose that A €
[X1(L,R)]¥*. Then there are n,r € w and B € [A]“* N Z([w1]™) a root-tail-tail
A-system with root R of cardinality r such that for any two distinct p,q € B, the
following conditions are equivalent:
e p is compatible with q.
o (Lptry N Ry(ry) U (Lyery N Rp(yy) # 0. In other words, {p(r)} is compatible
with {q(r)}.

Theorem 6.11. Let F be a 2-capturing construction scheme. If mzr > wy, then

there are no destructible gaps.

Proof. Let us assume towards a contradiction that there is a destructible gap
(L,R) = (La, Ra)acw,- The forcing xo(L£,R) is never Knaster. Therefore, by
Propositions 5.8 and 5.2, there are X’ € [xo(£,R)]“* and an injective function
¢’ : X — w; in such way that for any two distinct p,q € X', if {¢’(p),'(q)} is
captured, then p and ¢ are incompatible in xo(£, R). By virtue of the Lemma 6.9,
we may assume that the elements X’ are singletons. In this way, we can define
X={acw :{a} € X'} and ( : X — w; given by ((«) = ¢'({a}). Note that
for any two distinct a, 8 € X, if {{(a),{(B)} is captured, then

(La NR)U (Lo N Rg) # 0.

Claim: x1(La, Ra)acx is ccc and n-preserves F.

Proof of claim. We will prove the claim by appealing to the Lemma 5.2. Let A be
an uncountable subset of x1(La, Ra)aecx and v : A — wq be an injective function.
According to the Lemma 6.10, we may suppose that there are n,r € w so that
A € [X]™ and it forms a root-tail-tail A-system with root R of cardinality r so that
for any two distinct p,q € A, if (L, N Ryery) U (Lgry N Rpry) # 0, then p and ¢
are compatible. Given p € A, let us define

Ay = {C(p(r)),v(p)}
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a, = max(4,).
Since both ¢ and v are injective functions and p(r) # q(r) whenever p # ¢, we may

assume that the A,’s are pairwise disjoint. Even more,we can suppose that there
are k,a € w so that the following conditions hold for any two distinct p,q € A:

(a) pr =k.

(0) llaplls = a.

(¢) If b : (op)k —> (ag)r is the increasing bijection h(v(p)) = v(¢) and

RC(p(r)) = C(a(r)).
(d) plap,oq) > k.

Since F is assumed to be 2-capturing, there are distinct pg,p; € A for which
{apy, ap, } is captured. By virtue of the Lemma 3.6 and the points (a), (b), (c)
and (d) above, are {v(po),v(p1)} and {C(po(r)),{(p1(r))} are also captured. In
particular, this means that (L) N Rp, () U (Lp,(r) N Rpy(r)) 7# 0. Thus, p; and
p1 are compatible. This finishes the proof.

O

By the previous claim x1(La, Ra)acx Is an uncountable cce forcing which 2-
preserves F. Since mz > wq, it follows that (L, Ra)aecx is an indestructible gap
due to the Lemma 6.7 (hence, so is (£,R)). This is a contradiction, so the proof is

over. ]

7. CAPTURING WITH PARTITIONS

Our next goal is to show construction schemes which are n-capturing may not
be P-n-capturing for any non-trivial partition P of w. For this, we introduce a

natural filter over w which is definable from a construction scheme.

Definition 7.1. Let 2 < n € w and F be a construction scheme. Given S C wq,

we define the n-projection of S as
7n(S) = {p” : D € [S]" and D is captured }

In other words, 7, (S) is the set of all [ € w for which there is D € [S]™ which is

captured at level [.

Remark 7.2. Given S C wq, the n-projection of S can be recovered from any cofinal
subset of [S]<¥. That is, if G is a cofinal subset of [S]<“, then
m™(S) = |J m(D).
DeG
Definition 7.3 (The n-projection filter). Let n € w and F be a construction
scheme. We define U, (F) as the set of all A C w for which there is S € [w1]¥* such

that
mn(9) C A.

Remark 7.4. Note that if F is not n-capturing then 0 € U,,(F). Therefore, U, (F)

is not actually a filter in this case.



