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1. Introduction

Ultrafilters and independent families occupy one of the central places in Wis Comfort’s research (see
e.g. [4-8]). We revisit an old construction of B. Pospisil involving both concepts. In his 1939 paper [17],
Pospisil proved that there is an ultrafilter on w of character ¢. He did it by defining a certain filter from an
independent family of size ¢, and then proved that any ultrafilter extending the filter has character ¢ (see
[4, 2.6 and 2.7]). Tt is this filter of his, or the dual ideal, which is the main object of study here.

Recall that a family X = {X, | o € s} C [w]” is independent if for any two disjoint F, G € [k]=* the set
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is infinite. The fact that there are independent families of size ¢ was probably first proved by G. Fichtenholz
and L. Kantorovitch [9]. In retrospect, their construction provides an independent family which is perfect
as a subspace of the Cantor set.

Given a perfect independent family P define the Pospisil ideal of P (denoted by Pos(P)) as the ideal
generated by the finite sets and

{w\z|ze PyUu{NC|C € [P]"}.

Given an ideal Z on a set X, J. Baumgartner [1] introduced the notion of an Z-ultrafilter as follows: An
ultrafilter U on w is an Z-ultrafilter if for every function f : w — X there is a U € U such that f[U] € T.
The notion of an Z-ultrafilter is closely tied with the Katétov order' as an ultrafilter I/ is an Z-ultrafilter if
and only if 7 fK U*. Most of the standard properties of ultrafilters can then be characterized in this way,
using Borel ideals” of low complexity:

(1) U is a Ramsey ultrafilter if and only if ¢ is an ED-ultrafilter.

(2) U is a P-point if and only if U is a FinxFin-ultrafilter if and only if ¢/ is a conv-ultrafilter.
(3) U is a @-point if and only if EDpin Lxe U*.

(4) U is a nowhere dense ultrafilter if and only if I/ is a nwd-ultrafilter.

(5) U is rapid if and only if J £xg U* for any analytic P-ideal 7.

The reader may consult [1,2,11,12] for more information. In other words, the Katétov order naturally strati-
fies ultrafilters by “upward cones” of Borel ideals. Ultrafilters satisfying any of the above properties cannot be
constructed in ZFC alone, so one has to wonder whether this stratification may consistently be vacuous. On
the other hand, extending PospiSil’s argumentation slightly, one can show that Pos(P)-ultrafilters do exist
in ZFC, in fact, they exist generically, i.e. any filter of character < ¢ can be extended to a Pos(P)-ultrafilter.
However, Pos(P) is analytic, and appears not to be Borel. This led the second author to ask:

Problem 1 (/12]). Is there a Borel ideal Z such that Z-ultrafilters exist in ZFC?

We shall answer this question in the positive by defining a Borel (in fact F,s,) version of the Pospisil
ideal. Moreover, we will define an Fs, ideal J for which J-ultrafilters exist generically. Then we shall show
that the complexity cannot be lowered, i.e. consistently Z-ultrafilters do not exist generically for any F,s
ideal 7.

We conclude this introduction by fixing some notation. Given A, B C w we will say that A is an almost
subset of B (or B almost covers A) if A\ B is finite, and this will be denoted by A C* B. If A C w we
denote by A* the complement of A and if X C p(w)® we define X* = {A* | A€ X}. If 7 is an ideal, T
denotes the family of all subsets of w that are not in Z. Given A € ZT, the restriction of Z to A is defined
as TN p(A). We say a family B C 7 is cofinal in T if for every A € T there is B € B such that A C B. By

! Recall that given two ideals Z and J on sets X and Y respectively we say that Z is Katétov below J and denote by T <k J, if
there is a function f : Y — X such that f~'[I] € J for every I € T (see [14]) We say that Z is Katétov-Blass below J and denote
by Z <kg J if, moreover, the witnessing function is finite-to-one.

2 For every n € w we define C,, = {(n,m) | m € w} and if f: w — wlet D (f) = {(n,m) | m < f(n)}

Recall that:

(1) Fin is the ideal of all finite subsets of w.

