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1 Measureable spaces and topology

The basic idea behind integration theory via measures may be roughly described as follows:
Given a space (set) we want to associate "sizes” to "pieces” of the space. To do this we first
have to make precise what we mean by a "piece”, i.e., what subsets we admit as ”pieces”.
This is the purpose of the concept of a o-algebra and a measurable space. Given that we
know what a piece is, we want to assign a number to it, its "size”, in such a way that sizes
add up appropriately when we join pieces. This is provided by the concept of a measure.
Then, we can declare the integral for the characteristic function on a piece to be the size of
the piece. Approximating more arbitrary functions by linear combinations of characteristic
functions for pieces then yields a general notion of integral.

Before embarking on the theory of measurable spaces we recall basic notions of topolgy.

1.1 Basic Definitions

Definition 1.1 (Topology). Let S be a set. A subset T of the set P(S) of subsets of S is
called a topology iff it has the following properties:

e leTand SeT.
o Let {U;}icr be a family of elements in 7. Then J;c;U; € T.
e Let U,V eT. ThenUNV eT.

A set equipped with a topology is called a topological space. The elements of T are called
the open sets in S. A complement of an open set in S is called a closed set.

Definition 1.2. Let S be a topological space and x € S. Then a subset U C S is called a

neighborhood of x iff it contains an open set which in turn contains . We denote the set
of neighborhoods of z by N.

Definition 1.3. Let S be a topological space and U a subset. The closure U of U is the

smallest closed set containing U. The interior U of U is the largest open set contained in

U. U is called dense in S iff U = S.

Definition 1.4 (base). Let 7 be a topology. A subset B of T is called a base of T iff
the elements of T are precisely the unions of elements of B. It is called a subbase iff the
elements of T are precisely the finite intersections of unions of elements of B.

Proposition 1.5. Let S be a set and B a subset of B(S). B is the base of a topology on
S iff it satisfies all of the following properties:

e N eB.

o For every x € S there is a set U € B such that x € U.
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o Let UV € B. Then there exits a family {Wy}taca of elements of B such that
UNV =Upea Wa-

Proof. Exercise. O

Definition 1.6. Let S be a topological space and p a point in S. We call a family {Ua }aca
of open neighborhoods of p a neighborhood base at p iff for any neighborhood V' of p there
exists a € A such that U, C V.

Definition 1.7 (Continuity). Let S,T be topological spaces. A map f :S — T is called
continuous at p € S iff f~H(N f(p)) C N,. fis called continuous iff it is continuous at every
p € S. We denote the space of continuous maps from S to T' by C(S,T).

Proposition 1.8. Let S,T be topological spaces and f : S — T a map. Then, [ is
continuous iff for every open set U € T the preimage f~1(U) in S is open.

Proof. Exercise. O

Proposition 1.9. Let S,T,U be topological spaces, f € C(S,T) and g € C(T,U). Then,
the composition go f : S — U is continuous.

Proof. Immediate. O

Definition 1.10. Let S,T be topological spaces. A bijection f : § — T is called a
homeomorphism iff f and f~! are both continuous. If such a homeomorphism exists S and
T are called homeomorphic.

Definition 1.11. Let 77, 72 be topologies on the set S. Then, 77 is called finer than 75
and 75 is called coarser than 7T iff all open sets of 75 are also open sets of 7T7.

Definition 1.12 (Induced Topology). Let S be a topological space and U a subset. Con-
sider the topology given on U by the intersection of each open set on S with U. This is
called the induced topology on U.

Definition 1.13 (Product Topology). Let S be the cartesian product S = [],e; Sa of
a family of topological spaces. Consider subsets of S of the form [],c; U, where finitely
many U, are open sets in S, and the others coincide with the whole space U, = S,. These
subsets form the base of a topology on S which is called the product topology.

Exercise 1. Show that alternatively, the product topology can be characterized as the
coarsest topology on S = [[,c; Sa such that all projections S — S, are continuous.

Proposition 1.14. Let S,T, X be topological spaces and f € C(S x T, X), where S x T
carries the product topology. Then the map f, : T — X defined by fx(y) = f(x,y) is
continuous for every x € S.
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Proof. Fix € S. Let U be an open set in X. We want to show that W := f.1(U) is open.
We do this by finding for any y € W an open neighborhood of y contained in W. If W is
empty we are done, hence assume that this is not so. Pick y € W. Then (z,y) € f~1(U)
with f~1(U) open by continuity of f. Since S x T carries the product topology there must
be open sets V;, C S and V, C T with z € V,,, y € V,, and V, x V, C f~1(U). But clearly
Vy, € W and we are done. O

Definition 1.15 (Quotient Topology). Let S be a topological space and ~ an equivalence
relation on S. Then, the quotient topology on S/~ is the finest topology such that the
quotient map S — S/~ is continuous.

1.2 Some properties of topological spaces

In a topological space it is useful if two distinct points can be distinguished by the topology.
A strong form of this distinguishability is the Hausdorff property.

Definition 1.16 (Hausdorff). Let S be a topological space. Assume that given any two
distinct points z,y € S we can find open sets U,V C S such that z € U and y € V and
UNV = (. Then, S is said to have the Hausdorff property. We also say that S is a
Hausdorff space.

Definition 1.17. Let S be a topological space. S is called first-countable iff there exists
a countable neighborhood base at each point of S. S is called second-countable iff the
topology of S admits a countable base.

Definition 1.18 (open cover). Let S be a topological space and U C S a subset. A family
of open sets {Uq }aca is called an open cover of U iff U C U,eq Ua-

Proposition 1.19. Let S be a second-countable topological space and U C S a subset.
Then, every open cover of U contains a countable subcover.

Proof. Exercise. O

Definition 1.20 (compact). Let S be a topological space and U C S a subset. U is called
compact iff every open cover of U contains a finite subcover.

Proposition 1.21. A closed subset of a compact space is compact. A compact subset of a
Hausdorff space is closed.

Proof. Exercise. O
Proposition 1.22. The image of a compact set under a continuous map is compact.

Proof. Exercise. O
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Definition 1.23. Let S be a topological space. S is called locally compact iff every point
of S possesses a compact neighborhood.

Exercise 2 (One-point compactification). Let S be a locally compact Hausdorff space.
Let S := SU{oo} to be the set S with an extra element oo adjoint. Define a subset U of S
to be open iff either U is an open subset of S or U is the complement of a compact subset
of S. Show that this makes S into a compact Hausdorff space.

1.3 o-Algebras and Measurable Spaces

Definition 1.24 (Boolean Algebra). Let A be a set equipped with three operations: A :
AxA— A V:AxA— Aand -: A — A and two special elements 0,1 € A. Suppose
these satisfy the following properties:

o (zAYANz=zAyAz)and (xVy)Vz=aV(yVz) Vz,y,ze A (associativity)
e xANy=yAzandzVy=yVz Vr,yec A (commutativity)

e zAN(yVz)=(zAy)V(zAz)andzV (yAz)=(zVy A(xVz) Vr,y,z € A
(distributivity)

e zA(zVy)=zandzV (xAy) =z Vz,y€ A. (absorption)
e xA-x=0andxV-z=1 Vze A (complement)
Then, A is called a Boolean algebra.

Proposition 1.25. Let A be a Boolean algebra. Then, the following properties hold:
sANz=z,zVer=z, 2AN0=0, zAl=z, 2V0=x2, 2V1=1 VxeA
Proof. Exercise. O

Exercise 3. Show that the set with two elements 0,1 forms a Boolean algebra. This is
important in logic, where 0 stands for "false” and 1 for "true”.

Exercise 4. Let S be a set. Show that the set J(S) of subsets of S forms a Boolean
algebra, where V = U is the union, A = N is the intersection and — is the complement of
sets.

Definition 1.26 (Algebra of sets). Let S be a set. A subset M of the set P(S) of subsets
of S is called an algebra of sets iff it is a Boolean subalgebra of 3(.5).

Proposition 1.27. Let S be a set and M a subset of the set P(S) of subsets of S. Then
M is an algebra of sets iff it contains the empty set and is closed under complements, finite
unions, and finite intersections.
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Proof. Immediate. O

Exercise 5. Show that the above proposition remains true if we erase either the re-
quirement for closedness under finite unions or the requirement for closedness under finite
intersections.

Definition 1.28. Let S be a set and M an algebra of subsets of S. We call M a o-algebra
of sets iff it is closed under countable unions and countable intersections.

Exercise 6. Show that the above definition remains unchanged if we remove either the
requirement for closedness under countable unions or closedness under countable intersec-
tions.

Definition 1.29. Let S be a set and B a subset of the set B(S) of subsets of S. Then,
the smallest o-algebra M on S containing B is called the o-algebra generated by B.

Exercise 7. Justify the above definition by showing that the smallest o-algebra in the
sense of the definition always exists.

Definition 1.30. Let S be a set and B a subset of (S). Then, B is called monotone iff
it satisfies the following properties:

o Let {Ay}nen be a sequence of elements of B such that A,, C A, 1. Then, U, cn 4An €
B.

o Let {A,}nen be a sequence of elements of B such that A,, 2 A, 1. Then, N, cn 4n €
B.

Proposition 1.31. 1. A o-algebra is monotone. 2. An algebra that is monotone is a
o-algebra.

Proof. Exercise. O

Proposition 1.32 (Monotone Class Theorem). Let S be a set and N an algebra of subsets
of S. Then, the smallest set M of subsets of S which contains N and is monotone is the
o-algebra generated by N

Proof. For each A € M and consider
My ={BeM:ANBe M, AN-Be M,-ANB e M}.

It is easy to see that M, is monotone. [Exercise.Show this!] Furthermore, if A € N,
then N' C M 4 since N is an algebra. So in this case M C M4 by minimality of M and
consequently M = M. Thus, for B € M we have B € M4 and hence A € Mg if A e N.
So, N C Mp and by minimality we conclude M = Mp for any B € M. But this means
that M is an algebra. Thus, by Proposition .2, M is a o-algebra. Furthermore, by
minimality and Proposition E‘.l, it is the o-algebra generated by N. O
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Definition 1.33. Let S be a set and M a o-algebra of subsets of S. Then, we call the
pair (S, M) a measurable space and the elements of M measurable sets.

Definition 1.34. Let S be a measurable space and U a subset of S. Then, the o-algebra
on S intersected with U is called the induced o-algebra on U.

Definition 1.35. Let S be a topological space. Then, the o-algebra generated by the
topology of S is called the algebra of Borel sets. Its elements are called Borel measurable.

1.4 Sequences and convergence

Definition 1.36 (Convergence of sequences). Let z := {z,},en be a sequence of points
in a topological space S. We say that x has an accumulation point (or limit point) p iff
for every neighborhood U of p we have x; € U for infinitely many k& € N. We say that z
converges to a point p iff for any neighborhood U of p there is a number n € N such that
forallk >n: xp € U.

Proposition 1.37. Let S,T be topological spaces and f : S — T. If f is continuous,
then for any p € S and sequence {x,}nen converging to p, the sequence {f(xpn)}nen in
T converges to f(p). Conversely, if S is first countable and for any p € S and sequence
{xn}nen converging to p, the sequence {f(xn)}nen in T converges to f(p), then f is
continuous.

Proof. Exercise. O

Proposition 1.38. Let S be Hausdorff space and {xy }nen a sequence in S which converges
to a point p € S. Then, {xp}nen does not converge to any other point in S.

Proof. Exercise. O

Definition 1.39. Let S be a topological space and U C S a subset. Consider the set By
of sequences of elements of U. Then the set U~ consisting of the points to which some
element of By converges is called the sequential closure of U.

Proposition 1.40. Let S be a topological space and U C S a subset. Let x be a sequence
of points in U which has an accumulation point p € S. Then, p € U.

Proof. Suppose p ¢ U. Since U is closed S\ U is an open neighborhood of p. But
S\ U does not contain any point of x, so p cannot be accumulation point of z. This is a
contradiction. O

Corollary 1.41. Let S be a topological space and U a subset. Then, U CU" CU.

Proof. Immediate. O]
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Proposition 1.42. Let S be a first-countable topological space and U a subset. Then,
U =U.

Proof. Exercise. O

Definition 1.43. Let S be a topological space and U C S a subset. U is said to be limit
point compact iff every sequence in U has an accumulation point (limit point) in U. U
is called sequentially compact iff every sequence of elements of U contains a subsequence
converging to a point in U.

Proposition 1.44. Let S be a first-countable topological space and x = {xp}nen a sequence
in S with accumulation point p. Then, x has a subsequence that converges to p.