FORCING AXIOMS AND CONSTRUCTION SCHEMES 29

Proposition 7.5. Let 2 < n € w and F be a construction scheme. If F is n-

capturing, then U, (F) is a non-principal filter over w.

Proof. Since F is n-capturing, it follows that each member of U,, (F) is non-empty.
Thus, in order to prove that U, (F) is a filter, it is enough to show that the family
{mn(S) : S € [w1]“" } is downwards directed with respect to C. Let S, S’ € [w]“*.
We will prove that there is A € [w;]** such that m,(A) C 7,(S) N7, (S’). For this,
first note that we can recursively construct a sequence (ag,Be) € S x S’ so that
ae < fe < o for each £ < ( € wy. By refining the sequence if necessary, we may
assume without loss of generality that there is k € w so that for any two distinct

&, 1 € wy, the following conditions hold:

(1) plag, Be) <k,

(2) llaclle = llawlls and [|Bells = [18ullx- In particular, p(By, B¢) > k-
Let A = {B¢ : £ € wi}. Then A € [S']**, so m,(A) C m,(S’). We claim that
mn(A) C m,(S). For this purpose, let I € m,(A) and consider D € [A]™ so that
{B¢ : £ € D} is captured at level . Note that [ > k due to the condition (2).

Claim: If &, € D are distinct then A(ag, o) =1 = plag, o).

Proof of claim. Let h : (B¢)r —> (B4)r be the increasing bijection. By the point
(1), we have that a¢ € (B¢)r and oy € (Bu)k. Furthermore, h(ag) = «, by the
point (2). Since a¢ # oy, we may use Lemma 3.3 to conclude that

l= p(ﬁﬁ?ﬁu) = p(aﬁ?au) = A(aﬁvo‘u) = A(ﬁﬁwgu) =1
So we are done. O

Note that Z,, () > 0 for each { € D. This is due to the point (b) of Lemma 3.4.
By the point (c) of such lemma, 2, (I) = Zg,(I). Thus, {a¢ : £ € D} is captured at
level I. That is, I € m,(S). Asl € m,(A) was arbitrary, we get that 7, (A) C 7, (S5).

Now, we will show that U,,(F) is non-principal. Let S € [w1]*“? and k € w. Then
there is S” € [S]*1 such that ||a|x = |||k for all a, 8 € S. This implies that p? > k
for any D € [S’]". Therefore, 7,[S’] C 7,[S]\k. This finishes the proof. |

Remark 7.6. Suppose that F is an n-capturing construction scheme. Note that
A € U, (F)T if and only if for any S € [w1]“* there are infinitely many [ € A for
which there is D € [S]™ which is captured at level [. In this way, F is P-n-capturing
for a partition P of w if and only if P C U, (F)*.

As a direct corollary of the previous remark we have that:

Corollary 7.7. Let 2 < n € w and F be a n-capturing construction scheme. There
is a non-trivial partition P of w for which F is P-n-capturing if and only if Uy, (F)

is not an ultrafilter.

Now, we will show that it is consistent the existence of a construction scheme
which is n-capturing and P-(n — 1)-capturing for some non-trivial partition of w,

but it is not P’-n-capturing for any non-trivial partition P’. This will be done by
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starting with a P-n-capturing construction scheme, and building a suitable finite
support iteration of ccc forcings which force U, (F) to be an ultrafilter. In the
following definition, we describe the forcings that will be used for this task.

Definition 7.8. Let F be a construction scheme. Given 2 < n € w and A C w,
we define the forcing D, (F, A) as the family of all p € [w1]<¥ with the following
property:

There is no D € [p]|™ such that D is captured at some level [ € A.
We order D, (F, A) with respect to C.

The previous forcing was considered in [25] for the particular case where A = w.

Lemma 7.9. Let 2 < n € w and F be a 2-capturing construction scheme. Then
D, (F, A) is ccc for any A C w.

Proof. Let A be an uncountable subset of D,,(F, A). Consider A" C A an uncount-
able root-tail-tail A-system with root R so that any two elements of A’ have the
same cardinality. Note that we can enumerate A’ as (py)acw, in such way that
max(po\R) < min(pg\R) whenever a < f. Since F is 2-capturing, we can find
d <~ € Lim so that the set {ps Ups41,py Upy+1} is captured at some level I. The
proof will end by showing the following claim.