(2) €D is the ideal on w X w generated by {C,, | n € w} and (the graphs of) functions from w to w.
(3) EDrin is the restriction of ED to A = {(n,m) | m < n}.

(4) FinxFin is the ideal on w X w generated by {C,, | n € w} U{D (f) | f € w*}.

(5) conv is the ideal on [0, 1] N Q generated by all sequences converging to a real number.

(6) nwd is the ideal on Q generated by all nowhere dense sets.

3 If X is a set, we denote its power set by g (X).



244 O. Guzmdn, M. Hrusdk / Topology and its Applications 259 (2019) 242-250

cof (Z) we denote the smallest size of a cofinal family of Z. In this note, a tree T will be a subset of w<¥
closed under taking initial segments. If T' is a tree and n € w, we denote T,, = T'Nw™. The set of branches
of T is defined as [T] ={f |Vn(f [neT)}.

2. Pospisil ideals

We will say that a perfect tree T C 2<% is independent if the set of its branches [T is independent.*
Abusing notation a bit, given an independent tree T C 2<“ we shall denote the Pospisil ideal Pos([77)
simply by Pos(T'), i.e. the ideal generated by the finite sets and {z* | z € [T]} U{NC | C € [[T]]"}.

We now present the following mild extension of Pospisil’s argument crucial for our considerations.

Lemma 2. If T C 2<% is an independent tree then Pos(T) is a proper ideal and cof (J) = ¢ for every ideal
J extending Pos(T).

Proof. First we will show that Pos(T') is a proper ideal, i.e. that w ¢ Pos(T). Let xq,...,z, € [T] and
Co, ..., Cp, be countable subsets of [T]. For each ¢ < m we choose y; € C; such that y; ¢ {zo,...,z,}. Clearly
(NCo) U ..U (NCh) is a subset of yo U ... U yp,. Since T is independent, z§ U ... Uz} does not almost cover
w\ (Yo U ...Uypm), hence w ¢ Pos(T).

Now, aiming toward a contradiction assume that there is an ideal 7 such that Pos(T") C J and cof(7) < «¢.
Let B C J be a cofinal family of size less than ¢. Since {z* | z € [T]} C J, there is C € [[T]]* and B € B

such that * C B for every x € C'. On one hand J 2* C B and on the other hand
zeC

ne-(u-)

zeC

belongs to J so w € J which is a contradiction. O

Recall that an ideal Z is P~ (see [13]) if for every {X,, | n € w} C Z* thereis Y € Z% such that Y C* X,
for every n € w. We shall need the following proposition in the next section.

Proposition 3. If T' is an independent tree then Pos(T) is not P~.

Proof. Let D C [T] be a countable dense set. Clearly D C Z*, (where Z = Pos(T)) and we will show that
every pseudo-intersection of D is in Pos(T). Letting A be a pseudo-intersection of D, we must show that
A € Pos(T). Let f: D — w such that A\ d C f(d) for every d € D. We may assume that there are
two x,y € D such that A C x Ny. Choose two subsets {z,, | n € w}, {yn | n € w} of D\ {x,y} such that
xln=x, [nandy | n=uy, [ nforevery n € w. We recursively define two increasing sequences of natural
numbers (n;),. and (m;)._.  as follows:

S P€EW

(2) m; > max{f (xn,),ni}.
(3) niy1 > max{f (ym,),mi}.

This is very easy to do. Let X = {z,,, | i € w}U{z} and Y = {ym,
ACNXUNY so A€ Pos(T). O

i € w}U{y}. It is easy to see that

4 We are identifying a set with its characteristic function.
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Next we shall show that not all Pospisil ideals are isomorphic. In fact, they can have rather dramatically
different combinatorial properties. Recall that an ideal Z is w-hitting if for every {X,, | n € w} C [w]” there
is B € 7 such that |BN X,,| = w for every n € w. We will see that there are examples of PospiSil ideals that
are w-hitting, but there are also some that are not.” In order to prove this, we need the following definitions:
Let T C 2<% be an independent tree.

(1) We say that T is a hitting tree if whenever s € T, for almost all n € w there is ¢ € T4 extending s
such that ¢t (n) = 1.