Proof. By first-countability choose a countable neighborhood base {U,},en at p. Now
consider the family {W),},en of open neighborhoods W,, := N;_; Uy at p. It is easy to
see that this is again a countable neighborhood base at p. Moreover, it has the property
that W,, C W,,, if n > m. Now, Choose n; € N such that x,, € Wj. Recursively, choose
ng41 > ng such that z,, € Wy, This is possible since Wy contains infinitely many
points of . Let V' be a neighborhood of p. There exists some k € N such that U, C V.
By construction, then W,,, € W), C Uy, for all m > k and hence z,,, € V for all m > k.
Thus, the subsequence {x,,, }men converges to p. O

Proposition 1.45. Sequential compactness implies limit point compactness. In a first-
countable space the converse is also true.

Proof. Exercise. O
Proposition 1.46. A compact set is limit point compact.

Proof. Consider a sequence z in a compact set S. Suppose x does not have an accumulation
point. Then, for each point p € S we can choose an open neighborhood U, which contains
only finitely many points of z. However, by compactness, .S is covered by finitely many of
the sets Up. But their union can only contain a finite number of points of x, a contradiction.

O

1.5 Metric and pseudometric spaces

Definition 1.47. Let S beasetandd: S xS — Rar a map with the following properties:
o d(z,y) =d(y,z) Vz,y € S. (symmetry)
o d(z,z) <d(x,y)+d(y,z) Vax,y,z € S. (triangle inequality)

o d(z,x)=0 VxelS.
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Then d is called a pseudometric on S. S is also called a pseudometric space. Suppose d
also satisfies

e d(z,y) =0 = z =y Vaz,y € S. (definiteness)
Then d is called a metric on S and S is called a metric space.

Definition 1.48. Let S be a pseudometric space, € S and r > 0. Then the set B,(z) :=
{y € S :d(z,y) < r} is called the open ball of radius r centered around x in S. The set
By(z) :={y €S :d(x,y) <r} is called the closed ball of radius r centered around z in S.

Proposition 1.49. Let S be a pseudometric space. Then, the open balls in S together with
the empty set form the basis of a topology on S. This topology is first-countable and such
that closed balls are closed. Moreover, the topology is Hausdorff iff S is metric.

Proof. Exercise. O

Definition 1.50. A topological space is called (pseudo)metrizable iff there exists a (pseudo)metric
such that the open balls given by the (pseudo)metric are a basis of its topology.

Proposition 1.51. In a pseudometric space any open ball can be obtained as the countable
union of closed balls. Similarly, any closed ball can be obtained as the countable intersection
of open balls.

Proof. Exercise. O

Proposition 1.52. Let S be a set equipped with two pseudometrics d* and d*. Then, the
topology generated by d* is finer than the topology generated by d* iff for all x € S and
r1 > 0 there exists ro > 0 such that B2 (z) C B} (z). In particular, d' and d* generate the
same topology iff the condition holds both ways.

Proof. Exercise. O

Proposition 1.53 (epsilon-delta criterion). Let S, T be pseudometric spaces and f : S — T
a map. Then, f is continuous at x € S iff for every e > 0 there exists 6 > 0 such that

f(Bs(x)) € Be(f())-

Proof. Exercise. O

1.6 Measurable Functions

As we see the concept of a measurable space is very similar to the concept of a topological
space. Both are based on a set of subsets closed under certain operations. We can push this
analogy further and consider the analog of a continuous function: a measurable function.
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Definition 1.54. Let S,T be measurable spaces. Then a map f : S — T is called
measurable iff the preimage of every measurable set of T' is a measurable set of S. If either
T or S or T and S are topological spaces instead we call f measurable iff it is measurable
with respect to the generated o-algebra(s) of Borel sets.

Proposition 1.55. Let S,T,U be measurable spaces, f : S — T and g : T — U measurable.
Then, go f : S — U is measurable.

Proof. Immediate. O

Proposition 1.56. Let S be a measurable space, T a topological space and f : S — T.
Then, f is measurable iff the preimage of every open set is measurable. Also, f is measurable
iff the preimage of every closed set is measurable.

Proof. Exercise. O

Corollary 1.57. Let S and T be topological spaces and f : S — T a continuous map.
Then, f is measurable.

Proposition 1.58. Let S be a measurable space, T and U topological spaces, f : S —
T x U. Denote by fr : S — T and fy : S — U the component functions. If the product
f: 8 —= T xU is measurable, then both fr and fy are measurable. Conversely, if T and
U are second-countable and fr and fy are measurable, then f is measurable.

Proof. First suppose that f is measurable. Then, fr = pr o f, where pr is the projection
T xU — T. Since pr is continuous, it is measurable by Corollary and the composition
fr is measurable by Proposition . In the same way it follows that fy is measurable.
Conversely, suppose now that fr and fy are measurable. If V' C T and W C U
are open sets, then f;'(V) and f;;'(W) are measurable in S and so is their intersection
UV x W) = f5V) N f;'(W). Since T and U are second-countable, every open
set in T x U can be written as a countable union of products of open sets in T and U
[Exercise.Show this!]. But the preimage of such a countable union in S under f~! can
be written as a countable union of preimages. Since these are measurable, their countable
union is also measurable. It follows then from Proposition m that f is measurable. [

In the following K denotes either the field of real numbers R or the field of complex
numbers C.

Proposition 1.59. Let S be a measurable space, f,g : S — K measurable and \ € K.
Then:

1. |f]: x — |f(x)| is measurable.

2. f+g:x— f(x)+ g(x) is measurable.
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3. N x— Af(x) is measurable.
4. fg:x— f(x)g(x) is measurable.
5. If K =R then sup(f,g) and inf(f, g) are measurable.
Proof. Exercise. O

This shows in particular that measurable functions with values in R or C form an
algebra. Another important property of the set of measurable maps is its closedness under
pointwise limits. This can be formulated for the more general case when the values are
taken in a metric space.

Theorem 1.60 (adapted from S. Lang). Let S be a measurable space and T a metric
space. Suppose { fn}nen is a sequence of measurable functions f, : S — T which converges
pointwise to the function f:S — T. Then, f is measurable.

Proof. Let U be an open set in 7. Suppose 2 € f~1(U). Since {f,(z)}nen converges to f(x)
there exists m € N such that x € f,1(U) for all n > m. In particular, x € S, f,, 1(U)
for any k € N and so also x € 321 U2, £, 1(U). Since this is true for any x € f~1(U) we
get
e UL
k=1n=k

Consider now for all [ € N the open sets

Uy :={z €U :mind(x,y) > 1/l}.
yEU

Then, U = U2, U; and applying the above reasoning to each U; we get,

Suppose now that = ¢ f~1(U) and fix [ € N. Since By ;(f(z)) NU; = () there exists m € N
such that z ¢ f,1(U;) for all n > m. In particular, z ¢ 72, U, £, 1(U;). Since this is
true for any I € Nwe get z ¢ (22, N7, U, £ (U;). Since this is true for any = ¢ f~1(U)
we get, combining with the above result,

Since f;, is measurable for all n € N the right hand side is measurable. We have thus shown
that preimages of open sets are measurable. By Proposition this is sufficient for f to
be measurable. O
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Definition 1.61. Let S be a measurable space. A map f: S5 — K is called a simple map
iff it is measurable and takes only finitely many values.

Proposition 1.62. Let S be a measurable space and f : S — K a map that takes only
finitely many values. Then f is a simple map (i.e., is measurable) iff the preimage of each
of the values of f is measurable.

Proof. Exercise. O

Proposition 1.63. The simple functions with values in K form a subalgebra of the algebra
of measurable functions with values in K.

Proof. Exercise. O

Theorem 1.64 (adapted from S. Lang). Let S be a measurable space and f : S — K
measurable. Then, f is the pointwise limit of a sequence of simple maps. If, moreover, f
takes values in ]Rar, then the sequence can be chosen to increase monotonically.

Proof. Consider first the case K = R. Fix n € N. For each k € {1,...,2""!n} define the
interval Ij, := [—n + 551, —n + &%), Also, define Iy := (—o0, —n) and Iyn+1,,; = [0, 00).
Notice that R is the disjoint union of the measurable intervals Iy, for k € {0,...,2" n+1}.
Now set Xy, := f~1(I;) forall k € {0,...,2" n+1}. Since the intervals I} are measurable
so are the sets Xj;. Define the function f, : S — R by f,(Xk) := —n + % for all
ke {1,...,27n + 1} and f,(Xo) := —n. It is easy to see that {f,}nen is a sequence
of simple functions that converge pointwise to f. [Exercise.Show this!] Moreover, if f
takes values in R(J{ only, the sequence is monotonically increasing. [Exercise.Show this!]
To treat the case K = C we decompose f into its real and imaginary part. The sum of
simple sequences for each part is again a simple sequence. O
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2 Measures

2.1 Positive Measures

Definition 2.1. Let {a,}n,en be a monotonously increasing sequence of real numbers.
Then we say that lim,_, o a, = oo iff for any a € R there exists m € N such that a, > a
for all n > m.

Definition 2.2 (Positive Measure). Let S be a set with an algebra M of subsets. Then, a
map 4 : M — [0,00] is called a (positive) measure iff it is countably additive, i.e., satisfies
the following properties:

o Let {Uy,}nen be a sequence of elements of M such that U, N U, = 0 if n # m and
such that ,cy Un € M. Then,

w (LJ Uﬁ) = 2:/i(Uﬁ)'
neN neN

If U € M, then u(U) is called its measure. Moreover, a measurable space S with o-algebra
M and positive measure p : M — [0, 00] is called a measure space.

We shall mostly be interested in the case where M actually is a o-algebra. However, it
will turn out convenient to keep the definition more general when we consider constructing
measures.

Proposition 2.3. Let S be a set, M an algebra of subsets of S and p: M — [0,00] a
measure. Then, the following properties hold:

1. Let A, B e M and A C B. Then, u(A) < u(B).
2. Let {A,}nen be a sequence of elements of M such that U, cny An € M. Then,

p (U An) <D ul(An).

neN neN

3. Let { Ay, }nen be a sequence of elements of M such that A,, C A1 for alln € N and
Uneny An € M. Then,

u (U An) = lim p(Ay).
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4. Let {An}nen be a sequence of elements of M such that A, O Apt1 for allm € N and
MNnen An € M. If furthermore, 1(Ay) < oo for some n € N then,

Proof. Exercise. O
Exercise 8. Check whether the following examples are measures.

e Let S be a set and consider the o-algebra of all subsets of S. If A C S is finite define
1(A) to be its number of elements. If A C S is infinite define u(A) = oo. p is called
the counting measure.

e Let S be a set and consider the o-algebra of all subsets of S. If A C S is finite define
u(A) =0. If A C S is infinite define p(A) = oo.

e Let S be a set and consider the g-algebra of all subsets of S. If A C S is countable
define p(A) = 0. If A C S is not countable define pu(A) = oo.

e Let S be a set and consider the o-algebra of all subsets of S. Let x € S. For A C S
define u(A) =1if x € A and u(A) = 0 otherwise. p is called the Dirac measure with
respect to x.

Definition 2.4. Let S be a measure space and A C S a measurable subset. We say that A
is o-finite iff it is equal to some countable union of measurable sets with finite measure. We
say that a measure is finite respectively o-finite iff the measure space is finite respectively
o-finite with respect to the measure.

Exercise 9. Which of the examples of measures above are o-finite?

Definition 2.5. Let (S, M, u) be a measure space. If every subset of any set of measure
0 is measurable, then we call (S, M, u) complete.

Proposition 2.6. Let (S, M, u) be a measure space. Then, there exists a unique complete
measure space (S, M*, u*) such that M* is a o-algebra containing M and p*|pm = p and
M* is smallest with these properties. (S, M*,u*) is called the completion of (S, M, p).
Moreover, the element of M* are precisely the sets of the form AU N, where A € M and
N is a subset of a set of measure 0 in M.

Proof. Exercise. O

Proposition 2.7. Let (S, M, ) be a measure space and f : S — K measurable with respect
to M*. Then, there exists a function g : S — K such that g is measurable with respect to
M and g does not differ from f outside of a subset N € M of measure 0.
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Proof. By Theorem there exists a sequence { f,, }nen of simple maps with respect to M*
that converges pointwise to f. For each f, we can find a set NV,, € M of measure 0 such that
the function &, : S — K defined by k,(p) = fn(p) if p € S\ N, and ky(p) = 0 otherwise, is
simple with respect to M. (Exercise.Show this!) The set N := [J;—; N,, € M has measure
zero. Moreover, gy, : S — K defined by g,(p) = fn(p) if p € S\ N and g, (p) = 0 otherwise,
is simple with respect to M. Moreover, the sequence {g,}nen converges pointwise to
g : S — K defined by g(p) = f(p) if p € S\ N and ¢g(p) = 0 otherwise. Thus, by
Theorem , g is measurable with respect to M. O

2.2 Extension of Measures

We now turn to the question of how to construct measures. We will focus here on the
method of extension. That is, we consider a measure that is merely defined on an algebra
of subsets and extend it to a measure on a o-algebra.

