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Literature:

talk closely follows J. Baez' paper:

An Introduction to Spin Foam Models of BF Theory and Quantum Gravity [arxiv:gr-qc/9905087]

plus sections 1.1-1.6, 5.1 and 7.2 of R. Oeckl’s book:

Discrete Gauge Theory, Imperial College Press, 2005

helpful publications also consulted:

o J. Baez: Spin Foam Models [arxiv:gr-qc/9709052]

@ D. Oriti: Spacetime Geometry from Algebra: Spin Foam Models for non-perturbative
Quantum Gravity [arxiv:gr-qc/0106091]

o A. Perez: Introduction to Loop Quantum Gravity and Spin Foams [arxiv:gr-qc/0409061]
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@ Classical field equations
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@ gauge group: Lie group G,

with Lie algebra g equipped with invariant nondegenerate bilinear form (-, - )g

@ spacetime: smooth, oriented manifold M
@ choose principal G-bundle P —~ M,

vector bundle associated to P —— M via adjoint action of G on g is ad(P) =% M
with ad(P) = (P x Ad(G))/G and Ad(G) the adjoint representation of G
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@ gauge group: Lie group G,

with Lie algebra g equipped with invariant nondegenerate bilinear form (-, - )g

@ spacetime: smooth, oriented manifold M

@ choose principal G-bundle P —~ M,

vector bundle associated to P —— M via adjoint action of G on g is ad(P) =% M
with ad(P) = (P x Ad(G))/G and Ad(G) the adjoint representation of G

@ basic fields of theory:
A = connection on P
F = dA+ AN A'is curvature of A: an ad(P)-valued 2-form on M
E = ad(P)-valued (n—2)-form on M
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gauge group: Lie group G,

with Lie algebra g equipped with invariant nondegenerate bilinear form (-, - )g

spacetime: smooth, oriented manifold M

choose principal G-bundle P — M,

vector bundle associated to P —— M via adjoint action of G on g is ad(P) =% M
with ad(P) = (P x Ad(G))/G and Ad(G) the adjoint representation of G

basic fields of theory:
A = connection on P
F = dA+ AN A'is curvature of A: an ad(P)-valued 2-form on M
E = ad(P)-valued (n—2)-form on M

pick local trivia_Iization, can think of A, F\, E as g-valued 1,2,(n -2)-forms on M, with local
coordinates {7} on M and basis {e;,} of g = T1G we can write

A=Al dz Q@em
F = Fél,bg dz®' A dzb? © ¢
E = E]’-“hm’jni2 dzit A A dain=2 @ ey,
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o Lagrangian of BF theory: L=Tr(EANF)

Tr (E A F) is n-form constructed by taking wedge product of form parts of E and F and
using bilinear form (-, -)g to pair g-valued parts

Tr(EANF) = Efl F,fl’b2 (ers e1)g dzdt A A daIn=2 A dat A dab?

©In—2
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o Lagrangian of BF theory: L=Tr(EANF)

Tr (E A F) is n-form constructed by taking wedge product of form parts of E and F and
using bilinear form (-, -)g to pair g-valued parts

Tr(EANF) = E;“l F,fl’b2 (ers e1)g dzdt A A daIn=2 A dat A dab?

©In—2
o field equations: F=0 daE =0

d = covariant exterior derivative

@ locally: all solutions of BF' theory equal modulo gauge transformations:
BF theory is a topological field theory
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Lagrangian of BF theory: L=Tr(EANF)

Tr (E A F) is n-form constructed by taking wedge product of form parts of E and F and
using bilinear form (-, -)g to pair g-valued parts

Tr(EANF) = E;“l Fél’b2 (ers e1)g dzdt A A daIn=2 A dat A dab?