Claim: p = ps Upy41 € Dy, (F, A).

Proof of claim. Let D € [p]™ which is captured and h : (ps U ps+1)i—1 — (py U
Dy+1)i—1 be the increasing bijection. It is easy to see that h[ps] = p, and hlpsi1] =
Dy+1. Therefore,

ledli-1 = h(@)li-1 < lIBlli-1
for each a € ps\R and 8 € p,41\R. Thus, pP < I. In this way, either D C p; or
D C py41. As both ps and p,41 belong to D, (F, A), it follows that p” ¢ A. O

|
The following corollary will help us turn U,,(F) into an ultrafilter.

Corollary 7.10. Let 2 < n € w, F be a 2-capturing construction scheme and
A Cw. Then there is a condition p € D, (F, A) so that

pl- “AgU,(F)T "

Proof. Since F is 2-capturing, D, (F, A) is a ccc-forcing. Furthermore, it is uncount-
able. Thus, there is p € D,,(F, A) which forces the generic filter to be uncountable.
It follows that if G is a generic filter over V' so that p € G, then S¢ = |JG is an
uncountable subset of wy with m,(Sg) N A = 0. Thus, in V[G], A ¢ Up41(F). N

Lemma 7.11. Let 2 < n € w and F be an n-capturing construction scheme. If
A €Uy (F)* then D, (F,w\A) n-preserves F.

Proof. We will prove this lemma by appealing to the equivalence provided by
Lemma 5.2. Let A be an uncountable subset of D, (F,w\A) and v : A — wy



FORCING AXIOMS AND CONSTRUCTION SCHEMES 31

be an injective function. Given p € A, let D, = p U {r(p)} and o, = max(D,).
By refining A if necessary, we may assume that are j € w, a < m;, C Ca+1 and
b € C so that the following conditions hold for any p € A:

(a) pPr <3,

(0) llayll; = a,

(©) (ap);[C] = p and (ap);(b) = v(p).
As A € U, (F)T, there are | € A and {po,...,pn—1} € [A]" for which {a,, :i <n}
is captured at level I. Note that [ > j due to the point (b) above. According to
Lemma 3.6, the family {D,, : ¢ < n} is captured at level /. From this fact and
by the point (c), the same holds for both {pg,...,pn—1} and {v(po),...,v(Pn-1)}
The proof follows from the following claim.

Claim: p = J p; € D, (F,w\A).

i<n
Proof of claim. Let D € [p|™ which is captured and consider F' € F; such that
p C F. As D C p, then pP < p? = 1. If pP = I, we are done because | ¢ w\A.
On the other hand, if p? < [ then D C F=, ). Since the family {po,...,pn} is
captured at level [, there is i < n so that Fz,q) Np = p;. In this way, D C p;.
Thus, as p; € D, (F,w\A) then pP ¢ w\A. O

Lemma 7.12. Let 3 < n € w, F be an n-capturing construction scheme and
ACw. If BEU,_1(F)*, then

D, (F,A) - B € Uy_y(F)*+ 7.

Proof. Let X be a name for an uncountable subset of w; and ¢ € D, (F, A). Using
that B € U,,_1(F)T and by arguing in a similar way as in the previous lemmas, we
can find a sequence (p;, @;)i<n—1 C D, (F, A) X wy so that:

(1) both {po,...,pn—2} and {ao,...,a,—2} are captured at some level [ € B,

(2) «; # o whenever i # j,

(3) ps < qand p; IF “a; € X 7 for each i <n— 1.

It is easy to see that p = |J p; is a condition in the forcing that we are consid-
i<n—1

ering. Furthermore, p < ¢ and p IF “ {ag,...,ap_1} € [X]"’1 7. This means that

plF “m,_1(X)N B #0”. Thus, the proof is over. [ |

The following lemma is proved in the exact same way as the previous one. For

that reason, we leave the proof to the reader.

Lemma 7.13. Let F be an n-capturing construction scheme, B € U, (F)" and
((Pe)e<n, <Q5>§<7) be a finite support iteration of ccc forcings so that

Pe IF Q¢ I “B € Uy (F)* 7.
Then P, I+ “B € Up(F)*".