Definition 2.8. Let S be a set and M a og-algebra of subsets of S. Then, a map A : M —
[0, 0] is called an outer measure on M iff it satisfies the following properties:

o \0)=0.
o Let A,B € M and A C B. Then, \(A) < A(B). (monotonicity)
o Let {A,}nen be a sequence of elements of M. Then,

A (U An> < > A(An). (countable subadditivity)

neN neN

Lemma 2.9. Let S be a set, N an algebra of subsets of S and u a measure on N'. On the
o-algebra P(S) of all subsets of S define the function A : P(S) — [0,00] given by

A(X) :inf{z,u(An):An e NVneNandX C | An}.
neN neN

Then, X is an outer measure on B(S). Moreover, it extends p, i.e., AN(A) = u(A) for all
AeN.

Proof. Exercise. O

Definition 2.10. Let S be a set and A\ an outer measure on the o-algebra JB(S) of all
subsets of S. Then, A C § is called A-measurable iff A\(X) = AM(X NA)+ AN(X N-A) for all
XCS.
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Lemma 2.11. Let S be a set and A an outer measure on the o-algebra P(S) of all subsets
of S. Let M be the set of subsets of S that are A\-measurable. Then, M is a oc-algebra and
A is a complete measure on M.

Proof. 1t is clear that M contains the empty set and S. Also, from the definition it is clear
that a set is A-measurable iff its complement is. Let now A, B € M. We proceed to show
that AN B € M. Let C C S be arbitrary. Since B is A-measurable we have,

MCNANB)+ A(CNAN-B)=ACNA).
Adding A\(C' N —A) we get,
AMCNANB)+ACNAN=B)+ ACN=-A)=)C),
since A is A-measurable. The A-measurability of A N B follows if we can show,
AMCNAN=B)+ACN=A)=XCnNn=(ANB)).
But this equation can be rewritten term-wise as,
AMCN=(ANB)NA)+AXCN=(ANB)N-A)=XCN—-(ANB)),

which follows from the A-measurability of A. Thus M is an algebra.
Now consider a sequence {A, },en of disjoint A-measurable sets and let A = {J,,cn An
be their union. Let C' C S be arbitrary. By iteration we find that for any n € N we have,

AMCN(AU---U Z (C'N Ay).

On the other hand CN—=A C CN—(A4A;U---UA,) and so A(CN—=A4) < A(CN—=(A1U---UA,))
since A is an outer measure. With A-measurability of Ay U--- U A,, we get thus,
AC) = N(AIU---UA)) +ACN=(A1U---UAy))

A(C
> Z (CNAg) +MCN-A).
But this is true for any n € N, so,

C) > i AC N Ay) + MCN=A) > MCNA) +ACN—A).
k=1

as A is an outer measure. The same property of A gives us directly the converse inequality,

AC) < ANCNA)+ACN-A).
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Thus, A is A-measurable and consequently M is a g-algebra. What is more, setting C' = A
we see that A is countably additive on M, i.e., defines a positive measure on it.
Now let A € M with A(A) = 0 and B C A. Also let C C S be arbitrary. Then we
have,
AMCNB)<ANCNA) <AA)=0.

We also get,
AMC)=ACNA)+AXCN=A)=XCN-A) <ANCN=B) <X\O).

In particular,
AMCNB)=0 and ACN-=B)=\C).

Thus, B is A-measurable. This shows completeness of (S, M, \). O

Theorem 2.12 (Hahn). Let S be a set, N an algebra of subsets of S and p a measure
on N. Then, u can be extended to a o-algebra M containing N such that u is a complete
measure on M and for all X € M we have

M(X):inf{Zu(An):AnENVnENandXQ U An}.

neN neN

Proof. Exercise. O

Proposition 2.13 (Uniqueness of Extension). Let S be a measurable space with o-algebra
M and measures 1, 2. Suppose there is an algebra N C M generating M and such that
w(A) := p1(A) = pa(A) for all A € N'. Furthermore, assume that u is o-finite with respect
to N'. Then, u1 = uo also on M.

Proof. Let {X, }nen be a sequence of elements of N such that S = |J,cy Xpn and X, C
Xn+1 and p(X,) < oo for all n € N. (By o-finiteness, there is a sequence {Yj}ren with
S = Uren Yr and p(Yy) < oo for all k € N. Now set X,, := Jp_; Yi.) Define the finite
measures i1 n(A) == p1(ANX,) and pon(A) = p2(ANX,) on M for all n € N. Now, let
B, be the subsets of M where p1 ,, and p2, agree. By construction, N' C B, for all n € N,
We show that the BB,, are monotone.

Fix n € N. Let {Ax}ren be a sequence of elements of B,, such that Ay C Ay, for all
k € N and set A := ey Ak- Then, using Proposition @,

p1n(A) = lim py,(Ax) = Hm pg,(Ag) = p2n(A).
k—oo k—oco

So, A € B,,. Now, let { A }ren be a sequence of elements of BB,, such that Ay O Agyq for all
k € N and set A := ey Ak. Again using Proposition @ we get (note that the finiteness
of the measure is essential here),

Nl,n(A) = lim Nl,n(Ak) = lim N27n(Ak) = /142,71(14)‘
k—o0 k—o0



20 Robert Oeckl - RA NOTES — 15/01/2021

So, A € B,,. Hence, B,, is monotone and by Proposition we must have M C B,, and
hence M = B,,.

Thus, p1,, = po,, for all n € N. But then, pu; = limy—o0 pt1,n = limy 00 o = po.
This completes the proof. ]

Proposition 2.14. Let (S, M, 1) be a measure space. Let N be an algebra of subsets of S
that generates M. Denote the completion of M with respect to p by M*. Then, for any
X € M* with finite measure and any € > 0 there exists A € N such that

p(X\NA) U (AN X)) <e

Proof. Let X € M*. By Hahn’s Theorem there exists a sequence {A,, }en of disjoint
elements of NV such that X C |J,,cn An and

2_: X)+e€/2.

Now fix k£ € N such that

Z p(Ay) < €/2.

n=k+1

Set A:=J¥_, A,. Then, on the one hand,

A\ X) <,u<<UA> ><6/2,
while on the other hand,

w(X\ A) <u<<UA ) >_ﬂ<n§+1An) <€/2.

This implies the statement. O

2.3 The Lebesgue Measure

In the following we are going to construct the Lebesgue measure. This is the unique (as we
shall see) measure on the real numbers assigning to an interval its length. The construction
proceeds in various stages.

Lemma 2.15. The finite disjoint unions of intervals of the type [a,b), (—o0,a), and [a,c0)
together with ) form an algebra N of subsets of the real numbers.

Proof. Exercise. O
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Lemma 2.16. The prescription u([a,b)) = b — a determines uniquely a finitely additive
function p: N — [0, 00] on the algebra N considered above.

Proof. Exercise. O

Lemma 2.17. The function u : N — [0,00] defined above is countably additive and thus
a measure.

Proof. Let {Ap}nen be a sequence of pairwise disjoint elements of N such that A :=
Unern € NV. We wish to show that

M(A> = Z M(An)

neN

By finite additivity we have u(A) > u(Une An) = > oneq 11(Ay) for all m € N and hence

M(A) > Z M(An)~

neN

It remains to show the opposite inequality.

Assume at first that A is a finite interval [a,b). Then, A is the disjoint union of a
sequence of intervals {Ij}ren with I = [ag, b) in such a way that each A, is the finite
union of some I. (We also allow the degenerate case ay = by in which case I = ().) Fix
now € > 0 (with ¢ < b—a) and define I, := (ay —2~**Ve by) for all k € N. Then, the open
sets {I} }ren cover the compact interval [a,b — €/2]. Thus, there is a finite set of indices
I C N such that [a,b — €/2] C Upes ;- Then clearly also [a,b — €/2) C Upes If, where
I = [ay — 2-(-+D¢ b,). By finite additivity of p we get

u(la,b—e/2)) < p (U I;Q’) <> w(ly)
kel kel
= Z (M(Ik:) + 62_(k+1)) < 6/2 + Z,M(Ik).

kel kel
But since pu(A) = pu([a,b—€/2)) +€/2, we find p(A) < e+ > ey p(I). Thus, there exists
m € N such that u(A) < e+ >, u(Ay). But since € was arbitrary we can conclude
pn(A) <3, en i(Ay) and hence equality.
Exercise.Complete the proof. O

Proposition 2.18. Consider the real numbers with its o-algebra B of Borel sets. Then,
the prescription p(la,b)) := b — a uniquely extends to a measure p : B — [0, 00].

Proof. By Lemmas b.lﬂ, I‘Zld and |‘217| the prescription uniquely defines a measure y on the
algebra N of unions of intervals of the type [a,b), (—00,a), and [a,00). By Theorem
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i extends to a o-algebra M containing N. But the o-algebra generated by N is the o-
algebra B of Borel sets. (Exercise.Show this!) So, in particular, we get a measure on 5.
By Proposition l‘Zﬂ this is unique since p is o-finite on N. (Exercise.Show this latter
statement!) O

Definition 2.19. The measure defined in the preceding Proposition is called the Lebesgue
measure on R.

Exercise 10. Consider the real numbers with the Lebesgue measure. Determine p(Q) and

pR\ Q).

Exercise 11. The Cantor set C is a subset of the interval [0,1]. It can be described for

example as
co (37—1)/2

2k 2k+1
n=0 k=0 3 3
Show that p(C) = 0.

Proposition 2.20. The Lebesgue measure is translation invariant, i.e., u(A + c) = u(A)
for any measurable A and c € R.

Proof. Straightforward. O

Exercise 12. Consider the following equivalence relation on R: Let z ~ y iff z — y € Q.
Now choose (using the axiom of choice) one representative out of each equivalence class,
such that this representative lies in [0, 1]. Call the set obtained in this way A.

1. Show that (A+r)N(A+s) =0 if r and s are distinct rational numbers. Supposing
that A is Lebesgue measurable, conclude that p(A) = 0.

2. Show that R = {J,cq(A + ¢). Supposing that A is Lebesgue measurable, conclude
that p(A) > 0.

We obtain a contradiction showing that A is not Lebesgue measurable.

We can define the Lebesgue measure more generally for R”. The intervals of the type
[a,b) are replaced by products of such intervals. Otherwise the construction proceeds in
parallel.

Proposition 2.21. Consider R™ with its o-algebra B of Borel sets. Then, the prescription
w(lar, by) X -+ X [an,by)) = (b1 —a1) -+ (b — ayn) uniquely extends to a measure p : B —
[0, o0].

Exercise 13. Sketch the proof by explaining the changes with respect to the one-dimensional
case.
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3 Completeness

3.1 Elementary properties of pseudometric spaces

Proposition 3.1. Let S be a pseudometric space and x := {xy, }nen a sequence in S. Then
x converges to p € S iff for any € > 0 there exists an ny € N such that d(x,,p) < € for all
n > nyg.

Proof. Immediate. O

Definition 3.2. Let S be a pseudometric space and x := {x, }nen a sequence in S. Then
x is called a Cauchy sequence iff for all € > 0 there exists an ng € N such that d(z,, x,) < €
for all n,m > nyg.

Exercise 14. Give an example of a set S, a sequence z in S and two metrics d* and d?
on S that generate the same topology, but such that x is Cauchy with respect to d', but
not with respect to d2.

Proposition 3.3. Any converging sequence in a pseudometric space is a Cauchy sequence.

Proof. Exercise. O

Proposition 3.4. Suppose x is a Cauchy sequence in a pseudometric space. If p is
accumulation point of x then x converges to p.

Proof. Exercise. O

Definition 3.5. Let S be a pseudometric space and U C S a subset. If every Cauchy
sequence in U converges to a point in U, then U is called complete.

Proposition 3.6. A complete subset of a metric space is closed. A closed subset of a
complete pseudometric space is complete.

Proof. Exercise. O

Exercise 15. Give an example of a complete subset of a pseudometric space that is not
closed.

Definition 3.7 (Totally boundedness). Let S be a pseudometric space. A subset U C S
is called totally bounded iff for any r > 0 the set U admits a cover by finitely many open
balls of radius r.