©In—2

field equations: F=0 daE =0
d = covariant exterior derivative

locally: all solutions of BF' theory equal modulo gauge transformations:
BF theory is a topological field theory

BF-action invariant under E gauge: E +— E + dan for some g-valued (n—3)-form n

since A flat, for any E with d4E = 0 there exists an 7 such that locally E = dan
since locally all closed forms are exact
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o 3d-GR is special case of BF theory: n = 3 and G = SO(2,1)
(-, ~)SO(2’1) is minus its Killling form

e if 1-form E: TM — ad(P) is bijective, then nondegenerate Lorentzian metric defined by
ef.
9@ (v, w) & (E@pv, E@)w)so(2,1) Vo,we Ty M
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o 3d-GR is special case of BF theory: n = 3 and G = SO(2,1)
(-, ~)SO(2’1) is minus its Killling form

e if 1-form E: TM — ad(P) is bijective, then nondegenerate Lorentzian metric defined by
ef.
9@ (v, w) & (E@pv, E@)w)so(2,1) Vo,we Ty M

@ can pull back connection A to flat Levi-Civita connection on T'M, thus metric g flat

@ in 3d spacetime vacuum Einstein equations just say: metric is flat
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3d-GR is special case of BF theory: n = 3 and G = SO(2,1)

(-, ~)SO(2 1y is minus its Killling form

if 1-form E: TM — ad(P) is bijective, then nondegenerate Lorentzian metric defined by
g(z) (v, w) def (E(z)v, E(:c)w)so@’l) Vo,we Ty M

can pull back connection A to flat Levi-Civita connection on T'M, thus metric g flat

in 3d spacetime vacuum Einstein equations just say: metric is flat

many different A and E fields correspond to same metric,
but all related by gauge transformations

thus in 3d spacetime, BF' theory with G = SO(2,1)
is alternate formulation of Lorentzian GR without matter fields

with G = SO(3) we obtain Riemannian GR: much easier to quantize than Lorentzian GR
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@ Classical phase space
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@ assume spacetime M is product Ry . X S
S = smooth, oriented (n—1)-dim. manifold representing space

@ work in temporal gauge: time component of connection A vanishes
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@ assume spacetime M is product Ry . X S
S = smooth, oriented (n—1)-dim. manifold representing space

@ work in temporal gauge: time component of connection A vanishes

@ momentum canonically conjugate to A is: gf.‘ =F
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assume spacetime M is product R; . x S
S = smooth, oriented (n—1)-dim. manifold representing space

work in temporal gauge: time component of connection A vanishes

momentum canonically conjugate to A is: gf.‘ =FE

before imposing constraints: configuration space of BF' theory
is infinite-dim. vector space A of connections on P|g

kinematical phase space is corresponding classical phase space: cotangent bundle T*.A
point therein consists of connection A on P|g and ad(P|g)-valued (n—2)-form FE on S
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assume spacetime M is product R; . x S
S = smooth, oriented (n—1)-dim. manifold representing space

work in temporal gauge: time component of connection A vanishes
momentum canonically conjugate to A is: 9A = E

before imposing constraints: configuration space of BF' theory
is infinite-dim. vector space A of connections on P|g

kinematical phase space is corresponding classical phase space: cotangent bundle T*.A
point therein consists of connection A on P|g and ad(P|g)-valued (n—2)-form FE on S

field equations put constraints on initial data A and E on time-zero slice S:
0=B=dA+ANA daE =0

to deal with these constraints: apply symplectic reduction
to kinematical phase space T*A to obtain physical phase space
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o constraint d4 E = 0 called Gauss law, generates action of gauge transformations on 7*.A
@ symplectic reduction with respect to Gauss constraint:

gauge-invariant phase space T*(A/G)

G = group of gauge transformations of bundle P|g
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o constraint d4 E = 0 called Gauss law, generates action of gauge transformations on 7*.A

@ symplectic reduction with respect to Gauss constraint:
gauge-invariant phase space T*(A/G)
G = group of gauge transformations of bundle P|g

@ no-curvature constraint B = 0 is special to BF theory,
generates transformations of form E— E+dan
thus these transformations are really gauge symmetries as claimed before

@ symplectic reduction with respect to no-curvature constraint:
physical phase space T (Aq/G)
Ao = space of flat connections on P|g
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o constraint d4 E = 0 called Gauss law, generates action of gauge transformations on 7*.A

@ symplectic reduction with respect to Gauss constraint:
gauge-invariant phase space T*(A/G)
G = group of gauge transformations of bundle P|g