By combining all the results we have so far, we get the following theorem.
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Theorem 7.14. Let F be P-n-capturing construction scheme. There is a ccc

forcing P satisfies the following properties:
P Ik “F is n-capturing and P-(n — 1)-capturing”,
Pk U, (F) is an ultrafilter .

In particular, P forces that F is not P'-n-capturing for any non-trivial partition P’

of w.

Proof. Let x = ¢. We can construct a finite support iteration ((Pe)ecy, (Qe)e<r) of

forcings so that given & < &, the following condition holds:
Pe IF “Q¢ = D, (F, A) for some A € [w]* with A,w\A € U, (F)".

By means of Lemma 7.9, it follows that P, is ccc. According to Lemma 7.11 and
Lemma 5.11, we have that P n-preserves F. Furthermore, P IF “ P C U, _1(F)*”
due to Lemma 7.12 and Lemma7.13. If we construct the iteration with an appropri-
ate bookkeeping and make use of Corollary 7.10, we can arrange P, to force U, (F)
to be an ultrafilter. This finishes the proof. |

Corollary 7.15. Let1 < n € w. It is consistent that there is a construction scheme
F such that:

o There is a mon-trivial partition of w, namely P, such that F is P-n-
capturing.
o F is n + l-capturing but it is not P’-n + 1-capturing for any non-trivial

partition P’.

8. RAMSEY ULTRAFILTERS FROM CONSTRUCTION SCHEMES

Let U be an ultrafilter over w. Recall that U is Ramsey if for each infinite
partition P C U* of w, there is A € U so that [ANP| < 1 for all P € P.
Here, U* denotes the dual ideal of &. That is, the set {A € w : W\A € U}.
Ramsey ultrafilters, also called selective, play a highly important roll in modern set
theory. In [40], the third author presented clever ways of defining filters over wy
by using walks on ordinals. In [45], he used such filters in order to show that the
existence of Ramsey ultrafilters follows from m > w;. This result is quite interesting
since the existence of ultrafilters with particular properties usually follows from
equalities of the form “cardinal invariant = ¢” instead of inequalities of the form
“cardinal invariant > wy”. In this section we will show that given a 2-capturing
construction scheme F, the filter U, (F) is a Ramsey ultrafilter under m% > w;.
Furthermore, we will define the filter V(F) and show that, under mz > wy, this
filter is an ultrafilter over w; which projects into a Ramsey ultrafilter. Beyond the
hypothesis imposed over the cardinal invariant m’, the most important feature
of the constructions below is that both ultrafilters are explicitly definable using a

combinatorial structure over w;j.

Theorem 8.1. Let 2 < n € w and F be an n-capturing construction scheme for
which m% > wi. Then Uy, (F) is a Ramsey ultrafilter.
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Proof. Suppose towards a contradiction that U, (F) is not an ultrafilter and let
A C w be such that A,w\A € U,(F)T. According to the Lemmas 7.9 and 7.11,
D, (F,A) is a ccc forcing so that D, (F,A) Ik “F is n-capturing ”. Hence, its
Martin’s number is greater than w; due to the hypotheses. In this way, there is an
uncountable filter G over D, (F, A). Let S¢ = [JG. Then S¢ is an uncountable
subset of w; satisfying that 7, (Sg) N A = (). This contradicts the fact that A €
U, (F)T.

Now, we will show that U, (F) is Ramsey. For this purpose, let (P;);c, be a
partition of w so that P; ¢ U,,(F) for every i € w. It suffices to prove that there is
S € [wq]*“t with |m,(S) N P;| <1 for any ¢ € w. Let P be the forcing consisting of
all p € [w1]<¥ so that:

[m(p) N A < 1
for each 7 € w. It is easy to see that if G is an uncountable filter over P then
S = |J G satisfies the required property. As we are assuming that m% > ws, the
existence of such G will follow if P is ccc and P IF “ F is n-capturing ”. The proof
this two facts is similar to ones in Lemmas 7.9 and 7.11. For that reason, we leave
the details to the reader. |

Definition 8.2 (A square bracket operation). Let F be a construction scheme.
We define [, ] : [w1]? — w as:

[er, B] = min( (B)p(aﬁ)—l\a)
for each a < 8. Given S C wy, we also define
S) ={le, 5] : o,8€S and {c, B} is captured }

Remark 8.3. Suppose that a < 8 € wy and let | = p(a, B). If F' € F; is such that
{a, 8} C F, then
[, B] = min( Fz, ) \R(F) ).

