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Abstract We prove that the Katětov order on Borel ideals (1) contains a copy of
P(ω)/Fin, consequently it has increasing and decreasing chains of lenght b; (2) the
sequence Finα (α < ω1) is a strictly increasing chain; and (3) in the Cohen model, Katětov
order does not contain any increasing nor decreasing chain of length c, answering a question
of Hrušák (2011).
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1 Introduction

The Katětov order is defined on ideals on ω as follows: I ≤K J if there is a function f ∈ ωω

such that f −1(I ) ∈ J for all I ∈ I. This order is a generalization of the better-known
Rudin-Keisler order. It is a powerful tool for the study of some properties about ideals and
filters, like Ramsey type properties, Fubini property, classes of ultrafilters, destructibility
of ideals by forcing, among other (see [3, 7, 8]). Frequently, the combinatorial proper-
ties about ideals have definable critical ideals in the Katětov order. In this paper we study
some structural aspects of the Katětov order restricted to the family of Borel ideals, as an
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order-type. Clearly, the Katětov order among the whole family of ideals is more compli-
cated. Another fragment of it that has been studied is the family of ideals generated by
maximal almost-disjoint families (see [6]). Two relevant structural properties of Katětov
order on definable ideals, the named category and measure dichotomies, are proved by
Hrušák in [5]. A more complete study about ideals on ω is available in [4].

The properties we are going to prove are described in the abstract and they correspond
with the number of each section. The notation we use is standard, and mainly follows [10].

2 Summable Ideals in the Katětov Order

We now prove that the Katětov order on Borel ideals contains a copy of P(ω)/Fin, ordered
by ⊆∗. More specifically, this copy is contained inside the family of summable ideals. This
result is analogous to another obtained by Ilijas Farah (Theorem 1.12.1(c) in [2]) about the
Rudin-Blass order. Recall that an ideal I is summable if there is a function f from ω to
[0, ∞) satisfying limn→∞ f (n) = 0,

∑
n∈ω f (n) = ∞ and

I = If :=
{

A ⊆ ω :
∑

n∈A

f (n) < ∞
}

.

Clearly, by definition, summable ideals are tall Fσ P-ideals. Let us denote by � the family
of summable ideals.

Theorem 1 There is an order embedding ϕ from P(ω)/Fin into �.

Proof Let us recursively construct two sequences of real numbers pn and rn (n ∈ ω) as
follows: r0 = 1, p0 = 0, pn+1 ≥ ((rn + 1)pn + 1) r−1

n and rn+1 = 2−n−1(pn+1 − pn)
−1:

By definning intervals In = [pn, pn+1 −1] we have constructed a partition of ω in intervals
satisfying min(In+1) = max(In) + 1 and

(1) |In|rn ≥ |⋃j<n Ij | and

(2) |In|rn+1 ≤ 2−n−1.

For each infinite subset A of ω, let us define a function fA : ω → (0, 1] such that for every
k < ω

fA(k) =
{

rn if k ∈ In and n /∈ A

rn+1 if k ∈ In and n ∈ A

The Theorem follows immediately from claims below.

Claim For every infinite and coinfinite subset A of ω, IfA
is a non-trivial tall ideal.

Proof (Proof of claim) Note that
∑

n<ω

fA(n) =
∑

j<ω

∑

n∈Ij

fA(n) ≥
∑

j∈ω\A
rj |Ij | ≥

∑

j∈ω\A
|
⋃

i<j

Ii | = ∞.
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Claim If A,B ∈ [ω]ω and A ⊆∗ B then IfA
≤K IfB

.

Proof (Proof of claim) Note that if A ⊆∗ B then fB ≤∗ fA and then IfA
⊆ IfB

, and so
IfA

≤K IfB
.

Claim If A,B ∈ [ω]ω and |A \ B| = ℵ0 then IfA
�K IfB

.

Proof (Proof of claim) Let ϕ be in ωω and let us prove that ϕ is not a witness for IfA
≤K IfB

.
First note that for any n < ω there is Fn ⊆ In such that |Fn| ≥ 1

2 |In| and, either ϕ(x) <

min(In) for all x ∈ Fn or ϕ(x) ≥ min(In) for all x ∈ Fn. Then we have two cases:

Case 1 The family C = {n ∈ A \ B : x ∈ Fn → ϕ(x) < min(In)} is infinite. Note that by
condition (1) and the pigeonhole principle, for any n ∈ C there is kn ∈ ⋃

j<n Ij such that

|ϕ−1[{kn}] ∩ Fn| ≥ 1
2rn

. Note that for any n ∈ A \ B,
∑

i∈ϕ−1(kn) fB(i) ≥ rn · 1
2rn

= 1
2 . If

{kn : n ∈ C} is finite, then it belongs IfA
. In other case we can take an infinite C′ ⊆ C such

that for every j < ω, |{kn : n ∈ C′} ∩ Ij | ≤ 1, Then, we have that
⋃

n∈C′ ϕ−1[{kn}] /∈ IfB

but {kn : n ∈ C′} ∈ IfA
. Hence in this case, ϕ is not a witness for IfA

≤K IfB
.