@ no-curvature constraint B = 0 is special to BF theory,
generates transformations of form E— E+dan
thus these transformations are really gauge symmetries as claimed before

@ symplectic reduction with respect to no-curvature constraint:
physical phase space T (Aq/G)
Ao = space of flat connections on P|g

@ points in this physical phase space correspond to physical states of classical BF' theory
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© Canonical quantization
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T*(A)

constrainJ{

T*(A/9)

constrainJv
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T*(Ao/G)

quantize

Hyin = L (-A

Jvconstram

Hegauge = L*(A/G)

quantize

constrain

quantize

Hohys = L? (AO/Q)
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quantize

T*(A) —————— Hin = L*(A)

constrainJ{ Jvconstram

T*(A/G) — 2 e = L2(A/G)
constrainJv constrain
T*(A0/G) — ™ s thyys = L*(Ao/G)

@ assume gauge group G connected + compact, manifold S representing space real-analytic

Max Dohse (IMUNAM Morelia) QG Seminar



quantize

T*(A) —————— Hin = L*(A)

constrainJ{ Jvconstram

T*(A)G) — 2™ ofge = L2(A/G)

constrainJv constrain
quantize

T*(Ao/G) ————— Hpnys = L2(Ao/G)

@ assume gauge group G connected + compact, manifold S representing space real-analytic

o Fun(A) = algebra of functionals on space of connections A of form

UrrlAl = f({hy,14] |7 €T}) Ay, [A] &t Pexp/A

Tk
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quantize

T*(A) }[kln - L (-A

constrainJ{ Jvconstram

TH(A)G) — 22 e = L2(A/G)

constrainJv constrain
w quantize
T*(Ao/G) ————— Hpnys = L*(A0/9)
@ assume gauge group G connected + compact, manifold S representing space real-analytic

o Fun(A) = algebra of functionals on space of connections A of form

UrrlAl = f({hy,14] |7 €T}) Ay, [A] &t Pexp/A
Tk

o define inner product on Fun(A), complete it, obtain Hilbert space #};, = L?(.A)
er€la

(Uprs Uppr,) = / ( I1 dher) Fihog a1 20 D) fa({hoy 141 0 S0 20 )

I'1,I's CT'12 and dh = normalized Haar measure of gauge group G
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o finite collection of real-analytic paths v; : [0,1] — S = graphin S
if they are embedded in S and intersect only at their endpoints (if at all),
paths = edges and endpoints of paths = vertices,
edge v, is outgoing from a vertex v if v = 7;(0) and incoming to v if v = ~;(1)
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o finite collection of real-analytic paths v; : [0,1] — S = graphin S
if they are embedded in S and intersect only at their endpoints (if at all),
paths = edges and endpoints of paths = vertices,
edge v, is outgoing from a vertex v if v = 7;(0) and incoming to v if v = ~;(1)

o (closed) spin network N = (T, p,¢) in S with symmetry group G is triple consisting of:
@ graph I'in S

@ edge-labeling p of each edge e of " by an irrep p. of G

© vertex-labeling ¢ of each vertex v of T" by intertwiner ¢,:

ot (i @O () = (g @ pam ()

Max Dohse (IMUNAM Morelia)
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e Fun(A/G) = algebra of gauge-invariant functionals in Fun(A4),
completing in above norm yields gauge-invariant Hilbert space Hgauge = L2(A/G),
this space is spanned by spin network states:

e €N v; EN s s
def. . i1 Bin G
UpnlA] = H Per(hET[A])gl H (ij)ajjima]joi?)
r

UN[A] = pey (hey [A])gll Pes (hes [A])gj pes (heg [A])gs (toy )gia;; (va)glgﬁs
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quantize

T*(A) Hign = L*(A)

constrainJv lconstrain

T*(A)G) — ™ e = L2(A/G)

constrainJv Jvconstrain

T (Ao/g) quantize .']‘[phys — L2 (Ao/g)

@ classically imposing no-curvature constraint yields physical phase space T*(A/G),
however in most cases no natural measure on (Ap/G),
Hilbert space cannot be defined unambiguously