Remark 8.4. As a consequence of the previous remark we have that if Dy, D €
Fin(w;) are disjoint sets for which {Dg, D1} is captured, then

[Do(2), D1(8)] = [Do (), Dr(5)]
for all 7,5 < |Do].

Definition 8.5 (The square-bracket filter). Let F be a construction scheme. We
define V(F) as the set of all A C w; for which there is S € [w;]** such that

(S) C A.

Recall that a filter over w; is uniform whenever all of its elements are uncount-
able.

Proposition 8.6. Let F be a 2-capturing construction scheme. Then V(F) is a

uniform filter.

Proof. Since F is 2-capturing, each element of V(F) is non-empty. In order to show
that V(F) is a filter, it is enough to show that the family {(S) : S € [wq]*“'} is
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downwards directed. Let S, S’ € [wq]“t. We will prove that there is A € [w]** so
that (A) C (S) N (S’). Just as in the Proposition 7.5, we can consider a sequence
(ag, Be)ecw, S x 8" so that ae < fe < a¢ for each &,( € wi. We may assume
without loss of generality that there is k € w so that the following properties hold
for any two distinct £ < pu € wy :

(1) plac. fe) < k.
(2) llaglle = llopllx and ||Belle = ||Bullx- In particular, this means that

P(ﬁfa/@u) > k.
We claim that A = {f¢ : £ € w1} works. Trivially (A) C (S’) because A C S'.
In order to prove that (A4) C (S), let 6 € (A). Then there are £ < u € w;y for
which {f¢,,} is captured at some level I and [f¢,,] = 0. The properties (1)
and (2) stated above imply that the family {{a, B¢}, {c, B.}} is also captured
at level | (see Lemma 3.6). In particular, {a¢,c,} is captured. Furthermore,
d = [Be, Bu] = [ag, ] by means of the Remark 8.4. As ag, o, € S, we have shown
that § € (S). The only thing remaining to prove is that V(F) is uniform. This is a
direct consequence of the fact that o < [, 8] < B for any two a < 8 € wy. |

Theorem 8.7. Let F be a 2 capturing construction scheme for which mz > w;.
Then V(F) is an ultrafilter.

Proof. Let A € V(F)*. We will show that A € V(F). For this purpose, let us
consider the forcing

P={pelw]™ : (p) CA}
ordered by reverse inclusion. It is straightforward that if G C P is an uncountable
filter, then S¢ = |J G is an uncountable subset of w; for which (Sg) C A. In order
to guarantee the existence of such filter, it is enough to prove that P is ccc and

2-preserves JF. This is because we are assuming that mxr > w;.

Claim: PP is ccc and 2-preserves F.

Proof of claim. Let A € [P]“t and v : A — w; be an injective function. For each
p € Aput D, = pU{r(p)}la, = max(D,). By refining A if necessary, we may
assume that there are j € w, a < m;, C Ca+1 and b € C so that the following
conditions hold for any p € A:

(a) pP» <,

0) llewll; = a,

(¢) (a);1C] = p and (ap);(b) = v(p).
Since A € V(F)*, there are pg, p1 € A for which {ay,, o, } is captured at some level
I and [oy,, ap, ]| € A. According to Lemma 3.6, {D,,, D,, } is also captured at level
I. From this fact and by point (c), the same holds for {po, p1} and {v(po),v(p1)}. In
order to finish the claim, we will show that ¢ = poUp; € P. Indeed, let @ < v € g be
such that {«,~} is captured. If p(a,~y) < I, then there is ¢ € 2 for which «,v € p;.
Thus, [a, ] € A. On the other hand, if p(«a,y) =1, let F' € F; be such that ¢ C F.
By Remark 8.3, we have that [a,~] = FiA\R(F) = [ap,, op, ] € A. O
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Suppose that F is as in the theorem above. Since w; is not measurable, there is
a surjective function 7 : w; — w so that 7= 1[{n}] € V(F) for each n € w. From
this, it follows that the family

TV(F)={Acw: m A € V(F)}

is a non-principal ultrafilter over w. We will now prove that it is also a Ramsey
ultrafilter.