(2) We say that T has the generic property if for every n € w, X C T, and ¢ : X — 2 there are infinitely
many m > n such that for every s € Ty, 11 if s [ n € X then s(m) =c(s | n).

Note that the above properties are mutually exclusive.
Proposition 4. Let T C 2<% be an independent tree.

(1) If T has the generic property then Pos(T) is not w-hitting.
(2) If T is a hitting tree then Pos(T*) is w-hitting.

Proof. Let T be an independent tree with the generic property. Let W be the family of all pairs p = (X,Y)
such that there is an n € w such that X and Y are two disjoint non empty subsets of T,,. Given p = (X,Y) €
W such that X, Y C T, let W, € [w]* such that for every m € W, and for every s € T},41 if s | n € X
then s (m) =1andif s [ n € Y then s(m) = 0. Since W is a countable family, {W, | p € W} is a countable
family of infinite sets.

We claim that no element of Pos(7T") has infinite intersection with each W,,. Letting A € Pos(T'), we may
assume there are zg,...,x, € [T] and Cy, ..., Cy, countable subsets of T such that A = Jz; U U (NC})-

<

i<n J<
For every j < m we choose y; € C; such that y; & {zo,...,x,} and y; # yi if j # k. We may then find | € w
such any two different elements of {z; | i < n}U{y; | j < m} differ before I. We now define p = (X,Y") where
X={z;[l|i<n}andY ={y; [1]|j <m}. Notethatif k € W, thenk € xzoN...Nzy, and k ¢ yoU... Uy,
so k¢ A

Finally, it is easy to see that if T is a hitting tree then [T C Pos(T*) is already w-hitting. O
It should be noted here that both kinds of trees actually exist:

Proposition 5. There are independent trees T,S C 2<% such that T has the generic property and S is a
hitting tree.

Proof. By T we denote the set of all finite trees p C 2<% such that all maximal nodes of p have the same
height. This common value will be denoted by ht (p). Given p,q € T we define the following:

(1) p <o qif pN2"@ = ¢ (hence ¢ C p).
(2) p <1 qif p<ogqand for every n € wand s € ¢ if ht (¢) < n < ht (p) then there is t € p extending s such
that t (n) = 1.

By max(p) we denote the set of maximal nodes of p. We define the following sets:

5 There is in general no relation between being w-hitting and P~ even for tall Borel ideals. The ideals £Dgn, Fin X Fin, nwd and
Fin X EDgin cover all the possibilities.
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(1) For every n € w we define Dy (n) as the set of all p € T such that s~ (0)|, [s~' (1)| = n for every s €
max(p).

(2) For every n € w we define D; (n) as the set of all p € T such that there is k& € w such that n < k < ht (p)
and every node in py is a splitting node.

(3) Given n € w, let Dy (n) be the set of all p € T for which there is &k such that n < k < ht (p) with the
property that for every c: pr, — 2 and for every {s; | t € pr} C max(p) such that ¢ C s, it is the case
that | () s;* (c(s¢ [k))’ > n.

teEpg
(4) For every n,m € w we define B, ,, as the set of all p € T such that for every X Cp, and c: X — 2

there are jo < ... < jm < ht(p) such that for every i < m and for every s € pj, 41 if s | n € X then

s (Ji) = ¢(s I n).

Let D={D;(n) |i<3An€w}and B=DU{B, | n,m € w}. We claim that each D; (n) is <;-dense
(i.e. for every p € T there is ¢ € D; (n) such that ¢ <; p) and each B, ,, is <¢-dense. The only non trivial
part is that the sets Da (n) are <;-dense, which we will prove now.