@ have to accept mere vector space instead of Hilbert space,
every functional in Fun(A/G) restricts to one in Fun(Ag/G),
the space of gauge-invariant functionals on flat connections,
call elements of this space physical states,
even if there is no natural measure on Ap/G
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@ spin networks in S related through homotopy define same physical state,
because holonomy of flat connection does not change under homotopies
@ reparametrize edge of spin network in S
by orientation-preserving diffeomorphism of unit interval
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@ spin networks in S related through homotopy define same physical state,
because holonomy of flat connection does not change under homotopies

@ reparametrize edge of spin network in S
by orientation-preserving diffeomorphism of unit interval

@ reverse orientation of an edge, while dualizing irrep
and appropriately dualizing intertwiners at its vertices

o subdivide edge into two edges labeled by same irrep, inserting vertex with identity intertwiner

o erase edges labeled by trivial irrep
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@ true physical observables < s, "observables” «— Hgayge
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@ true physical observables < s, "observables” «— Hgayge

@ Wilson loop = functional of form Tr p(h~[A]), spin network = generalization of Wilson loop:

@ spin network N defines operator (I\/N[A]
acting as multiplication by W [A] on elements of Fun(.A4/G)
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@ true physical observables < s, "observables” «— Hgayge

@ Wilson loop = functional of form Tr p(h~[A]), spin network = generalization of Wilson loop:

@ spin network N defines operator (I\/N[A]
acting as multiplication by W [A] on elements of Fun(.A4/G)

o Wy[A] € Fun(A/G) bounded = (I\/N[A] = bounded operator on Hgauge = L2(A/G)
called spin network observable

e Wn[A] € Fun(Ap/G) also bounded = @N[A] = bounded operator on Hphys = L%(A0/G)

@ spin network observables on #gayge not invariant under homotopies of graph I' of IV,
but spin network operators on # s are invariant and satisfy skein relations
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@ any product of Wilson loops = finite linear combination of spin network observables

@ example: one Wilson loop as spin network observable

. €,
« W
So = ﬁ‘ = ] ' Ly = 4
(]
W &

(x) (T) ()

L1
o =~
() = Trpo(hwia) = () = po(hw(A)S das
B
L1 L

= () = po(he,14))5) polhes [A1)32 Saypy Sasp
= po(he;[AD)al po(hey[A])a2

(po(he1 (4]) po(hesy [A]))

(po(hW[A]))a1

1

«
@l

@l
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e example: two Wilson loops as spin network observable

’ €2 ==

()

(IV) = Tr p1(hw, (4]) - Tr p2(hw, (A1)
L1 L
= (V) = pi(he;(A)5] p1(hes[A1)52 pa(hes[A)G2 p2(hey[A) 5! Oas8; Oasps Oa1Bs Sasfs
= (pr(hey 1) pr(heata) " (palhes(4]) pa(he,14))
aq

= (pr(hw, [A]))): : (P2(hW2[A]))>:Z

a3

@3
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e G = U(1): gauge-inv. functional of E-field = integral over (n—2)-dim. submanifold £ of S

/E but not gauge-invariant in nonabelian case
by
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e G = U(1): gauge-inv. functional of E-field = integral over (n—2)-dim. submanifold £ of S

/E but not gauge-invariant in nonabelian case

n—2

@ e = g-valued functionon 3, d = (n—2)-formon¥ = E|g =ed"
gauge-invariant functional of E prowded by

Ex) def. /d 2:1: (e, e)

\E\

o quantizing E(=) gives self-adjoint operator E(=) on Hgauge = L2(A/G)
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@ spin network N in space S intersects (n—2)-submanifold X in finitely many points:

Y

° E(Z) acts on Wy € Hgauge = L%(A/G) by

Ex) Uy = >V Clor) ¥
%

C(pi) = Casimir of irrep py

@ physical significance of spin network edges: represent quantized flux lines of E-field
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@ 3-dim. BF theory with G = SU(2), SO(3) is formulation of 3-dim. Riemannian GR,
E(x) can be interpreted as length of curve %, in 4-dim. BF theory as area of surface &

o irreps of SU(2) correspond to spins j = 0, %, 1,..,
Casimir of the spin-j irrep is j(j+1)1,
edge of spin j contributes length/area /j(j+1) to any curve/surface it crosses

o consequence: length/area in 3/4-dim. Riemannian QG have discrete spectra

@ application: blackhole entropy:
associate degrees of freedom of event horizon to points of intersection with spin networks,
then derive Bekenstein-Hawking entropy proportional to area of event horizon
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e Path integral quantization
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quantization of BF theory via path integral: consider partition function