Proposition 3.8. A subset of a pseudometric space is compact iff it is complete and totally
bounded.
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Proof. We first show that compactness implies totally boundedness and completeness. Let
U be a compact subset. Then, for » > 0 cover U by open balls of radius r centered at
every point of U. Since U is compact, finitely many balls will cover it. Hence, U is totally
bounded. Now, consider a Cauchy sequence = in U. Since U is compact x must have an
accumulation point p € U (Proposition ) and hence (Proposition B.4) converge to p.
Thus, U is complete.

We proceed to show that completeness together with totally boundedness imply com-
pactness. Let U be a complete and totally bounded subset. Assume U is not compact
and choose a covering {Uy }aca of U that does not admit a finite subcover. On the other
hand, U is totally bounded and admits a covering by finitely many open balls of radius
1/2. Hence, there must be at least one such ball By such that Cy := B; NU is not covered
by finitely many U,. Choose a point z; in Cj. Observe that C itself is totally bounded.
Inductively, cover C), by finitely many open balls of radius 2~ (1. For at least one of
those, call it B,11, Crt1 := Bpy1 NC, is not covered by finitely many U,. Choose a point
Zp41 in Cpyp. This process yields a Cauchy sequence = := {x }ren. Since U is complete
the sequence converges to a point p € U. There must be o € A such that p € U,. Since
U, is open there exists r > 0 such that B,(p) C U,. This implies, C,, C U, for all n € N
such that 27"*! < r. However, this is a contradiction to the C, not being finitely covered.
Hence, U must be compact. O

Proposition 3.9. The notions of compactness, limit point compactness and sequential
compactness are equivalent in a pseudometric space.

Proof. Exercise. O
Proposition 3.10. A totally bounded pseudometric space is second-countable.
Proof. Exercise. O

Proposition 3.11. Let S be equipped with a pseudometric d. Thenp ~ q <= d(p,q) =0
forp,q € S defines an equivalence relation on S. The prescription d([p], [q]) := d(p,q) for
p,q € S is well defined and yields a metric d on the quotient space S/~. The topology
induced by this metric on S/~ is the quotient topology with respect to that induced by d on
S. Moreover, S/~ is complete iff S is complete.

Proof. Exercise. O

3.2 Completion of metric spaces

Often it is desirable to work with a complete metric space when one is only given a non-
complete metric space. To this end one can construct the completion of a metric space.
This is detailed in the following exercise.

Exercise 16. Let S be a metric space.
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o Let z:= {z,}nen and y := {yn }nen be Cauchy sequences in S. Show that the limit
limy, o0 d(zp, yn) exists.

o Let T' be the set of Cauchy sequences in S. Define the function d:TxT — R(f by
d(z,y) = limy, 00 d(zp, yn). Show that d defines a pseudometric on 7.

e Show that T is complete.
e Define S as the metric quotient T/~ as in Proposition . Then, S is complete.

o Show that there is a natural isometric embedding (i.e., a map that preserves the
metric) ig : S — S. Furthermore, show that this is a bijection iff S is complete.

Definition 3.12. The metric space S constructed above is called the completion of the
metric space S.

Proposition 3.13 (Universal property of completion). Let S be a metric space, T a
complete metric space and f : S — T an isometric map. Then, there is a unique isometric
map f : S — T such that f = f oig. Furthermore, the closure of f(S) in T is equal to

f(5).

Proof. Exercise. O

3.3 Norms and seminorms

In the following K will denote a field which can be either R or C.

Definition 3.14. Let V be a vector space over K. Then a map V — R{ : = — ||z is
called a seminorm iff it satisfies the following properties:

L |[Az|| = |A|||z|| for all A e K,z € V.
2. Forall z,y € V : ||z +y[ < |z + |lyl|. (triangle inequality)

A seminorm is called a norm iff it satisfies in addition the following property:
3. ||lz]| =0 = z=0.

Proposition 3.15. Let V' be a seminormed vector space over K. Then, d(v,w) := ||v —w]|
defines a pseudometric on V. Moreover, d is a metric iff the seminorm is a norm.

Proof. Exercise. O

Remark 3.16. Since a seminormed space is a pseudometric space all the concepts de-
veloped for pseudometric spaces apply. In particular the notions of convergence, Cauchy
sequence and completeness apply to seminormed spaces.
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Exercise 17. Show that the operations of addition and multiplication are continuous in
a seminormed space.

Definition 3.17. A complete normed vector space is called a Banach space.

Exercise 18. Show that R™ with norm given by ||z| = \/2? + - - - + 22 is a Banach space.
Show that ||z| = |z1|+ - - -+ |zn]| is another norm that also makes R™ into a Banach space.

Exercise 19. Let S be a set and Fy, (5, K) the set of bounded maps S — K.
1. Fyp(S,K) is a vector space over K.

2. The supremum norm on it is a norm defined by

[[fllsup := sup | f(p)]-
peS

3. Fyp(5,K) with the supremum norm is a Banach space.

Exercise 20. Let n € N and S be a set with n elements. Show that Fy, (S5, R) is isomorphic
to R™ as a vector space and that the supremum norm yields in this way yet another norm
on R", different from the ones of Exercise [L§, that also make it into a Banach space.

Exercise 21. Let S be a topological space and Cp(S,K) the set of bounded continuous
maps S — K.

1. Cp(S,K) is a vector space over K.
2. Cp(5,K) with the supremum norm is a Banach space.

Proposition 3.18. Let V' be a vector space with a seminorm || - ||v. Consider the subset
A:={veV:|v|ly =0}. Then, A is a vector subspace. Moreover v ~w <= v—w € A
defines an equivalence relation and W := V/ ~ is a vector space. The seminorm | - ||y
induces a norm on W via ||[v]||lw = ||v||v forv e V. Also, V is complete with respect to
the seminorm || - ||y iff W is complete with respect to the norm || - ||w.

Proof. Exercise. O

Proposition 3.19. Let V, W be seminormed vector spaces. Then, a linear map o : V. — W
s continuous iff there exists a constant ¢ > 0 such that

la()|lw < clv|ly YveV.

Proof. Exercise. O
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4 The integral

4.1 The integral of positive functions

Let X be a set and H a vector space of functions on X with values in R. Denote by H™
the subset of functions with values in [0, 00).

Definition 4.1. We say that a map F' : H — R is positive iff for all f,g € H with f > ¢
we have F(f) > F(g).

Proposition 4.2. A linear map F : H — R s positive iff f € H with f > 0 implies
F(f) = 0.

The set [0, 00| carries a total order by declaring a < oo for all a € [0, 00]. When viewed
as a topological space we will consider the topology of the one-point compactification of
[0,00). We declare the following rules for addition and multiplication, additional to the
usual ones in [0, 00):

e a+ 00 =00 forall a €0,o0].
e 0ro00=0
e a-00 =00 forall a € (0,o00].

Definition 4.3. We say that a map F : HT — [0, o0] is positive iff for all f,g € H" with
f > g we have F(f) > F(g).

Definition 4.4. We say that a map F : H™ — [0, 00| is semilinear iff
o F(Af)=AF(f) for A € [0,00) and f € HT, and,
« F(f+g9)=F(f)+F(g) for f,ge H".
Proposition 4.5. A semilinear map F : HT — [0, 00| is positive.
Proof. Exercise. O

Proposition 4.6. Consider a semilinear map F : HY — [0,00]. Set Kt := F~1(]0,00))
and K := Kt — K™ as a subset of H. Then, K is a vector subspace of H. Also, there is
a unique positive linear map F' : K — R such that F'|g+ = F|g+.

Proof. Exercise. O

Proposition 4.7. Suppose that f, g € H implies sup(f,g) € H and (equivalently) inf(f, g) €
H. Then, f,g € K implies sup(f,g) € K and inf(f,g) € K.
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Proof. Note that the equivalence between the conditions follows from inf(f, g) = — sup(—f, —g).
Moreover, note that the condition that f,g € H implies sup(f,g) € H is equivalent to
the apparently weaker condition that f € H implies sup(f,0) € H. This is because
sup(f,g) = sup(f — g,0) + g. Now let f € K. By definition there exist f1, fo € KT such
that f = f1 — fo. But, as is easy to see sup(f,0) < fi. So sup(f,0) € KT C K. This
completes the proof. O

Let (X, M) be a measurable space. We denote the vector space of measurable functions
on X with values in K by £(X,K) and the subspace of simple functions by S(X,K). In
the case K = R we also simply write £(X) and S(X). We denote the subsets of functions
with values in [0,00) by £7(X) and ST (X) respectively. We call such functions positive.
Note that in this sense 0 is a positive function.

Let (X, M, u) be a measure space. We define in the following the p-integral, or simply
integral, which associates to certain measurable functions f : X — K a value, denoted

f»—)/de,u.

When it is clear with respect to which measure the integral is taken, the symbol du may
be omitted. When the integral is taken with respect to the whole measure space and it is
clear which measure space this is, the subscript indicating the set over which is integrated
may be omitted.

Definition 4.8. The integral for positive simple functions is the map ST(X) — [0, 0]
defined as follows. Given f € ST(X) let f(X) = {a1,...,a,} and X; := f~!(a;). Then,

n
/ fdp =" ain(Xy).
X i=1
Proposition 4.9. The integrals ST(Y) — [0,00] for Y € M are the unique collection of
maps with the following properties:
1. They are semilinear maps.
2. Jy 1dp = pu(Y), where 1 is the constant function with value 1.

3. Let Y1,Ys € M such that Y1NYa =0 and Y =Y, UYs. Then,

/deuz/ylfdu+/y2fdu-

Proof. We first show unicity. Thus, we suppose that we are given an integral with the
described properties. Let f € ST(X) and set f(X) = {a1,...,a,} and X; := f~(a;).
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Iterating property (3), then applying semilinearity (1), then property (2), we recover the
previous definition of the integral,

n n n
/deu ;/Xa du ;a /X du ;au(

We turn to the proof of the different properties for the defined integral. Property (2)
is immediate from the definition. We proceed to demonstrate property (3). Thus, let
f € ST(Y) and set f(Y) = {ai,...,a,} and X; := f~!(a;). Then, the restrictions f|y,
and fly, take values in subsets of {a,...,a,} and we have X; NY; = f|;,j1(ai). Thus, we
get from the definition of the integral,

/ fdu= Zai,u(Xi ny;).
Y; i=1

Strictly speaking we should only sum over the values a; actually occuring in Y;. However,
the summands for the additional values vanish since for these X; NY; = () and thus p(X; N
Y;) = 0, so including them does not modify the sum. We then have,

J s [ ran= 5 e (u(Xi 1) + (X, M Y2))

=1

:Zaiﬂ((Xz’ﬂyl) (XiNYa)) Z@zﬂ /deﬂ,

=1

We proceed to demonstrate property (1). We start with the multiplicative property of
a semilinear map. Let f € ST(X), A € [0,00) and g = A\f. If A\ = 0 we have immediately
[x gdu =0, as required. Suppose thus A # 0. Set f(X) = {a1,...,a,} and X; := f~1(a;).
Then ¢g(X) = {Aai, ..., a,}. Note that the values A\a; are all distinct. By definition we
then have, as required,

/gd,u Zx\az,u )\Zal,u —)\/ fdu.

=1

It remains to show additivity of the integral. Thus, let f,g € ST(X). Set f(X) =
{a1,...,a,} and X; := f~1(a;) as well as g(X) = {b1,..., by} and Y; := g~ 1(b;). Define
Zij = X; NY;. Note that the Z;; form a disjoint partition of X. Moreover the function
f + g takes the constant value a; + b; on Z;;. Using property (3) and the definition of the
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integral we get,

Jram=X [ (1+odn =3 o+ tuz)

= > ayl(Zig) + Db Zig) = Y aip(Xi) + Y bju(Y))
ij i i—1 j=1

:/deu—i-/xgd,u.

This completes the proof. ]

Definition 4.10. The p-integral for positive measurable functions is the map £1(X) —
[0, 00] defined as follows. Given f € LT(X),

/de,u::sup{/ngu:O<g<fandg€S+(X)}

The coincidence of this definition with the previous one in the case of simple maps is
implied by the following result.

Proposition 4.11. The integrals LT(Y) — [0,00] for Y € M are a collection of maps
with the following properties:

1. They coincide with Definition B for simple maps.
2. They are multiplicative, i.e. [y A\fdp =X [y fdu for X € [0,00).
3. They are positive, i.e. [y fdu < [, gdp if f <g.

4. Let Y1,Ys € M such that Y1 NYs =0 and Y =Y, UY>. Then,

/deu=/ylfdu+/YQfdu~

Proof. Exercise. O

Theorem 4.12 (Monotone Convergence Theorem). Let { f,, }nen be an increasing sequence
of positive measurable functions on X that converges pointwise to a function f : X — [0,00).