Theorem 8.8. Let F be a 2-capturing construction scheme for which mzr > w;.
then mV(F) is a Ramsey ultrafilter.

Proof. Let (P;);c. be a partition of w so that P; & nV(F) for each € w. We define
the forcing P as the set of all p € [w;]* so that

[[(p)] N Pl < 1

for each i € w. We order P with the reverse inclusion. Note that if G C P is an un-
countable filter, then S¢ is an uncountable subset of wy such that |7[(Sg)]NP;] < 1

for each i. The existence of such filter follows from the following claim.
Claim: P is ccc and 2-preserves F.

Proof of claim. Let A be an uncountable subset of P and v : A — w; be an
injective function. Given p € A, let D, = pU{v(p)} and o, = max(p). By refining
A if necessary, we may assume that there are j e w,a <m;, C Ca+1land be C
so that the following conditions hold for any p € A:

(a) pPr <,

(b) llawll; = a,

(©) (ap);[C] = p and (ap);(b) = v(p).
Furthermore, we may suppose that there is E C w so that «[(p)] = E for each
peA Let I ={iew : ENP; #0}. Note that I is finite. Therefore,

A=uw\(JP) e nV(F).
iel

In particular, AN7[(a, : p € A)] # 0. Thus, there are pg, p1 € A so that {ay,, ap, }
is captured at some level | and 7(Jayp,p,]) € A. By arguing in the same way as
in the previous theorem, we can conclude that both {v(pg),v(p1)} and {po,p1} are

captured. Even more, for ¢ = py U p; we have that

(2) = {lewe» . [} U (o) U (p1).

In virtue of this, 7[(g)] = {7 ([apy, p, ) JUE. As w[[atp,, ap, ] € A4, it easily follows
that g € P. This finishes the proof. O
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9. P-IDEAL DICHOTOMY AND CAPTURING AXIOMS

Let Z be an ideal over a set X. We say that Z is a P-ideal if for each countable
A C T there is B € T such that A C* B for every A € A. Any such set B is called
a pseudo-union of A. The P-ideal dichotomy (PID) is a well-known consequence
of PFA regarding P-ideals. The third author introduced it in its current form in
[49]. There he showed that PID is consistent with CH, although PFA is not. A
less general version of PID was previously formulated by Abraham and the third

author in [1].

Definition 9.1. Let Z be an ideal over a set X. We define the orthogonal ideal of
T, namely Z+, as the set of all A C X such that AN B =* () for any B € T.

P-ideal Dichotomy [PID]: Let X be a set and Z be a P-ideal over X such that
[X]<¥ C Z C [X]S“. Then one of the two following conditions hold:

e There is Y € [X]“* so that [Y]¥ C T.

e There is {Z, : n € w} C I+ for which X = | Z,.

new

Many of the objects that can be constructed using capturing construction schemes
already contradict to some degree the P-ideal dichotomy. For example, since the
Suslin Hypothesis follows from PID (see [1] and [49]), this axiom is incompatible
with FCA. In addition, since PID implies that any gap is indestructible, C' A3 also
contradicts PID. However, non of the consequences of C'As which are known so far
are enough to contradict the P-ideal dichotomy. For now, the best we have is that
PID + min(b, cof(F,)) > wy is incompatible with the existence of a 2-capturing
construction scheme. This is because such assertion is equivalent to the nonexis-
tence of a sixth Tukey type (see [34]). The purpose of this section is to prove that
PID is in fact incompatible with C'A,.

For the remainder of this section, we will assume that PID holds and that F is
a construction scheme. Our plan is to define a P-ideal Z from F that contradicts
PID whenever F is 2-capturing. This ideal Z will be defined as family of countable
sets of the orthogonal ideal of some other ideal . When applying the second
alternative of PID to the ideal Z, we will need to calculate who is Z*. In general,
this may be a difficult task. However, the following concept will facilitate these

calculations.