Z:/DA /’DEexpi/Tr(E'/\F)
' M

to give sense to this expression, introduce discretization,
hope path integral becomes well defined

define theory only on discrete, finite set of points in spacetime,
which we call vertices, assume fields to vary slowly between vertices

connection A, implemented in discrete version by considering parallel transports between
vertices, need pathes connecting vertices along which parallel transport takes place, call
pathes edges

implement curvature in form of holonomies along closed loops formed by edges,

specify loop by surface bounded by its edges, call surface face

vertices, edges and faces together = lattice L on spacetime
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equip L with orientation, define discretized connection A on L
by assigning group element g. to each edge e

Je = Pexp—/A
e

measure on space of connections under discretization
becomes product over Haar measure of all edges:

DA ~~ Hdge

define discretized gauge transformation by assigning element h, of G to each vertex v

discretized curvature represented by group element g; (defined up to conjugation)

def.
gy = g2l ..gek

under discretized gauge transformations gy also transforms by conjugation

thus gauge invariant information about curvature contained in conjugacy class of gy,
to obtain gauge-invariant Lagrangian, apply class function o to gy
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@ gy expressed by approximately constant curvature 2-form F' on f by
gf = exp(—a?F#,, + O(a;))

o face and dual face in one-to-one correspondence, can associate discretized field E = xE to
faces f

o for action on M with slowly varying curvature we obtain
S = /Tr(E/\F) = /Tr(*E/\F)
M

M
C
~> al > Tr (BuwFuw)
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@ in discretization, curvature a%F‘{V = ﬁ‘{y on face f becomes group element gy,

thus linear function Tr (E[:Z, -) on Lie algebra g
must become function on group GG, make substitution

expiTr (Ef, ) ~ xp; ()

o thus d.o.f. of E-field appear in discretized BF' theory
as representation valued d.o.f. attached to faces of lattice

o discretized version of exponentiated action:

expiS ~ [[xo,(95)
f

@ now discretizing BF' theory we naturally have arrived at a lattice setup which is just
structure underlying spinfoams defined in next section
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e partition function: Z = [DA [DE expi [ Tr (EAF)
M

for one face f: fdﬁﬁl, exp i Tr (E{jyﬁ;{y) = 5(?&;)

o discretization: delta function on Lie algebra becomes delta function on group

8(g5) = D> xps(gy) dimpy
oy

all faces /DE exp ’L/Tr EAF) = /( ) exp iy Tr(Ef,Fl,
M f
= [[sF.,) ~ H5 gr)
f

partition function: Z = /Hdge H5(gf)
e f
= /Hdge HZXp(gf) dim p
= [Tld0e 3= Tos o) dimy

{ps} [
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o character x,(g) is trace of matrix t”(g) derived from representation matrix via

Xp(g9) = Trtf(g)
t2(9) = (¢alp(g)lvs)
and
tP(g192) = t*(g1) t*(g2)

Xos (97) = TrtP7 (2} o g2f) = Tr (177 (g21) . t97 (92F))
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circuit diagrams:
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since

IT xes(9r) = TT T (277 (92) 177 (920))
! f

p
- H Z alag gel agag(g ) aial (gek)
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since

IT xeso9) = TT T (277 (92) .17 (920))
f f

p p
= H Z alag gel taéas(geg) ta{al (gek)
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skein relation:

i
...M
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@ value of vertex diagram at vertex v depends on irreps labeling incident faces
and their orientations, and all intertwiners labeling incident edges,
denote value of vertex diagram by

Av({pp, b tog, b {te, 1)
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@ thus obtain for partition function

N
I

= (omn) f(T1o) (o)

{ps} > f

= > > (TTamoy) (IUTAA{pf,U},{ofz,},{bem)