Then, f is measurable and
lim/ nd :/ du.
A [ fndp= | fdp

Proof. The measurability of f follows from Theorem . We denote,

n—o0

b:= lim / fn dp.
X



Robert Oeckl — RA NOTES - 15/01/2021 31

Since f, < f for all n € N positivity of the integral implies,

bgAf@.

Let g € ST(X) such that 0 < g < f and choose 0 < ¢ < 1. Define E,, € M as,
Byi={z€X: fuole) > cole)}

Then {E, }nen is an increasing sequence of measurable subsets of X with X = U,,cny En.
Moreover, for any n € N,

/fnduz/ fndﬂzc/ gdp.

The limit n — oo exits on both sides. On the left hand side this is b. To see the limit on
the right hand side set g(X) = {a1,...,an} and X; := g1 ({a;}). Then, we have

/E gdp = Zaiu(En NX;).

i=1

But u(E, N X;) — pu(X;) as n — oo by Proposition @.4. We obtain,

ch/ gdu.
X

But ¢ was arbitrary, so the inequality is valid without ¢. On the other hand, by definition
of the integral of f as a supremum of intgerals of simple functions g we obtain,

szf@.

Combining both inequalities yields the desired equality. O

Proposition 4.13. The integral LT(Y) — [0, 00] is a semilinear map.

Proof. 1t remains to show additivity. Exercise.Hint: Use approximability from below by
simple functions (Theorem 64) and apply the Monotone Convergence Theorem . O

Lemma 4.14 (Fatou’s Lemma). Let { f, }nen be a sequence of positive measurable functions
on X such that f :=liminf,_, f, takes only finite values. Then, f is measurable and

[ <t [ 1.
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Proof. Define g, := inf>, fi. Note that g, is the limit m — oo of the decreasing sequence
of measurable functions {hy m}m>n defined as hy,,, = inf{fi : n < k < m}, so it is
measurable. The sequence {g, }nen is increasing. Moreover, f = lim,_,~ gn. So, by the
Monotone Convergence Theorem we have,

dn fo= [

On the other hand, by definition of g, and positivity of the integral we have,

<
/gn_égi/fk-

lim [ g, < liminf / fo.

n—oo

This implies,
Taking the limit yields,

This completes the proof. ]

4.2 Integrable functions

Let £ (X, i) denote the subset of £7(X) such that the integral is finite,
L(X,p) = {f €LT(X): / fdu< oo}
X

Define now £Y(X, ) := L17(X,pu) — LY (X, ). By Proposition @ L1(X, p) is a vector
space and we obtain a uniquely defined positive linear map

/ LY (X, p) — R
X

We call £1(X, ;1) the space of integrable functions. Note also that given f,g € £(X, 1, R),
sup(f, g) and inf(f, g) are measurable by Proposition and integrable by Proposition E

We may now extend the notion of integral to functions that take values in the complex
numbers rather than the real numbers. A further extension to functions taking values in
Banach spaces over R or C is also straightforward, but we shall not consider this here.

We define the complex vector space £1(X, u, C) := LY(X, p) +iLY (X, u) of integrable
complex valued functions. The integral is extended from R to C by complex linearity. For
f = fr+ifr with fgr, f1 € LY(X, 1) we define,

/deu::/XfRdqui/szdu-

We also write £1(X, 1, R) := £1(X, ) and £ (X, u, K) if we want to make statements valid
for both cases K =R and K = C.
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Proposition 4.15. We summarize basic properties of the integral.
1. The integral is a positive linear function.
2. f,g € LYX, u, R) implies sup(f, g),inf(f,g) € LY(X, u, R).

3. Let Y1,Ys € M such that Y1NYy =0 and Y =Y, UY5. Then, for f € El(Y,M,K),

/deuz/ylfdzw [ ran

Proof. Tt remains to demonstrate the validity of (3). This follows from linearity upon
decomposing f into a linear combination of positive integrable functions and Proposi-
tion (3) O

Theorem 4.16. Let f € L(X,K). Then f is integrable iff |f| € LT(X) is integrable.

Proof. Without loss of generality take K = C. Suppose that f € L(X,C). Let fr = R(f)
and fi = S(f). Define ff = sup(fr,0) and fi = sup(—fr,0). Similarly, f{ = sup(fi,0)
and fi = sup(—f1,0). Note that all these component functions are positive and f =
fl'{ — fr +i fIJr —1if; . Now suppose that f is integrable. Then, by definition both fr and
f1 are integrable. Moreover, f;{ » fro ffr, fi are all integrable and so is their sum. The
inequality

< el + 1Al = fd +fe + i+ 0

implies the integrability of |f|. Conversely, suppose that |f| is integrable. But all of fg,
frs fIJr , fi are smaller or equal to |f|, so they are all integrable. So is thus their linear
combination f. O

Theorem 4.17. For f € LY(X, 1, K), |[ fI < []f].

Proof. Let ¢ € K with |¢| = 1 such that | [ f| = ¢ [ f. Then,

[il=c[i=[er=[wen < [ieri= [

Proposition 4.18. Let f be an integrable map. Then, f vanishes outside a o-finite set.
Proof. Exercise. O

Proposition 4.19. The space L'(X, 1, K) carries a seminorm given by

Ifl = /X 1] dp.
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Proof. Exercise. O

The fact that we only have a seminorm and not necessarily a norm comes from the
inability of the integral to "see” sets of measure zero.

Proposition 4.20. Let f € LY(X, u,K). Then, ||f|1 = 0 iff f vanishes outside a set of
measure zero.

Proof. Exercise. O

We also say ”almost everywhere” to mean "outside a set of measure zero”.

Theorem 4.21 (Dominated Convergence Theorem). Let {f,}nen be a sequence of inte-
grable functions that converges pointwise to a function f. Also assume that there exists a
positive integrable function g with |f,| < g for all n € N. Then, f is integrable, {fn}nen
converges to f in the || - ||1-seminorm and {[ fn}nen converges to [ f.

Proof. f is measurable by Theorem . We have | f| < g from pointwise convergence. By
positivity of the integral and integrability of g this implies the integrability of f. Define
a sequence of positive integrable functions via h, := 2g — |f — f,|. Note that {hy,}nen
converges pointwise to 2g. We apply Fatou’s Lemma m to this sequence. This yields,

/29 < liminf [ h,.

n—oo

We may substract the constant [ 2g on both sides and multiply the inequality by —1 to
get,

0> limsup/\f—fn\-
n—oo

Since the integrals on the right hand side are bounded from below by 0, the limes superior
is actually a proper limes and the inequality is an equality,

Ozr}ggo/!f—fnl
This is precisely the convergence of { fy, }nen to f in the || - [[1-seminorm. The convergence
of the integral itself follows with Theorem {.17. O

Theorem 4.22. Let { f,}nen be a sequence of integrable functions that converges pointwise
to a function f. Also assume there is a constant ¢ > 0 such that || fn|1 < ¢ for all n € N.
Then, f is integrable.

Proof. f is measurable by Theorem . We_consider the sequence of absolute value
functions {|f,|}nen and apply Fatou’s Lemma . This yields,

J 1= [ tmint gl < vyt [ 17l < e
Thus, |f] is integrable and so is f by Theorem . 0
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Theorem 4.23. Let {f,}nen be a Cauchy sequence in LY(X, u, K) with respect to the
seminorm || - ||[1. Then, the sequence converges to some f € LY (x, u,K) in the seminorm
|-Il1. In particular, LY (X, u,K) is complete. Furthermore, there exists a subsequence which
converges pointwise almost everywhere to f and for any € > 0 converges uniformly to f
outside of a set of measure less than e.

Proof. Since { fp}nen is Cauchy, there exists a subsequence { fy, }ren such that
[ foy = frnlli <272% VE €N and V> k.

Define
Vi = {2 € Xt |fu, (2) = fur(2)] 227"} VEkeN.
Then,

2750(0) < [ s = Sl € [ Vs = Fu S27% WhEN.
Yy X
This implies, u(Yy) < 27% for all k € N. Define now Z; := Urz; Y for all j € N. Then,
w(Z;) < 2'7 for all j € N.

Fix € > 0 and choose j € N such that 2!77 < e. Let x € X \ Zj. Then, for k > j we
have

’fnk-H (x) - fnk(‘r)’ < 27’6'
Thus, the sum > 772 fp, ., (x) — fu, () converges absolutely. In particular, the limit

f(x) ::ll_i)r&fnz( fnl +anz+1 fm( )

exists. For all £ > j we have the estimate,

| ( ) fnk ’* fnz <Z‘fm+1 fnz )’ Szlik

Thus, {fn, }ren converges to f uniformly outside of Z;, where u(Z;) < e.

Repeating the argument for arbitrarily small € we find that f is defined on X \ Z,
where Z := ;2 Z;. Furthermore, {fn, }ren converges to f pointwise on X \ Z. Note that
w(Z) = 0. By Theorem E f is measurable on X \ Z. We extend f to a measurable
function on all of X by declaring f(x) =0if z € Z.

Note that the Cauchy property implies that the sequence {|| fy, || }xen is bounded. Thus
we can apply Theorem @ and conclude that f is integrable. It remains to show that
{fn}nen converges to f in the seminorm || - ||;. Let ¢ > 0. By the Cauchy property there
exists m € N such that || f,, — fn, |1 < € for all k,l > m. Let k > m be arbitrary. We apply
Fatou’s Lemma [1.14 to the sequence {|fp, — fn,|}ien. This yields,

B S AN o
e =Ll = [ o= f1= [ timind |y = forl < mint [ 1fo = Sl <
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Thus, the sequence {fy, }ren converges to f in the seminorm || - ||;. But since this is a
subsequence of the Cauchy sequence {f, }nen the latter must also converge to f. O

Theorem 4.24 (Averaging Theorem). Let X be a measure space with o-finite measure .
Let S C K be a closed subset and f € LY(X, u,K). If for every measurable set A of finite

and positive measure we have
oy
— [ fdp €S,
1(A) Ja

then f(x) € S for almost all x € X.

Proof. Let C := {x € X : f(x) ¢ S}. We need to show that p(C) = 0. Assume the
contrary, i.e., u(C) > 0. Write K\ S = U,en Bn as a countable union of closed balls
{By}nen. (Use second countability of K and recall Proposition ) Their preimages are
measurable and cover C. There is at least one closed ball B, such that u(f~*(B,)) > 0.

Say this closed ball has center x and radius r. Furthermore, there is a measurable subset
D C f~1(B,,) such that 0 < (D) < co. Then,

‘M(lm/Dfdu—w’=M(lm‘/D(f—x)du‘
1

1
SM(D)/DUCUMMSM(D)/DT(LU:T-

In particular, ﬁ Jp fdp € B,. But B, NS = 0, so we get a contradiction with the
assumptions. ]

Exercise 22. 1. Explain where in the above proof o-finiteness was used. 2. Extend the
proof to the case where p is not o-finite by replacing f(x) € S with f(x) € SU{0} in the
statement of the Theorem.

Finally, we return to the simple functions.

Proposition 4.25. The space of integrable simple functions S (X, u,K) is precisely the
space of simple functions that vanish outside of a set of finite measure.

Proof. Exercise. O
Lemma 4.26. Let f € LY(X, 1, K) and € > 0. Then there exists g € SY(X, u, K) such that
If — gl <e. In particular, S*(X, u,K) is a dense subspace of L} (X, 1, K).

Proof. Exercise. O
Lemma 4.27. Let (X, M, p) be a measure space and N an algebra of subsets of X that
generates the o-algebra M. Let f € SY(X,u,K) and € > 0. Then, there exists g €

SYX, u,K) such that g is measurable with respect to N (i.e., g~ ({p}) € N for all p € K)
and such that || f — g|1 < e.

Proof. Exercise.Hint: Use Proposition . O
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4.3 Exercises

Exercise 23 (Lang). Consider the interval [0, 1] with the Lebesgue measure p. Let { fy, }nen
be a sequence of continuous functions f,, : [0,1] — [0, 1] which converges pointwise to 0
everywhere. Show that
1
Jm [ g =0
Exercise 24 (Lang). Let X,Y be measurable spaces and f : X — Y a measurable map.
Denote the c-algebra on X by M and the o-algebra on Y by N. Let u be a positive
measure on M. Define a function v : N' — [0, 00] as follows: v(N) := u(f~1(N)). Show
that v is a positive measure on V. Moreover show that if g € L}(Y,v), then gof € L}(X, i)

and
/gofd,u:/gdu.
X Y

Exercise 25 (Lang, extended). Let X be a measure space with finite measure p and
f € L£Y(X, ). Show that the limit

lim / 1M dpe
X

n—oo
exists and compute it. Give an example where the limit does not exist if u(X) = occ.