Let p € T and k = ht (p), we may assume that k > n. Let A be the set of all functions g: max(p) —s {0,1}°
such that if s € pg, then either gg (s) =1 or g1 (s) = 0 (where g (s) = (go (s), g1 (s))). Fix an enumeration
A = {g"|i <1} for some | € w. Given s € max(p) we will recursively define {(s; (0),s; (1)) | <1} as
follows:

D) 2000 =+~ (0t so () () | |
(2) Si+1 (0) = (g (s) >n and s;41 (1) = s, (1) (g} (s)>n (recall that g%: max(p) — {0,1}" and
g (s) = (g ( ) gi (s)).If j € {0,1}, by (j)" we denote the constant sequence of length n with constant
Value J)-

Let ¢ be the smallest tree such that s;41 (0),s4+1 (1) € ¢ for every s € max(p). It is easy to see that
q € T and ¢ <1 p. We claim that ¢ € D5 (n). To see this, let ¢ : g5 — 2 (note that ¢, = max(p)) and
{zs | s € max(p)} C max(q) such that s C z;. Note that for every s € max(p), there is my € {0,1} such
that so (ms) C z,. We can find g* € A such that g}, (s) = c¢(s) and g{_,, (s) = 1. It is easy to see that

N (siv1 (ms)) " (c(s))| = n, since si41 (ms) C z,, the result follows.
S€Qqk

By the Rasiowa—Sikorski lemma (see [15]) there are G, G; C T with the following properties:

(1) Gg is a filter in (T, <p).
(2) GoN'W #{ for every W € B.
(3) Gy is a filter in (T, <y).
(4) Gy NW # ( for every W € D.

It is then easy to see that T'= | JG( has the generic property and S = (JG1 is a hitting tree. O
3. Z-ultrafilters

We will now provide a positive answer to Problem 1 here. Given an ideal Z, we say that Z-ultrafilters
exist generically if every filter of character less than ¢ can be extended to an Z-ultrafilter. Generic existence
of Z-ultrafilters can be conveniently characterized by the generic existence number or exterior cofinality
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cof* (Z) defined as the smallest cofinality of an ideal [ such that Z C 7, introduced and studied by Brendle

and Flagkov in [2] and, independently, by Hong and Zhang in [10]°:

Lemma 6 (/2], [10]). If T is an ideal on w then Z-ultrafilters exist generically if and only if cof* (Z) = c.

In particular, by Lemma 2 if T' is an independent tree, then Pos(T")-ultrafilters exist generically.

The problem is that Pos(T") does not seem to be Borel. However, we will now prove that every ideal Pos(T")
can be extended to a Borel ideal, and as cof* is increasingly monotone, Z-ultrafilters exist generically for
this new, Borel, ideal 7 as well. Now, the existence of such a Borel ideal can be deduced directly from a
theorem of H. Sakai [19] who showed that every analytic ideal can be extended to a Borel one. However,
Sakai’s proof does not give any bound on the complexity. We shall give an explicit definition of an F,s,
ideal extending Pos(T') here.

Given a set A and m € w we define Z,, (A) as the set of all 7 = (7 (4))
whenever ¢ # j. Let T C 2<% be an independent tree.

€ A™ such that 7 (i) # 7 (5)

<m

(1) For every T € [T]" let C(z) = U (z(¢)") and D (z) = (" = (4).
<n i<n
(2) For every T € [T]" and 4y, ..., Uy, € Zm ([T]) we define H (T,7,,...,7;) = C (T) U ‘L<JkD(yj)'
i<k
(3) For every n > 0 we define H (n) as the set of all A C w such that for every m > n there are k > 1,

zZ € [T]" and Yy, ..., Uy € Zm ([T]) such that A C H (Z,7q, ..., Y1)
It is easy to see that H (n) C H (n+ 1) for every n € w. We now introduce the following definition:

Definition 7. If 7' C 2<% is an independent tree, we define Posg (T) = |J H (n).

new

We will need the following lemma:
Lemma 8. Let n > 0. If A,B € H(n) then AUB € H (2n).

Proof. Let A, B € # (n) and m > 2n. Since A, B € H (n) there are T,a € [T]", ¥y, ..., U, € Zm ([T]) and
b1, ...,bk, € Zy, ([T]) such that A C H(Z,¥,,...,s,) and B C H (a,by, ..., by,). It follows that

AUBC H(Z @Yy Yy s 015 bky). O
We now have the following result:
Proposition 9. Let T C 2<% be an independent tree.

(1) Posg(T) is an F,s,-ideal extending Pos(T).
(2) Posg(T) can not be extended to an Fys-ideal.