{ppt{eer ~ f

o discretizing BF theory we naturally have arrived at spinfoam defined in next section

@ partition function is that of spinfoam model
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© Spinfoams
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o closed spinfoam F' = (k, p, ) with symmetry group G is triple consisting of:

@ oriented 2-complex k,
@ face-labeling p of each face f of k by an irrep ps of G and
© edge-labeling ¢ of each edge e of k by intertwiner ¢,

tei (Prngey ® = Bhpin o) = (Prprie) @ @ pran (o))

i
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spinfoam (F = (x,p,7)): # — (N = (T,p,1)) with symmetry group G
connecting the empty spin network @ with N is triple consisting of:

@ oriented 2-complex k bordered by T,
@ face-labeling p of each face f of x by irrep ps of G and
© edge-labeling T of each edge e of k not contained in T' by intertwiner z,

i (P @ - @ppn (o) = (Prpre @ @ ppon (o))
@ such that for any edge e of ' if € is incoming to e then pz = pe,

but if € is outgoing from e then pz = *p. and
@ for any vertex v of I after appropriate dualizations: 75 = t4.

N A
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@ dual spin network *N of N: same oriented 1-complex I,
but each edge e labeled by dual irrep *pe
and each vertex v labeled by appropriately dualized version of intertwiner ¢,,.
o tensor product N' ® N2 of two spin networks N1 = (T'!, pt 1) and N2 = (I'2, p2,.2):
disjoint union of N1 and N2
o open spin foam is spinfoam F: N! — N2
connecting two nonempty spin networks N1 and N2,
defined to be F: ¢ — ("N x N2).
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in 4-dim. BF theory with gauge group SU(2):

@ spin network edges give area to surfaces they cross,
since they are slices of spinfoam faces,
these give area to surfaces they intersect
@ spin network vertices give 3-volume to regions of space they lie in,
since they are slices of spinfoam edges,
these give volume to 3-surfaces they cross
@ spinfoam vertices expected to give 4-volume to regions of spacetime they lie in,
but computations not finished
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@ Transition amplitudes
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@ region of n-dim. spacetime: compact oriented cobordism Mj2: S1 — Sa
with S1, S2 being (n—1)-dim. compact oriented manifolds representing space

o choose n-dim. triangulation A of spacetime M,
induces (n—1)-dim. triangulations 9A; and Az on S1,S2 with dual 1-skeletons I', I

&)

"2
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construction of gauge-invariant Hilbert spaces for S; and Sa:

@ connection on given graph I': assign elements g of gauge group G to edges,
space of such connections is Ar

assignment can be thought of as representing parallel transport along edge -,
if graph were embedded in space with connection A,

g414] = hqa] = Pexp/A
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construction of gauge-invariant Hilbert spaces for S; and Sa:
@ connection on given graph I': assign elements g of gauge group G to edges,
space of such connections is Ar

@ gauge transformation on I': assign element of G to each vertex,
group of these gauge transformations is Gp

o Hyjn = L2(-AF) }[gauge = L2(-AF/gI‘),
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construction of gauge-invariant Hilbert spaces for S; and Sa:

@ connection on given graph I': assign elements g of gauge group G to edges,
space of such connections is Ar

@ gauge transformation on I': assign element of G to each vertex,
group of these gauge transformations is Gp

o Hyjn = L2(-AF) }[gauge = L2(-AF/gI‘),

o ONB of L2(Ar/Gr) formed by spin network states ¥ with N = (T, p,¢)
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construction of gauge-invariant Hilbert spaces for S; and Sa:

@ connection on given graph I': assign elements g of gauge group G to edges,
space of such connections is Ar

@ gauge transformation on I': assign element of G to each vertex,
group of these gauge transformations is Gp

o Hyjn = L2(-AF) }[gauge = L2(-AF/gI‘),
o ONB of L2(Ar/Gr) formed by spin network states ¥ with N = (T, p,¢)
o if graph I embedded in space S, then trivializing G-bundle at vertices

gives map from A to Ar and a homomorphism from G to Gr, thus

L*(Ar) — L*(A)
L*(Ar/Gr) — L2(A/G)
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@ use as gauge-invariant Hilbert spaces for S1 and Sa:

}[glauge =17 (AF1 /grl)
g{gQauge = Lz(Al‘z/gIb)

o describe time evolution as an operator

Z(M): L*(Ar /Gr,) — L*(Ar,/Gry)
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@ use as gauge-invariant Hilbert spaces for S1 and Sa:

}[glauge =17 (AF1 /gl—‘l)
g{gQauge = Lz(Arz/gIb)

o describe time evolution as an operator

Z(M): L*(Ar, /Gry) — L*(Ar,/Gr,)
@ since spin network states W form a basis of #Hgayge = LQ(AF/QF)
sufficient for specifying operator E(M) to know transition amplitudes
(Unys Z(M) T, ),

because then we can write with an ONB {¥ ;, }

ONB
Z(M \Ile Z \I’Ng <‘IJN2s (M)\IIN1>2
T,
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write transition amplitudes as sum over amplitudes Z(F)
of spinfoams F' going from Nj to Na:

Ni—Na

(Ung, ZIM) U )y = D Z(F)
F

amplitude for closed spinfoam F = (k, p,¢)
is product of amplitudes of its faces f , edges e and vertices v

Z(F) = N(F) [] 2slos) T] Ze(ppce)) ] Zo(oseo)

fer eEr VEK
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@ write transition amplitudes as sum over amplitudes Z(F’)
of spinfoams F' going from Nj to Na:

Ni—Na

(Ung, ZIM) U )y = D Z(F)
F

o amplitude for closed spinfoam F' = (k, p,t)
is product of amplitudes of its faces f , edges e and vertices v

Z(F) = N(F) [] 2slos) T] Ze(ppce)) ] Zo(oseo)

fer eEr VEK

o amplitude formula for open spinfoams differs in three points:
@ edges and vertices lying in the spin networks N1 or N2 to be connected
excluded from the product of amplitudes
@ for spinfoam edges ¥ ending in vertices v of N1 or Ny
use square root of usual edge amplitude

@ for spinfoam faces € ending in edges e of N1 or Na
use square root of usual face amplitude
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@ reason for these modifications: achieve product rule for spinfoam amplitudes

Z(FIS) - Z(F23) Z(Flg)

for all spinfoams Fi3: Ni — N3 obtained by gluing together
Fi2: N1 — Nz and Fz3: Na — N3 along common border No
whereby edges and vertices lying in No become erased
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@ reason for these modifications: achieve product rule for spinfoam amplitudes

Z(FIS) - Z(F23) Z(Flg)

for all spinfoams Fi3: Ni — N3 obtained by gluing together
Fi2: N1 — Nz and Fz3: Na — N3 along common border No
whereby edges and vertices lying in No become erased

o this assures composition property (gluing rule)

(provided sum over spinfoam amplitudes converges)
for composable cobordisms My2: S1 — Ss and Ma3: So — Ss:

2(M23M12) = 2(M23) Z(MIQ)
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o for spinfoam Fiz: N; — No define operator Fys : L2(Ar, /Gry) — L2(Ar,/Gn,)
acting on spin network states W1 € L2(Ar, /Gr,) as

Flpou, & Un, (Unys V1),

=  FiaUy, = Uy, [ Uy, |
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o for spinfoam Fiz: N; — No define operator Fys : L2(Ar, /Gry) — L2(Ar,/Gn,)
acting on spin network states W1 € L2(Ar, /Gr,) as

Flpou, & Un, (Unys V1),

=  FiaUy, = Uy, [ Uy, |

o thus for arbitrary spin network states ¥y o € L2 (Ary ,/91 5)

<\Ij23 ﬁl? ‘1l1>2 = <\112, ‘11N2>2 (‘I/Nl, \Ill)l
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o for spinfoam Fiz: N; — No define operator Fys : L2(Ar, /Gry) — L2(Ar,/Gn,)
acting on spin network states W1 € L2(Ar, /Gr,) as

Flpou, & Un, (Unys V1),

=  FiaUy, = Uy, [ Uy, |

o thus for arbitrary spin network states ¥y o € L2 (Ary ,/91 5)