Exercise 26 (Fundamental Theorem of Differentiation and Integration). Let f: R — R
be continuously differentiable and a,b € R with a < b. Then,

/ab fdu = £(b) - f(a),

where p is the Lebesgue measure. [Hint: Note that f’ is integrable on [a, b]. Consider the
map ¢ : R — R given by g(y) := [ f’du. Show that g is continuously differentiable and
that ¢’ = f’. Apply the fact that a function with vanishing derivative is constant to the
difference f — g to conclude the proof.]

Exercise 27 (Partial Integration). Let f,g : R — R be continuously differentiable and
a,b € R with a < b. Show that,

b b
/ fo'dp= fal; - / f'gdu,
a a
where du is the Lebesgue measure.

Exercise 28 (adapted from Lang). Equip the space [0, o0] with the topology of the one-
point compactiﬁction by adding the point co to the interval [0, c0) with its usual topology.
(Recall Exercise )



38

Robert Oeckl - RA NOTES — 15/01/2021

1. Let X be a measurable space and f : X — [0,00]. Let Y := f~%(]0,00)). Show
that f is a measurable function iff Y is a measurable set and fly : Y — [0,00) is a
measurable function.

2. Let X be a measure space with o-finite measure p. Show that f : X — [0, 0]

is measurable iff there exists an increasing sequence {fy}nen of integrable simple
functions f, : X — [0, 00) which converges pointwise to f.

3. (X and p as above.) Let f : X — [0,00] measurable. We define its integral by

extension of Definition . For each measurable subset A C X define

pf(A) == /A fdp.

Show that 17 is a positive measure. Let g : X — [0, 00| measurable and show that,

/gdufZ/ fgdp.
X X
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5 The spaces LP and [

5.1 Elementary inequalities and seminorms

Lemma 5.1. Let a,b >0 and p > 1. Then,

<a+b>p< ap+bp.
2 -2

Let a,b >0 and p > 1. Set q such that 1/p+1/q = 1. Then,

at/Ppt/e < L é
p q

Proof. Exercise. O

Definition 5.2. Let X be a measure space with measure y and p > 0.
LP(X, 1, K) :={f : X — Kmeasurable : | f|P integrable} .

Define also the function || - ||, : £P(X, 1, K) — R{ given by

i = (1)

Proposition 5.3. The set LP(X, 1, K) for p € (0,00) is a vector space. Also, || - ||, is
multiplicative, i.e., [|Af|lp = [N fllp for all X € K and f € LP. Furthermore, if p < 1
the function dp @ LP(X, p, K) x LP(X, 1, K) — [0,00) given by dp(f,g) :== | f — gl is a
pseudometric.

Proof. Exercise. O

Definition 5.4. Let X be a measure space with measure u. We call a measurable function
f: X — K essentially bounded iff there exists a bounded measurable function g : X — K
such that ¢ = f almost everywhere. We denote the set of essentially bounded functions by
L>®(X, 1, K). Define also the function || - ||lec : £L2(X, u, K) — R given by

| flloo :=inf {||glsup : ¢ = fa.e. and g bounded measurable} .
Proposition 5.5. The set L%(X, u, K) is a vector space and || - ||oo s a seminorm.
Proof. Exercise. O
Proposition 5.6. Let f € LP for p € (0,00). Then, f vanishes outside of a o-finite set.

Proof. By Proposition , | f|P vanishes outside a o-finite set and hence so does f. O
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Proposition 5.7. Let f € L. Then, the set {x : |f(x)| > ||fll} has measure zero.
Moreover, there exists g € L bounded such that g = f almost everywhere and ||g||sup =

19llo0 = Il oo

Proof. Fix ¢ > 0 and consider the set A, := {z : |f(z)| > || f]lco + ¢}. Since there exists a
bounded measurable function g such that g = f almost everywhere and ||glsup < ||f]loo + ¢
we must have p(A.) = 0. Thus {A;/,}nen is an increasing sequence of sets of measure

zero. So, their union A := Upey A1/ = {7 1 [f(2)] > [|f]loc} must have measure zero.
Define now
flx) ifzre X\A
gla) = T HTEINA,
0 ifre A

Then, g is measurable, bounded, and g = f almost everywhere. Moreover, ||¢/sup < || f]oo-
On, the other hand, since g = f almost everywhere we must have | g||sup > || f|loc by the
definition of || - ||oo. Also, f — ¢ = 0 almost everywhere and hence || f — ¢l/oo < ||0]|sup, i-€.,
1/ = glloc = 0 and thus [| f[lec = [|g//co- 0

Proposition 5.8. Let f € LP for p € (0,00]. Then ||f|l, =0 iff f =0 almost everywhere.

Proof. If p < oo apply Proposition to |f|P. Exercise.Complete the proof for p =
00. O

Theorem 5.9 (Holder’s inequality). Let p € [1,00] and g such that 1/p+1/q=1. Given
f € LP and g € L9 we have fg € L' and,

1fglly < [l fllpllgllq-

Proof. First observe that fg is measurable by Proposition since f and g are measur-
able.

We start with the case p =1 and ¢ = co. (The case ¢ = 1 and p = oo is analogous.) By
Proposition @ there is a bounded measurable function h € £ such that h = g almost
everywhere and ||h/sup = ||g]|cc. We have

Thus, the measurable function |fh| is bounded from above by an integrable function and
hence is integrable itself by positivity of the integral. By Theorem fh itself is inte-
grable. But fh = fg almost everywhere and so fg is integrable. Moreover, integrating the
above inequality over X we obtain,

I7glh = [ 179l = [ 153 < Wl [ 151 =151l

It remains to consider the case p € (1,00). If || f||, = 0 or ||g|l; = 0 then f or g vanishes
almost everywhere by Proposition @ Thus, fg vanishes almost everywhere and || fg|[1 = 0
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by the same Proposition (and in particular fg € £!). We thus assume now || ||, # 0 and

lgllq # 0. Set
_ P

a:= ",
I1£1lp
Using the second inequality of Lemma @ we find,

[fgl L IfP 1 gl
1 llpllglle — 2 I£1E g llgllg

This implies that |fg| is bounded from above by an integrable function and is hence inte-
grable by positivity of the integral. Moreover, integrating both sides of the inequality over
X yields the inequality that is to be demonstrated. O

q
and b:= |g|q.
l9llq

Proposition 5.10 (Minkowski’s inequality). Let p € [1,00] and f,g € LP. Then,

1+ glly < [1fllp + llgllp-

In particular, || - ||p is a seminorm.

Proof. The case p = 1 is already implied by Proposition while the case p = oo is implied
by Proposition p.5. We may thus assume p € (1,00). Set ¢ such that 1/p+1/q =1. We
have,

\f+alP <|fIIf+aPt +1gllf + gl "

Notice that |f + g|P~! € LZ so that the two summands on the right hand side are inte-
grable by Theorem @ Integrating on both sides and applying Holder’s inequality to both
summands on the right hand side yields,

1f + gllp < IFlpILF + gl g + lgllpllf + gl g

Noticing that [[[f +gP~"lq = [[f + g[[5~" we find,

1F +gllp < (1Fllp + Ngllp)ILf + gl

Dividing by ||f + gHgfl yields the desired inequality. This is nothing but the triangle
inequality for || - ||, The other properties making this into a seminorm are immediately
verified. u

5.2 Properties of LP spaces

Theorem 5.11 (Dominated Convergence Theorem in £P). Let p € [1,00). Let {fn}nen
be a sequence of functions in LP such that there exists a real valued function g € LP with
|fnl < g for alln € N. Assume also that { f, }nen converges pointwise almost everywhere to
a measurable function f. Then, f € LP and {fn}nen converges to f in the || - ||,-seminorm.
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Proof. Exercise.Adapt the proof of Theorem . O

Theorem 5.12. Let p € [1,00) and {fn}nen be a Cauchy sequence in LP. Then, the
sequence converges to some f € LP in the || - ||p-seminorm. That is, LP is complete.
Furthermore, there exists a subsequence which converges pointwise almost everywhere to f
and for any € > 0 converges uniformly to f outside of a set of measure less than e.

Proof. Since { f,}nen is Cauchy, there exists a subsequence { fy, }ren such that
s — faellp <272 VEEN and V> k.

Define
Vi = {2 € X : [foss (@) — fr(x)] > 27"} VkeN.

Then,
27kp/J¢(Yk) S /}/ ’fnk‘+1 - fnk|p S A ‘fnk+1 - fnk ’p < 272]6}) \V/k c N
k

This implies, u(Yy) < 2% < 27% for all k € N. Define now Z; := Urz; Y for all j € N.
Then, pu(Z;) < 2177 for all j € N.

Fix € > 0 and choose j € N such that 2!77 < e. Let x € X \ Zj. Then, for k > j we
have

[frness () = fu ()] < 27,
Thus, the sum Y272 fp, ., (x) — fa, () converges absolutely. In particular, the limit

f(x) 3:ll_iglofnz( = fo, (z +anz+1 — [y ()

exists. For all £ > j we have the estimate,

| ( ) fnk |_ anl+1 f’nl <Z‘fnl+1 fnl( )’ = 1_k

Thus, {fn, }ren converges to f uniformly outside of Z;, where pu(Z;) < e.

Repeating the argument for arbitrarily small € we find that f is defined on X \ Z,
where Z := ;2 Z;. Furthermore, {fy, }ren converges to f pointwise on X \ Z. Note that
w(Z) = 0. By Theorem E f is measurable on X \ Z. We extend f to a measurable
function on all of X by declaring f(z) =0if z € Z.

For fixed k € N consider the sequence {g; };en of integrable functions given by

L= frg = P

Then ¢ : hm inf; 00 g1 is equal to |f — fp, [P almost everywhere. We apply Fatou’s
Lemma K.14 to obtain,

/ [ = fal? < liminf/ | fry — farlP < 9—2kp
X [—00 X
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In particular, f — f,, € £P and so f € LP and

1f = Faslly < 272
So { fn, }ken and therefore also { f, }nen converge to f in the || - ||,-seminorm. O

Theorem 5.13. Let {fn}nen be a Cauchy sequence in L°°. Then, the sequence converges
uniformly almost everywhere to a function f € L. Furthermore, the sequence converges
to f in the L®-seminorm. In particular, L= is complete.

Proof. Deﬁne Zp = {z € X : |fo(x)] > |fal for all ne€Nand Y, ={z € X :
| fr(@)— fm(2)| > ||fn fmlloo}- By Proposition =0foralln € Nand u(Yy,m) =0

for all n,m € N. Define
=(U%Z|ul U Yam]-
neN n,meN

Then, p(Z) = 0. So, {fn(2)}nen is Cauchy for x € X \ Z and thus converges due to the
completeness of K. This defines a measurable function f on X \ Z. We extend f to a
measurable function on all of X by defining f(z) = 0 if z € Z. Exercise.Complete the
proof. O

Proposition 5.14. Let p € [1,00). Then, S' C LP is a dense subset.
Proof. Exercise. O
Proposition 5.15. The simple maps form a dense subset of L.

Proof. Let f € L% and fix € > 0. The statement follows if we can show that there exists a
simple map h such that || f — || < €. By Proposition @ there is a bounded map g € L™
such that g = f almost everywhere and ||g||sup = || f|loo. Since g is bounded, its image
A C K is bounded and thus contained in a compact set. This means that we can cover
A by a finite number of open balls {Bj}req1,...n) of radius e. Denote the centers of the
balls by {#%}req1,...n}. Now take measurable subsets Cj, C By, such that C; N C; = 0 if
i # j while still covering A, i.e., A C Upeqr,...ny Ck- (Exercise.Explain how this can be
done.) Define Dy := g~ (Cy). {Dr}reqr,.. 1y form a measurable partition of X. Now set
h(z) := x, if z € Dy. Then, h is simple and ||f — hlloc = ||g — hllc < [|g — Allsup < €. O

Exercise 29. Analogues of the Monotone Convergence Theorem (Theorem ) and the
Dominated Convergence Theorem (Theorem {.21) or p.11) are not true in £*. Give a
counterexample to both. More precisely, give a pointwise increasing sequence { fy, }nen of
real non-negative valued functions f, € £ on some measure space X such that {f,}nen
converges pointwise to some f € £, but {f,}nen does not converge to any function in
the || - ||co-seminorm.
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We have seen already that the spaces L£P with p € [1,00| are vector spaces with a
seminorm || - ||, and are complete with respect to this seminorm. In order to convert a
vector space with a seminorm into a vector space with a norm, we may quotient by those
elements whose seminorm is zero.