Definition 9.2. Let H be an ideal of countable sets in wy. We will say that H is
Fréchet in [wy]® if for any A € H' N [wy]*, there is an infinite B C A such that
BeH

Proposition 9.3. Let H be an ideal of countable sets in w1 and assume that H is
Fréchet in [w1]“t. Then (H* N [w1]S9)E N wi]® = H N [wi]®.

Proof. We will only show that the inclusion from left to right holds. For this
purpose, let A € (Ht N [wi]S¥)Y N jwi]¥. Assume towards a contradiciton that
A¢H. Then A € H' N[w]¥. Since H is Fréchet, there is an infinite B C A such
that B € H*. In particular, AN B is infinite, and this contradicts the fact that
A € (HY)1. Thus, the proof is over. [ ]
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We now define the ideal Z which will be used in the proof of Theorem 9.12.

Definition 9.4. Given n € w and a € wy, we define
Hy(a)={{<a:Vm>n(Z4(m)=—1 or E¢(m) < Ey(m))}.
Additionally, we define the ideal generated by the family {H,(«) : n € w and o €

w1} as H. Lastly, we define Z = H+ N [wy]S¥.

Remark 9.5. [w1]<“ is included in both H and Z.
The following lemma is easy.

Lemma 9.6. Let o, 8,7 < wy and m,n € w. Then:

(1) If m < n, then Hy, (o) C Hy (o).
(2) If 8 <~ andn > p(B,), then Ho(3) N C Ha(5)

Proof. The point (1) follows directly from the definition. In order to prove (2) we
will show that wi\H,(8) C wi\(Hn(y) N B). Let & € wi\H,(B). If £ > 5 we are
done, so let us assume that & < (. Then there is m > n for which Z¢(m) > Zg(m) >
0. Note that m > p(8,v). Thus, by the point (c) of Lemma 3.4 we conclude that

ZEs(m) = E,(m). In this way, £ & Hy(7). This finishes the proof. |
Remark 9.7. By the point (1) of the previous lemma we have that for any A € H
there are n € w and a1, ...,a;, € w; for which A C |J H, (o).

i<n

Definition 9.8. Given 8 € w; we define H|s as the ideal generated by the family
{Hp(a) : @ < B and n € w}.

Lemma 9.9. Let § < w; and A C (3.

(a) If A € (H|p)*, then A € HL. Furthermore, since A is countable then
AcT.
(b) If Ae (H|p)T, then A e HT.

Proof. Proof of (a). Tt is enough to show that AN H,(y) =* 0 for any 8 < v € w;
and each n € w. Furthermore, we may assume that n > p(8,7) due to the point
(1) of Lemma 9.6. Indeed, by virtue of the point (2) of the same lemma, we have
that

ANH,(v)=ANBNH,(v) CANH,(B)="10.

O

Proof of (b). Suppose towards a contradiction that A ¢ H*. Then there are n € w

and ai,...,a, € wy for which A C |J H,(«;). Without any loss of generality we
i<n

may assume that there is j < n so that, for any ¢ < n, a; < g if and only if ¢ < j.

Furthermore, we may assume that n > p(f8, «;) for any ¢ > j. From this, it follows

that

AC (|JHn(a)U( | Hule)nB) € (|JHn(e))U( | Ha(B)).

i<j j<i<n i<j j<i<n

In this way, A € H|g which is a contradiction. (|
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Proposition 9.10. H is Fréchet in [w1]“.

Proof. Let A € H™ N[wi]* and 8 € wy be such that A C 3. Note that A € (H|g)™".
Since H|s is a countably generated ideal, there is B € [A]* such that B € (H|g)*.

According to the point (a) of Lemma 9.9, A € Z. Thus, the proof is over.
[ |

Proposition 9.11. 7 is a P-ideal.

Proof. Let (A,)ne., be an increasing sequence of elements of Z. Then there is
B € wy for which |J A, C B. Let us enumerate 5+ 1 as (8,)nen. We then define

A= (AN Ha(8))-

new i<n

By the Lemma 9.6, it follows that A is a pseudo-union of (A4, ), and A € (H|g)*.
In particular, this means that A € Z due to the point (a) of Lemma 9.9. |

Theorem 9.12 (Under PID). F is not 2-capturing.