Case 2 The family D = {n ∈ A\B : x ∈ Fn → ϕ(x) ≥ min(In)} is infinite. Note that Y =⋃
n∈D Fn is an IfB

positive set and J = ϕ′′Y ∈ IfA
since

∑
n∈J fA(n) ≤ ∑

y∈Y fA(ϕ(y)) =
∑

n∈D

∑
y∈Fn

fA(ϕ(y)) ≤ ∑
n∈D rn+1|Fn| ≤ ∑

n∈D 2−n−1. Hence in case 2, ϕ is not a
witness for IfA

≤K IfB
.

Corollary 1 � ordered by the Katětov order contains increasing and decreasing chains of
lenght b, and antichains of size c.

3 The Ideals Finα in the Katětov Order

We investigate an increasing chain in the Katětov order of lenght ω1.

Definition 1 (Katětov [9], also see [1]) A countable set Xα and an ideal Finα on Xα

(α < ω1) are defined by recursion as follows: X0 = {0}, Fin0 = {∅}, Xα+1 = ω × Xα ,

Finα+1 = {A ⊆ Xα+1 : (∃m)(∀n ≥ m){r ∈ Xα : (n, r) ∈ A} ∈ Finα},

and if α is a limit ordinal, then Xα = ⋃
β<α{β} × Xβ and

Finα = {A ⊆ Xα : (∃β < α)(∀γ ≥ β){r ∈ Xγ : (γ, r) ∈ A} ∈ Finγ }.

Proposition 1 The sequence {Finα : α < ω1} is strictly ≤K -increasing.

Proof First note that the projection πXα : Xα+1 → Xα is a witness for Finα ≤K Finα+1.
We conclude that the sequence is ≤K -increasing by showing that if α is limit and β =
γ + 1 < α then Finβ ≤K Finα . Let {αn : n < ω} be an enumeration of α \ γ , and let ϕ0
be a bijection from

⋃
δ<γ {δ} × Xδ onto {1} × X1, and for 0 < n < ω, let ϕn : Xαn → Xγ

be a witness of Finγ ≤K Finαn . Now we define the Katětov function desired by ϕ(δ, r) =
(n, ϕn(r)), if γ ≤ δ = αn, and ϕ(δ, r) = (1, ϕ0(δ, r)) if δ < γ . Let us prove that ϕ works.



192 Order (2016) 33:189–194

Let A be in Finβ , and k ∈ ω such that {r ∈ Xγ : (m, r) ∈ A} ∈ Finγ , for all m ≥ k.
Let ε be the maximum of the family {α1, . . . , αk, β}. Then, for all ordinal ε < ξ < α,
{r ∈ Xξ : (ξ, r) ∈ ϕ−1(A)} = ϕ−1

m {r ∈ Xγ : (m, r) ∈ A}, where ξ = αm. Since ϕm

witnesses Finγ ≤K Finξ , we are done.
For the strictness, it will be sufficient to prove Finα+1 �K Finα for all α < ω1. Let us

suppose not, and let α be the minimal with respect to the property Finα+1 ≤K Finα , and let
f : Xα → Xα+1 a witness for this. For simplicity, let us denote ω′ = ω if α is a succesor,
and ω′ = α if not, and for β ∈ ω′ let β ′ be equal to α − 1 if α is a successor, and β ′ = β if
not. For β < ω′ and k < ω, let us define Y(β,k) = {j ∈ Xβ ′ : f (β, j) ∈ {k} × Xα}.

Case 1 The set B = {β < ω′ : (∃k < ω)Y(β,k) ∈ (Finβ ′
)+} is unbounded. For some

cofinal family C of B, we can find an increasing sequence 〈kβ : β ∈ C〉 of natural num-

bers, satisfying Y(β,kβ ) ∈ (Finβ ′
)+ for all β ∈ C. In this case, for every β ∈ C, we

can consider the function fβ : Y(β,kβ ) → Xα given by fβ(r) = projXα (f (β, r)). From

Finβ ′ � Y(β,kβ ) ≥K Finβ ′
and the minimality of α, 1 fβ is not a Katětov function, and

then, for all β ∈ C, we can find a Finβ ′
-positive set Aβ such that fβ(Aβ) ∈ Finα . Define

A = ⋃
β∈C{kβ}×fβ(Aβ). Clearly, A ∈ Finα+1 but f −1(A) ⊇ ⋃

β∈C{β}×Aβ ∈ (Finα)+.
This is a contradiction.

Case 2 B is bounded. Let 〈βn : n < ω〉 a cofinal increasing sequence in α with β0 >

sup B. For all n < ω, the function gn : Xβn → Xα+1 given by gn(r) = f (βn, r) is

not a Katětov function, then there is a Finβ ′
n -positive set An such that gn(An) ∈ Finα+1.

Define Cn = gn(An) \ ((n + 1) × Xα). Note that for all n, g−1
n (Cn) ∈ (Finβ ′

n)+, because

f −1({k} × Xα) ∩ {βj } × Xβ ′
j

∈ Finβ ′
j for all k and j . Hence, C = ⋃

n Cn ∈ Finα+1 but

f −1(C) ⊇ ⋃
n{βn} × g−1

n (Cn) ∈ (Finα)+, a contradiction again.