Definition 5.16. Let p € [1,00]. Then the quotient space £P/ ~ in the sense of Proposi-
tion is denoted by LP. It is a Banach space.

Banach spaces have many useful properties that make it easy to work with them. So
usually, one works with the spaces LP instead of the spaces LP. Nevertheless one can still
think of the these as “spaces of functions” even though they are spaces of equivalence
classes. But (because of Proposition p.§) two functions are in one equivalence class only if
they are ”essentially the same”, i.e., equal almost everywhere.

Proposition 5.17. Let p,q € (0,00] and set r € (0,00] such that 1/r =1/p+1/q. Then,
given f € LP and g € LT we have fg € L". Moreover, the following inequality holds,

1fgll- < 1 £1lpllglq-

Proof. Exercise.[Hint: For f € £P and g € L9 apply Holder’s Theorem (Theorem @) to
|f|" and |g|", in the case r < co. Treat the case r = oo separately.] O

Proposition 5.18. Let 0 < p < qg<r <oo. Then, LPNL" C LY. Moreover, if r < 0o,
LFIE0=P) < || =9 | 7@ v e P L.

If r = 0o we have,

111G < IR IS Ve LlnL.
If p> 1, then also LP NL" C LY.

Proof. Exercise. O

Proposition 5.19. Let X be a measure space with finite measure p. Let 0 < p < ¢ < 0.
Then, L9 X, n) C LP(X, u). Moreover,

£ 1l < 1fllg (X)) VP9V € L9X, p).
If p> 1, then also LY X, u) CLP(X, ).
Proof. Exercise. O

Lemma 5.20. Let X be a measure space with o-finite measure p and let p € (0,00). Then,
there exists a function w € LP(X, u) such that 0 < w < 1.
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Proof. Let { X}, }nen be a sequence of disjoint sets of finite measure such that X = J,,cn Xn.

Define
9-n 1/p
w(z) = | ——— ifr € X,,.
(z) (1 + #(Xn)> "
This has the desired properties. Exercise.Show this. O

Exercise 30 (adapted from Lang). Let X be a measure space with o-finite measure p and

let p € [1,00). Let T : LP — LP be a bounded linear map. For each g € £* consider the

bounded linear map M, : LP — LP given by f — gf. Assume that T" and M, commute

for all g € £, ie., T o My = My oT. Show that T' = M), for some h € £>. [Hint: Use

Lemma to obtain a function w € LPN L with 0 < w. Then, for f € LP N L>* we have
T(wf) =wT(f) = fT(w).

If we define h := T'(w)/w we thus have T'(f) = hf. Prove that h is essentially bounded
by contradiction: Assume it is not and consider sets of positive measure where |h| > ¢ for
some constant ¢ and evaluate T on the characteristic function of such sets. Finally, prove
that T'(f) = hf for all f € LP.]

5.3 Hilbert spaces and L?

Definition 5.21. Let V be a complex vector space and (-,) : V x V — C a map. (-,-) is
called a sesquilinear form iff it satisfies the following properties:

o (u+v,w) = (u,w)+ (v,w) and
(u,v +w) = (u,v) + (u, w) for all u,v,w € V.

o (Au,v) = Mu,v) and (u, \v) = Mu,v) forall A€ Cand v € V.
(-,-) is called hermitian iff it satisfies in addition the following property:
o (u,v) = (v,u) for all u,v € V.
(+,-) is called positive iff it satisfies in addition the following property:
e (v,v) >0forallveV.
(-,-) is called definite iff it satisfies in addition the following property:
o If (v,v) =0thenv=0forallveV.

Proposition 5.22 (from Lang). Let V' be a complex vector space with a positive hermitian
sesquilinear form (-,-) : VXV — C. Ifv € V is such that (v,v) = 0, then (v, w) = (w,v) =0
forallw e V.
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Proof. Suppose (v,v) =0 for a fixed v € V. Fix some w € V. For any ¢t € R we have,
0 < (tv+w, tv +w) =2t R((v,w)) + (w, w).

If R((v,w)) # 0 we could find ¢ € R such that the right hand side would be negative,
a contradiction. Hence, we can conclude R({v,w)) = 0, for all w € V. Thus, also 0 =
R((v,iw)) = R(—i(v,w)) = S((v,w)) for all w € V. Hence, (v,w) = 0 and (w,v) =
(v,w) =0 for all w € V. O

Theorem 5.23 (Schwarz Inequality). Let V' be a complex vector space with a positive
hermitian sesquilinear form (-,-) : V. x V. — C. Then, the following inequality is satisfied:

(v, w)|* < (v, v)(w,w) Yv,w e V.

Proof. If (v,v) = 0 then also (v,w) = 0 by Proposition and the inequality holds.
Thus, we may assume « := (v,v) # 0 and we set § := —(w,v). By positivity we have,

0 < (Bv + aw, v + aw).
Using sesquilinearity and hermiticity on the right hand side this yields,
0 < [{v,0)*(w, w) — (v, v)|(v, w) .

(Exercise.Show this.) Since (v,v) # 0 we can divide by it and arrive at the required
inequality. O

Proposition 5.24. Let V' be a complex vector space with a positive hermitian sesquilinear
form (-;-) : V. xV — C. Then, V carries a seminorm given by ||v| := \/{v,v). If (-,-) is

also definite then || - || is a norm.

Proof. Exercise.Hint: To prove the triangle inequality, show that ||v+w]|? < (||lv]|+||w]|)?
can be derived from the Schwarz inequality (Theorem ). O

Definition 5.25. A positive definite hermitian sesquilinear form is also called an inner
product or a scalar product. A complex vector space equipped with such a form is called
an inner product space or a pre-Hilbert space. It is called a Hilbert space iff it is complete
with respect to the induced norm.

Proposition 5.26. Consider the map (-,-) : L2 x L?> — C given by

UJ%Z/?@

Then, {-,-) is a positive hermitian sesquilinear form on L2. Moreover, the seminorm induced
by it according to Proposition is the || - |2-seminorm. Also, the map (-,-) : L2x L% — C
given by ([f],[9]) := (f,g) defines a positive definite hermitian sesquilinear form on L2.
The norm induced by it is the || - ||a-norm. This makes L? into a Hilbert space.
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Proof. Exercise. O

The following Theorem about Hilbert spaces is fundamental, but we do not include the
proof here, as we will only use it one single time.

Theorem 5.27. Let H be a complex Hilbert space and o : H — C a bounded linear map.
Then, there exists a unique element w € H such that

a(v) = (v,w) Yve H.
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6 Relations between measures

Proposition 6.1. Let X be a measured space with o-algebra M. Let uy, us be positive
measures on M. Then, p = pu1 + pa s a positive measure on (X, M). Moreover, L'(j1) =
L (p1) N LY (p2) and

[ san= [ ram+ [ rapm viecw,aem
A A A
Proof. Exercise. O

Definition 6.2 (Complex Measure). Let X be a measured space with o-algebra M. Then,
a map u: M — C is called a complexr measure iff it is countably additive, i.e., satisfies the
following property: If {A,},en is a sequence of elements of M such that A, N A,, = 0 if
n #% m, then

H (U An) = iM(An)
neN n=1

Remark 6.3. 1. The above definition implies () = 0. 2. The convergence of the series in
the definition is absolute since its limit must be invariant under reorderings. 3. In contrast
to positive measures, a complex measure is always finite.

Exercise 31. Show that the complex measures on a given o-algebra form a complex vector
space.

Definition 6.4. Let X be a measured space with o-algebra M. Let u be a positive
measure on (X, M) and v a positive or complex measure on (X, M). We say that v is
absolutely continuous with respect to u, denoted v < p iff p(A) = 0 implies v(A) = 0 for
all A e M.

Definition 6.5. Let X be a measured space with o-algebra M. Let p be a positive or
complex measure on (X, M). We say that p is concentrated on A € M iff u(B) = p(BNA)
for all B € M.

Definition 6.6. Let X be a measured space with o-algebra M. Let u, v be positive or
complex measures on (X, M). We say that p and v are mutually singular, denoted p L v,
iff there exist disjoint sets A, B € M such that pu is concentrated on A and v is concentrated
on B.

Proposition 6.7. Let o be a positive measure and v, vy, V2 be positive or complex measures.
1. If u is concentrated on A and v < p, then v is concentrated on A.

2. If vy < pand vo L pu, then vy L vs.
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3. Ifv<uwandy L p, then v =0.
4. If v < pand vy < p, then vi + 1o <K .
5. Ifvi Lvandvy L v, thenvy +vy L v.
Proof. Exercise. O

Theorem 6.8. Let X be a measure space with o-algebra M and o-finite measure p. Let
v be a finite measure on (X, M).

1. (Lebesgue) Then, there exists a unique decomposition
V=1V4+ Vs,
into finite measures such that v, < p and vs L p.

2. (Radon-Nikodym) There exists a unique [h] € L' (u) such that for all A € M,
ve(A) = / hdp.
A

Proof. We first show the uniqueness of the decomposition v = v, + v in (1.). Suppose
there is another decomposition v = v/, + . Note that all the measures involved here are
finite and thus are also complex measures. In particular, we obtain the following equality
of complex measures, v, — v, = V., — v;. However, by Proposition the left hand side is
absolutely continuous with respect to p while the right hand side is singular with respect
to p. Again by Proposition @D, the equality of both sides implies that they must be zero,
ie., v, =v, and v, = v;.

To show the uniqueness of [h] € Ll(u) in (2.) we note that given another element
[h'] € LY(n) with the same property, we would get [,(h — h’)du = 0 for all measurable
sets A. By the Averaging Theorem (h — h')(z) = 0 almost everywhere and so 0 =
[h— ] =[] = [I'] € L}(n).

We proceed to construct the decomposition v = v, + vs and the element [h] € L(u).
By Lemma , there is a function w € £!(u) with 0 < w < 1. This yields the finite
measure fi,,, given by

1u(A) ::/Awdu VA e M.

(Recall the last part of Exercise @) Define the finite measure ¢ := v + u,,. Note that
LY(¢) C LY (v) and LY (¢) C L (1) and we have (using Proposition EI),

[ rde= [ rav+ [ fudn vrecp) (1)
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In particular, we may deduce

M(fdu

By Proposition we have £2(¢) C L1(¢) and even

IFlloa < 1flle2 (XN Ve L2(y).

Combining the inequalities we find

’/deu

This means that the linear map a : L?(¢) — C given by [f] — [y[f]dv is bounded. Since
L%(y) is a Hilbert space, Theorem implies that there is an element g € £2(y) such
that a([f]) = ([f], [g]) for all f € L2(p). This implies,

< fllvx <M fllpr Vf € 51(@)

< | fllp2 (9(XN)? Vf € L2(p).

[ tav= [ fgde vre i) 2)
X X

By inserting characteristic functions for f we obtain
v(A) :/ gdy VAe M.
A

On the other hand we have v(A) < ¢(A) for all measurable sets A and hence,

1 v(A)

Ogi/gdgo: <1 VAeM:p(A) >0
p(A) Ja p(A)

We can now apply the Averaging Theorem (Theorem ) to conclude that 0 < g <1

almost everywhere. We modify g on a set of measure zero if necessary so that 0 < g <1

everywhere. In particular, if f € £2(p) then (1—g)f € £L2(p) and gf € £L2(p). Combining

() and @) we find

Ja-grav=[ fguan vferi).
X X

Set Z, :=={x € X : g(x) < 1} and Zs := {z € X : g(z) = 1} and define the measures
va(A) :==v(ANZ,) and vs := v(AN Z;) for all A € M. Since X is the disjoint union of
Z, and Zs we obviously have v = v, 4+ v,. Taking f to be the characteristic function of Z
we find that [, wdu = 0. Since 0 < w, we conclude that ;(Zs) = 0. In particular, this
implies that p is concentrated on Z,, while v, is concentrated on Zg, so vs L pu.

Define now the sequence {f,, }nen of functions f, := >.7_; ¢*!. Since g is bounded, f,
is bounded. Multiplying with characteristic functions we find for measurable sets A,

Ja-gar= [ a-gpadv= [ fuguap.
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Note that {1—g" } ,en increases monotonically and converges pointwise to the characteristic
function of Z,. Thus, by the Monotone Convergence Theorem the left hand side
converges to ¥(AN Z,) = vg(A).