Proof. We will first prove Posg (T') is an ideal. It is closed under unions by the previous lemma, so it
is enough to prove that H (Z,7,,...,J,) # w for every T € [T]" and ¥y, ....¥r € Zm ([T]) with n < m.
Since n < m, there is i < m such that z = 7, (i) # T (j) for every j < n. Note that if z € im(y;)
(for any j < k) then D(y;) C z. Since T is independent, we know that z* is not almost contained in
C @) UU{D(;) | z ¢ im(7y;)} so H (T,Yy, -, Yy,) does not almost contain z*.

8 In [2] the cardinal invariant is denoted by ge(Z), and in [10] by non** (Z).
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We will now prove that Pos(T') C Posg (T'). Let € [T] and C = {y; | i € w} € [[T]]”. Since z* UNC C
z* U (yo N ... N Yy, for every m € w, * U(C € H (1), hence Pos(T") C Posg (T').

Next we shall prove that Posg (T) is an F,s5, ideal. Let a,, (T)) be the set of finite sequences s =
(81, Sm) € T™ such that s; is incompatible with s; whenever i # j. For every 5 = (51,...,5m) € am (T')
we define (3) = {(y1, ..., ym) | Vi <m (y; € [Ts,])}. For every 0 < n < m, k > 0 and 31,...,5k € an (T) we
define

H(n,m,51,....,5%) = {H (T,Y1, ) | TE[T|" AVi < k(y, € (3:))}-

Note that H (n,m, 31, ..., 5) is a closed set since it is a continuous image of [T']" x [] (5;). In this way, the
i<k
subset closure of H (n,m, 31, ...,S;) (denoted by H| (n,m,s1,...,5;)) is closed as well.
Let B (n,m) = U {#H, (n,m,31,....,5%) | S1,..., Sk € an, (T)} and note that B (n,m) is an F,-set. Clearly
ke

w
H(n) = [ B(n,m) so each H (n) is an F,s-set and then Posg (T') = |J H (n) is an F,s,-set. Finally, by
m>n n>0
results of Solecki, Laczkovich and Rectaw (see [21] and [16]), no F,s ideal is Katétov above FinxFin. Since

FinxFin <k Posg (T') by Proposition 3, and the fact (see [13]) that an ideal Z is P~ if and only if FinxFinZ
Z, the result follows. O

We can then conclude the desired result:
Corollary 10. There is an Fys5,-ideal L for which Z-ultrafilters exist generically.
The previous result is optimal in the sense that it is no longer true for Fjs-ideals, as we will prove now.

Definition 11 (see [3,18,20]). An ideal T is Shelah-Steprans if for every sequence {s, | n € w} C [w]<*\ {0}
one of the following holds:

(1) There is A € Z such that AN s, # 0 for every n € w.
(2) There is B € T such that s, C B for infinitely many n € w.

Let Z be an ideal and X C [w]=* \ {#}. We say that X witness that Z is not Shelah-Steprans if neither
of the two possibilities above hold for X.

Lemma 12. Let Z be an analytic ideal, and let X = {s,, | n € w} witnesses that T is not Shelah-Steprans. If
P is a forcing notion, then X still witnesses that T is not Shelah-Steprans after forcing with P.

Proof. Let B={A|Vn(ANs, #0)} and D ={B | 3*°n (s, C B)}. Both B and D are Borel sets, and not
being Shelah-Steprans simply means that ZN (B U D) = (). Since this is a coanalytic statement, it holds in
any forcing extension. O

We say that an ideal T is nowhere Shelah-Steprans if T | A is not Shelah-Steprans for every A € Z. We
now have the following absoluteness result:

Lemma 13. Let W be a forcing extension of V and I € V an analytic ideal. If W |E“T is nowhere Shelah-
Steprans” then V |=“T is nowhere Shelah-Steprans”.