4 Chains in Katětov Order on Borel Ideals and the Cohen Model

In [4], M. Hrušák asked if there are increasing or decreasing ≤K -chains of Borel ideals
with lenght c. This section is dedicated to prove that, consistently, this is not the case.
Let Cω2 be the forcing for adding ω2-many Cohen reals. We first prove some facts about
families of ℵ2-many Cω2 -names. Let us recall that every automorphism ϕ of Cω2 , induces
an automorphism ϕ of V Cω2 (the family of Cω2 -names on V ) recursively defined by
ϕ(Ȧ) = {〈ϕ(ȧ), ϕ(p)〉 : 〈ȧ, p〉 ∈ Ȧ}, satisfying that for any Cω2 -generic filter G on V ,

valG(Ȧ) = valϕ(G)(ϕ(Ȧ)).

Note that ϕ−1 = ϕ−1 for all automorphism ϕ of Cω2 .

Lemma 1 Let V a model of CH and {Ȧα : α < ω2} a family of Cω2 -names for real
numbers. Then, there exists an automorphism ϕ of Cω2and some α < β < ω1 such that
ϕ−1 = ϕ and ϕ(Ȧα) = Ȧβ .

1It is an easy fact that for every ideal I and every I-positive set X, the restriction I � X = {A ⊆ X : A ∈ I} is
an ideal on X which is Katětov above I.



Order (2016) 33:189–194 193

Proof For every α < ω2, let Xα be the support of Ȧα . By Fodor’s lemma, there is a root
R ⊆ ω1 and Y ∈ [ω2]ω2 such that for any α < β ∈ Y , Xα ∩ Xβ = R. For each α ∈ Y , let
Cα be a sequence 〈(Dα

n ,Eα
n ) : n < ω〉 satisfying:

1. Dα
n ∪ Eα

n is a maximal antichain in CXα , and
2. p ∈ Dα

n implies p � Ȧα(n) = 0 and p ∈ Eα
n implies p � Ȧα(n) = 1, where p is the

obvious extension of p to Cω2 .

Every Xα is a countable set and then, for every α, β ∈ Y , CXα
∼= Cω

∼= CXβ . Let us
consider each Cα as a subset of Cω. Since V |= CH and there are c = ω1-many countable
sequences of pairs of countable subsets of ω, there are some α < β ∈ Y such that Cα = Cβ ,
i.e. there is an isomorphism ψ from CXα onto CXβ such that for all n < ω, p ∈ Dα

n iff

ψ(p) ∈ D
β
n and p ∈ Eα

n iff ψ(p) ∈ E
β
n . Let us define the requested automorphism by

ϕ(p)(γ) =
⎧
⎨

⎩

p(γ) if α �= γ �= β

ψ(p)(β) if γ = α

ψ−1(p)(α) if γ = β.

It is clear by definition that ϕ = ϕ−1 and ϕ(Ȧα) = Ȧβ .

Note that the automorphism ϕ also satisfies that if ḟ is the name of a witness for
İ ≤K J̇, then ϕ(ḟ ) is a name for a witness for ϕ(İ) ≤K ϕ(J̇). By the classical pro-
cedure, we can consider Borel ideals as real numbers (the Borel codes in 2ω) and the
Katětov order becomes a preorder on real numbers, that satisfies the hypothesis of the next
Theorem.

Theorem 2 Let V be a model of CH , ≤ a preorder relation on 2ω satisfying that for
all ẋ, ẏ Cω2 -names for elements of 2ω and all automorphism ϕ of Cω2 , V [G] |= ẋ ≤ ẏ

iff V [ϕ(G)] |= ẋ ≤ ẏ, for all Cω2 -generic filter G on V . Then, in V [G], there are no
increasing nor decreasing ≤-chains of lenght c.

Proof Suppose that in V [G] exists an increasing chain of lenght ω2. Let {ṙα : α < ω2} be
a family of Cω2 -names such that Cω2� ṙα < ṙβ for α < β < ω2. By Lemma 1 there are
an automorphism ϕ of Cω2 and α < β < ω2 such that ϕ(ṙα) = ṙβ and ϕ(ṙβ) = ṙα . Then,
for any Cω2 -generic filter G on V , valG(ṙα) < valG(ṙβ), obviously, the same holds for
the Cω2 -generic filter ϕ(G), i.e. valϕ(G)(ṙα) < valϕ(G)(ṙβ). However, since ϕ(ṙα) = ṙβ ,
valG(ṙα) = valϕ(G)(ϕ(ṙα)) = valϕ(G)(ṙβ) and valG(ṙβ) = valϕ(G)(ϕ(ṙβ)) = valϕ(G)(ṙα),
and hence,

valϕ(G)(ṙβ) = valG(ṙα) < valG(ṙβ) = valϕ(G)(ṙα),

which is a contradiction. Analogously the decreasing case can be proved.

Corollary 2 In the Cohen model, the Katětov order does not contain increasing nor
decreasing chains of Borel ideals with lenght c.
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