The sequence {f,gw},en is also increasing monotonically with its p-integrals over A
bounded by v,(A). So the Monotone Convergence Theorem applies and the pointwise
limit is a p-integrable function h. We get

vald) = [ hdp.

showing existence in (2.) and also v, < p, thus completing the existence proof for (1.). [

Remark 6.9. The function h appearing in the above Theorem is also called the Radon-
Nikodym derivative, denoted as h = dv,/dp.
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7 Measures and integrals on product spaces

7.1 The Product of measures

Definition 7.1. Let S, T be sets and M C B(S), N C B(T') be algebras of subsets. For
(A,B) € M x N we view A x B as a subset of S x T, called a rectangle. We denote the
set of rectangles by M x NV C PB(S x T). Then, MUON C B(S x T) denotes the algebra
generated by the set of rectangles. We also call this the product algebra. Similarly, M KN
denotes the o-algebra generated by MUON which we call the product o-algebra.

Proposition 7.2. MUON consists of the finite disjoint union of elements of M x N.

Proof. Exercise. O
Proposition 7.3. Let M’, N' be the o-algebras generated by M and N respectively. Then,
NRM=NKM.

Proof. Exercise. O

Lemma 7.4. Let (S, M), (T,N) be measurable spaces. Let U € MXN andp € S. Set
Up:={qeT:(pq €U} CT. Then, Uy e N.

Proof. Let A denote the set of subsets V C S x T such that V€ M XN and V, € N.
Let (A, B) € M x N. Then the rectangle A x B is in A since (A x B), = B if p € A and
(A x B), = 0 otherwise. Thus, all rectangles are in .A. Moreover, A is an algebra: Clearly
) € A Also, if V € A, then =V € A since (=V), = —(V,). Similarly, for A,B € A we
have (AN B), = A, N By,. So, MON C A. But A is even a o-algebra: Let {Ay}nen be
a sequence of elements of A. Then, (U,en An)p = Upen(4n)p. Thus, M XN C A. But
A C M XN by construction. O

Lemma 7.5. Let (S,M), (T,N), (U, A) be measurable spaces and f : S xT — U a
measurable map, where S x T is equipped with the product o-algebra M XN . Forp € S

denote by f, : T — U the map fp(q) = f(p,q). Then, fp, is measurable for allp € S.

Proof. Let V € A. Then, f, (V) = (f~(V)),, using the notation of Lemma @ But by
that same Lemma, (f~1(V)), € . O

Theorem 7.6. Let (S, M,pn) and (T,N,v) be measure spaces with o-finite measures.
Then, there exists a unique measure p X v on the measurable space (S x T, MK N) such
that for sets of finite measure A € M and B € N we have

(B v)(A x B) = p(A)w(B).
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Proof. At first we assume the measures to be finite. It is clear from Proposition @ that
uw Xy, if it exists, is uniquely determined on MUON by additivity. A priori it is not clear,
however, if uXv can be well defined even merely on MUON, since a given element of MUON
can be presented as a disjoint union of rectangles in different ways. For U € MON define
ay : S = RE by ay(p) :=v(Uy). If U = Ax B is a rectangle, we have ay (p) = xa(p)v(B)
for p € S. In particular, oy is integrable on S and we have

p(Aw(B) = [ o dp.

For U a finite disjoint union of rectangles the function «y is simply the sum of the corre-
sponding functions for the individual rectangles and is thus integrable on S. In particular,
we must have

(uB)W) = [ avdn,

incidentally showing that u X v is well defined on MON.

We proceed to show that pu X v is countably additive on MUON. Let {U,}nen be
an increasing sequence of elements of MON such that U := U,eyUn € MON. Then,
{au, }nen is an increasing sequence of integrable positive functions on S and we can apply
the Monotone Convergence Theorem . Since ay, converges pointwise to ay we must

have
lim /aUn du:/Osz,u.
n—oo S S

That is, limy, (X v)(Uy) = (1 X v)(U), implying countable additivity. It is now guar-
anteed by Hahn’s Theorem and Proposition @ that X v extends to a measure on
M X N, and uniquely so.

It remains to consider the case of o-finite measures. Exercise. O

Exercise 32. Show whether the operation of taking the product measure is associative.

Exercise 33. Show that the Lebesgue measure on R”*™ is the completion of the product
measure of the Lesbegue measures on R™ and R™.

In the following we denote the completion of a o-algebra A with respect to a given
measure by A*.

Lemma 7.7. Let (S, M, pu) and (T,N,v) be measure spaces with o-finite complete mea-
sures. Let Z € (M RIN)* of measure 0. Then, for almost all p € S we have v(Z,) = 0.

Proof. We consider first the case that the measures are finite. For all n € N define Y,, :=
{peS:v(Z,) >1/n}. Now fixn € Nand j € N. Since the algebra NOM generates
the o-algebra N'X M, Theorem , implies that there is a sequence of disjoint rectangles
{A; k< Bji}ren such that Z C R; and (uXv)(R;) < 1/(nj), where R; := ;2 (A kX Bjk).
Define now X; := {p € S : v((R;j)p) > 1/n}. Obviously, ¥,, C X;. Moreover, X; is
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measurable since p — v((Rj)p) = D pe1 XA, (P)V(Bj ) is measurable, being a pointwise
limit of measurable functions (Theorem ) We have then,

(48 v)(R i B;) Z/XAM (B,) du(p)

/S > ot B3 lp) = [ (R ()

k=1

> [ Ry 2 [ Ean=Lucxy

j X;

(Exercise.Justify the interchange of sum and integral!) Thus we get the estimate p(X;) <
1/j. Repeating the construction for all j € N set X :=(;2; X;. We then have Y,, C X,
but pu(X) = 0. Thus, since p is complete, Y, is measurable and has measure 0. This
in turn implies that Y := {p € S : v(Z,) > 0} = U;~, Y, has measure 0 as required.
Exercise.Complete the proof for the o-finite case! O

7.2 Fubini’s Theorem

Lemma 7.8. Let (S, M,pn) and (T,N,v) be measure spaces with o-finite measures. Let
Ax B CSxT be a rectangle such that 0 < (X v)(A x B) < oco. Then, 0 < u(A) < oo
and 0 < v(B) < c©.

Proof. Exercise. O

Lemma 7.9. Let (S, M, pn) and (T,N,v) be measure spaces with o-finite complete mea-
sures. Let {(A\1, A1, B1),...,(An, An, Bn)} be triples of elements of K, M, N respectively
and such that()gu(A)<oo and 0 < v(B;) < co. Define g: S xT — K by

Z)\kXAk )XBy ()
Then, g € S*(S x T, n X v). Moreover, g, € SY(T,v) for allp € S and

p»—)/gpdy
T

defines a function in S'(S, i) satisfying

/S (/Tgpdl/> du(p) = /Sngd(;@ V).

Proof. Exercise. O
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Theorem 7.10 (Fubini’s Theorem, Part 1). Let (S, M, u) and (T, N ,v) be measure spaces
with o-finite complete measures and f € LY(SxT, (MXN)*, uXv). Then, f, € LY(T,N,v)
for almost allp € S and

pr—>/ fpdv
T

defines almost everywhere a function in L1(S, M, ) satisfying

/(/ fpdlj)d,u / Fd(pRuv).

Proof. By Lemmas M and there is a sequence { f,, }nen of integrable simple functions,
measurable with respect to MON, that converges to f in the ||-||;-seminorm. Each function
fn can be written as a linear combination of characteristic functions on elements of MON
with finite measure. By modifying f, if necessary, but without affecting convergence of the
sequence we can also arrange that the supports of the characteristic functions all have non-
zero measure. Due to Theorem , by replacing { f,, }nen with a subsequence if necessary,
Wwe can ensure moreover pointwise convergence to f, except on a set N of measure zero.
Taking into account Lemma we notice that the functions f,, satisfy the conditions of
Lemma

By Lemma @, there exists a subset X C S with measure 0 such that v(N,) = 0 if

p ¢ X. Fix for the moment p € S\ X. Then, {(f,)p}nen converges to f, pointwise outside

N Moreover, since the (fy,), are measurable with respect to (T, N') by construction, so is
fp outside of N, due to Theorem . But, N, has measure zero and (T, NV, v) is complete
by assumption, so f, is measurable everywhere

Since {fn}nen is Cauchy, we can restrict to a subsequence such that

Ifi = fell <27°% Wk eN,VI> k.
By applying Lemma @ to | fi — fx|, we have for all k € N and [ > k,

L= Gl dnw) = [ [ 160 = (1) dutr)
—L(AU%J&AOdMM—Z?Aﬁ—hMW@W—Hﬁ—ﬁm<2”5
Now for k € Nset Y, C S to

Ve i={peS: |(fir)p = (fi)plhw = 27}
Then, for all k € N,

) < [ I — Gplhodnte)
Yy
< [ Gk = (Fpllodu(p) <272
S
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This implies, u(Yy) < 27% for all k € N. Define now Z; := Urz; Y for all j € N. Then,
w(Z;) <27 for all j € N.
Fix j € Nand let p € S\ Z;. Then, for k > j we have

H(fk—&-l)p - (fk)p’
This implies for kK > j and [ > k,

(/) = (fr)plle <2175

In particular, {(f,)p}nen is a Cauchy sequence with respect to the || - ||; ,-seminorm. Since
Jj was arbitrary, this remains true for p € S\ Z, where Z :=\j2, Z;. Note that ;(Z) = 0.
Now let p € S\ (X U Z). Since {(fn)p}nen converges to f, pointwise almost everywhere,
and fp is measurable, Theorem then implies that f, is integrable and that {(f,)p}nen
converges to fp in the | - |1 ,-seminorm.

Now define

1 < 27k,

hn 1P /T(fn)pdV

By Lemma @ this is an integrable simple map and by the previous arguments it converges
pointwise outside of X U Z to

h:pH/T(f)pdV.

Thus, h is measurable in S\ (X UZ) by Theorem and can be extended to a measurable
function on all of S, for example by setting h(p) = 0 if p € X U Z. On the other hand,
{hn}nen is a Cauchy sequence with respect to the || - [|1,,-seminorm since, for all [,k € N,

I =l = [ b= mddie = [ | [ (0= (el v
< [ ([ 16000 = (Bl dv) duto) = 115 = fel

and { f }nen is Cauchy. Thus, by Theorem , h is integrable and {h, }nen converges to
h in the || - |1 u-seminorm. Then,

dp(p)

/Sfod('u Xv)= lim fod(pXRv) = lim : (/T(fn)p dy> dp(p)

n—oo SxT n—00

ZT}LrgofghndM:[ghdu:A(/TfpdV> du(p).

O]

Lemma 7.11. Let (S, M, u) and (T, N,v) be measure spaces with o-finite complete mea-
sures and f : S x T — K measurable with respect to (MXN)*. Then, for almost allp € S,
fp is measurable with respect to N
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Proof. By Proposition @, there is a function g : § x T" — K that is measurable with
respect to M X N and such that g coincides with f at least outside a set N € M XN

of measure 0. By Lemma [1.5, g, is measurable for all p € S. By Lemma [1.7, ¥(N,) =0
for all p € S\ 'Y, where Y € M is of measure 0. Let p € S\ 'Y, then g, coincides with f,
almost everywhere and since (T, NV, v) is complete f, must be measurable. ]

Theorem 7.12 (Fubini’s Theorem, Part 2). Let (S, M, u) and (T, N,v) be measure spaces
with o-finite complete measures and f : SxT — K be measurable with respect to (MXN)*.
Suppose that f, € LYT,N,v) for almost all p € S. Moreover suppose that the function

pr—>/ |fp’d7/
T

defined almost everywhere in this way is in L1(S, M, ). Then, f € LL(SXT, NEM)* uX
V).

Proof. Denote by X € M a set of measure 0 such that f, € LY(T,N,v) for p € S\ X.
By Theorem M there exists a an increasing sequence {f,}nen of simple functions f, :
SxT — R with respect to (MXN)* that converges pointwise to | f|. Moreover, because of
o-finiteness the f,, can be chosen to have finite support. (Exercise.Explain!) In particular,
this implies that each f, is integrable. Applying Theorem to fy, yields a set NV, € M
of measure 0 such that (fy,), € LY(T,N,v) for all p € S\ N,. Moreover, it implies that
hy @ S — RY defined by hy,(p) = [p(fa)pdv for p € S\ N, and h,(p) = 0 otherwise, is
integrable. Also it implies,

Jwan= [ fudwm)

Let N := U,en Vn. This has measure 0. Note that since f,, < |f]| for all n € N we also
have h,(p) < [ |fpldv for all p € S\ {N U X}. Putting things together we get for all

neN
[ = [dps [ ([ 151a)d

Thus, by the Monotone Convergence Theorem , {fn}nen converges pointwise almost
everywhere to an integrable function. But {f,}n,en converges pointwise to |f|, which is
measurable, so |f| must be integrable. Then, by Theorem , [ is integrable. ]
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