Proof. Suppose towards a contradiction that F is 2-capturing. According to the
Proposition 9.11, 7 is a P-ideal. Since we are assuming PID, there are two pos-
sibilities for Z. We will finish the proof by showing that both of them lead to a

contradiciton.

Case 1: There is an uncountable Y C wy such that [Y]* C 7.
Non satisfaction of case. Consider the coloring ¢ : [Y]? — 2 given by:
c({a, B}) = 0 if and only if {«, 8} is not captured.

Using the partition relation w; — (w1,w + 1)3 and the fact that F is 2-capturing,
we can conclude that there is an increasing sequence ()i<w+1 C Y such that
{ai,a;} is captured for any two distinct ¢,j < w + 1. In particular, {a;, o} is
captured for any ¢ < w. By Lemma 3.4, we get that A = {«a; : i <w} C Hop(a,).

In other words, A € Z. This is a contradiction, so this case can not occur. O
Case 2: There is Y an uncountable subset of w; such that [Y]* C Z+.

Non satisfaction of case. According to Proposition 9.10, H is Fréchet over [wq]“.
From this it follows that [Y]“ C H. Let

P={lcw:IacY (Z,()>0)}

By refining Y, we may assume that for any [ € P there are uncountable many
a € Y for which E,(I) > 0. In this way, we can recursively construct sequences
(Ag)pew, C [Y]¥, (Bg)gew, C Fin(w1) and (ng) ey, so that the following properties
hold for any two 8 < v € wy:

(1) Ag < Bg < A,. In particular Bg N By = 0.

(2) For all I € P there is o € Ag for which Z,(1) > 0.
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(3) Ap gg Hyg (@)

(4) BgnNY #0.
By refining such sequence, we can suppose that there is n € w such that ng =n
for any 8 € wy. Since F is 2-capturing, there are § < v € wy such that {Bgs, B, }
is captured at some level I > n. Now, Bg and B, are disjoint. Thus, Z,(]) =1
for any o € B,,. Therefore, [ € P due to the point (4). By virtue of the point (2),
there must be £ € Ag such that Z¢(I) > 0. On the other hand, Z,(l) = 0 for all
a € Bg. Consequently, £ ¢ H,(«) for any such «. This contradicts the point (3),
so this case can not occur. U

Corollary 9.13. (Under PID) There are no 2-capturing construction schemes.

10. OPEN PROBLEMS

The main objects studied through out this text were the WLI gaps. We wonder
how much PFA is needed to imply that every gap is of this form. A particular
instance of this line of research would be the following:

Problem 10.1. Does PID imply that every gap is weakly levelwise-separable? If
not, what about PID+MA?

In this paper, we solely dealt with gaps of size w;. However, the notion of
levelwise-inseparabilty makes sense for gaps of other sizes. Having this generaliza-
tion in mind we ask:

Problem 10.2. For which pairs of ordinals (k,\) # (wi,w;) is consistent that
there is a (k, \)-gap which is not weakly levelwise-inseparable? For which of those
pairs does the statement “There is a (k,\)-gap and every (k,A)-gap is weakly

levelwise-inseparable” is consistent?

We know that Suslin trees exist if a fully capturing schemes (of a certain type)
exists, and that 2-capturing schemes are not powerful enough to imply the existence
of these objects. However, we still do not know what is the situation for n-capturing
(or capturing) schemes. Compare this with the fact that destructible gaps do exist
if we assume that there is a 3-capturing scheme.

Problem 10.3. Let n > 2. Does the inequality m% > w; imply that there are no
Suslin trees?

A theorem of Baumgartner [3] states that it is consistent (under large cardinal
hypotheses) that every Aronszajn tree has a base of cardinality w;. This in turn
implies that consistently the filter U(T) associated to a coherent tree has a (filter)
base of size w;. We wonder whether the same is true for the filter V(F) defined in
Section 8.

Problem 10.4. Is it consistent that V(F) is a filter is generated by w;-many sets?

A positive answer to the question above may shed some light to Kunen’s open
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problem of whether there can be an ultrafilter ¢ over w; whose character is less
than 2“1,
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