Proof. Note that Z is nowhere Shelah-Steprans if the following statement holds:

VA3X C [A]"“Vz ((x ¢ Bx UDx)Vz ¢ 1)
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where Bx = {z |Vs € X (zNs#0)} and Dx = {x | 3°s € X (s C x)}. This statement is a Hi’ statement
and therefore it is downward absolute. O

Recall that given an ideal Z on w (or on any countable set), the Mathias forcing M (Z) associated with
7 is the set of all pairs (s, A) where s € [w]~“ and A € Z. If (s, A), (t, B) € M (Z) then (s, A) < (, B) if the
following conditions hold:

(1) t is an initial segment of s.
(2) BC A.
(3) (s\t)nB = 0.

If G C M (Z) is a generic filter, we define the generic real as r4en, = J {s | A ((s, 4) € G)}.

Lemma 14. Let Z be a nowhere Shelah-Steprans analytic ideal. If G C M(Z) is a generic filter then the
following holds in V [G]:

(1) 7gen € ZT.
(2) f Ae VNI" thenrge, NAETT.
(3) If A€ VNT then rgen, N A is finite.

Proof. Note that the first item follows from the second by taking A = w. Letting A € VNI, we will prove
that 7ge, NA € Zt. Since 7 is nowhere Shelah-Steprans and A € T+, there is X = {s,, | n € w} C [A]~*\ {0}
with the following properties:

(1) For every B € Z there is n € w such that s, N B = {).

(2) W € [w]” then |J s, €ZT.
neWw

Furthermore, since 7 is analytic the two previous properties hold in a forcing extension of V. By a simple
genericity argument and the first property, we can conclude that there are infinitely many n € w such that
8n C Tgen N A and then rgep, N A € Z7 by the second property.

The third item is easy and holds for every ideal. O

The following result was proved in [3]:
Proposition 15. If 7 is a Borel ideal, then I is Shelah-Steprans if and only if Finx Fin <x T.

As was mentioned earlier, no Fj,s-ideal is Katétov above FinxFin, so F,s-ideals are nowhere Shelah-
Steprans. The following result is based on the results of [2].

Proposition 16. It is consistent that Z-ultrafilters do not exist generically for every analytic nowhere Shelah-
Steprans ideal T (in particular for Fys-ideals).

Proof. Given a model of set theory W, we define P (W) as the finite support iteration of the Mathias forcing
of all analytic nowhere Shelah-Steprans ideals. Let V be a model where ¢ = ws. We perform a finite support
iteration {]P’a,(@a | @ < wy} where P, IF “Qq = P(Va)”, where V,, is the model obtained after forcing
with P,. We will argue that V,,, is the desired model. Let Z € V,,, be an analytic nowhere Shelah-Steprans
ideal. Since Z can be coded with a real, there is a < w; such that Z € V,,, and by downwards absoluteness,
we know that V,, E=“Z is nowhere Shelah-Steprans”. Given 8 > « let r% be the M (Z) generic real added



250 O. Guzmdn, M. Hrusdk / Topology and its Applications 259 (2019) 242-250

by Pgy1. Let 25 = w\rf and define J as the ideal generated by {xg |a< B <w } By the previous result,
it follows that J is a proper ideal and Z C J so cof* (Z) < cof (J) = w;. O

In [2] Brendle and Flaskové proved that if Z is an F,-ideal then cof* (Z) < cof(N') (where A/ denotes the
ideal of all null sets). This can actually be deduced directly using some results that can be currently found
in the literature: In [19] Sakai proved that there is an analytic P-ideal Pyax such that Z <yg Pmax where 7
is either an F,-ideal or an analytic P-ideal. In particular, cof* (Z) < cof (Pmax) for every F,-ideal Z. In [22]
Todorcevic showed that the cofinality of every analytic P-ideal is at most cof (A). Therefore, we conclude
that if Z is an F,-ideal then cof* (Z) < cof (NV). The following questions remain open:

Problem 17. Is there an F,-ideal Z for which Z-ultrafilters exist?

Problem 18. Is there an F,s-ideal Z for which Z-ultrafilters exist? What about the density zero ideal or
Pmax?

Note that by the aforementioned result of Sakai [19] the non-existence of a Ppay-ultrafilter would imply
a negative answer to Problem 17, i.e. consistency of Z <k U* for every ultrafilter 4 and every F, ideal Z.
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