<\Ij23 ﬁl? ‘1l1>2 = <\112, ‘IJN2>2 (‘IINI, \Ill)l

@ can write time evolution operator consistently with previous equations as

Ty N1—Np
M), =5 S Z(Fia) Fio U, /W, I
Nz Fig
N1—Na
= Z‘I’Nz > Z(Fi2)
Fia
o R
= Z\IIN2 (Uny, Z(Mi2) ‘I’N1>2
N2
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e 4-dim. Quantum Gravity
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o Palatini formulation of 4-dim. GR: spacetime M = 4-dim. oriented smooth manifold
@ choose bundle 7 over M, isomorphic to T'M but not in canonical way, internal space, equip
7 with orientation and metric 7, either Lorentzian or Riemannian

@ P = oriented orthonormal frame bundle of M = a principal G-bundle
with G either SO(3,1) or SO(4) corresponding to metric n
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@ basic fields in Palatini formulation:

@ a 7-valued 1-form e on M: e: TM — T
@ a connection A on P
@ curvature F of A: an ad(P)-valued 2-form
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@ basic fields in Palatini formulation:
@ a 7-valued 1-form e on M: e: TM — T
@ a connection A on P
@ curvature F of A: an ad(P)-valued 2-form
e ad(P) isomorphic to A27, thus can think of F' as A%27-valued 2-forms, also (e A ¢),
with local coordinates {z*} on M and basis {b,,} of T*7:

eNe = eﬁclleffz da1 A dz2 ® by, Abyy
e ) )
F = F™™2 dgdt A de?? @ by, Abm,

eNeNF = el e2 I dzht Adah2 A dalt Ada?? @by Abiy Abmy Abm,

= f(o) dz' Adz? Ada® Adz* @by Aby Abz Aby

Tr (eNeNF) voline
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o Palatini Lagrangian: £ = Tr (e AeAF)
o field equations: eANF =0 da(eNe) = 2eANdpe =0
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Palatini Lagrangian: £ = Tr(eAeAF)
field equations: eANF =0 da(eNe) = 2eANdpe =0

o define spacetime metric on M via e and internal metric 7: g(v, w) El n(ev, ew)

ife: TM — 7T bijective, then spacetime metric g nondegenerate
and inherits signature of internal metric n

Max Dohse (IMUNAM Morelia) QG Seminar



o Palatini Lagrangian: £L = Tr(eAeAF)
o field equations: eANF =0 da(eNe) = 2eANdpe =0

o define spacetime metric on M via e and internal metric 7: g(v, w) El n(ev, ew)

e ife: TM — 7T bijective, then spacetime metric g nondegenerate
and inherits signature of internal metric n

@ pull back connection A to metric connection T" on T'M,
ife: TM — 7T bijective, then dge = 0, I torsion-free,
thus I' is Levi-Civita connection of spacetime metric g

@ rewriting e A F' in terms of Riemann curvature tensor,

one sees it is proportional to Einstein tensor,
thus e A F' = 0 is vacuum Einstein equation

Max Dohse (IMUNAM Morelia) QG Seminar



@ setting £ = e A e makes Palatini Lagrangian look like BF' Lagrangian,
difference: not every ad(P)-valued 2-form E is of form e A e,
thus allowed variations of E field in Palatini GR more restricted than in BF' theory,
thus Palatini field equations weaker than BF equations:

F=0 eNF =0
daE =0 daE = 2e ANdpe = 0

@ relation between Palatini GR and BF' theory suggests
one could develop spinfoam model of QG
by taking spinfoam model of BF' theory and imposing quantum analogues of constraint
that E is of form e A e
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@ consider at classical level constraints that must hold
in order to have FE field of form e A e:
pick spin structure for spacetime and take Spin(4) as gauge group

@ locally can think of E field as taking values in s0(4) = so(3) & so(3),
thus can write E = ET 4+ E~ as sum of left-handed and right-handed parts
taking values in s0(3)

e if E = e Ae then constraint | Et(v,w) | = | E~(v,w) |
holds for all vector fields v, w on M
constraint guarantees £ = e A e (up to sign and Hodge star on A27)
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o recall facts of 4-dim. BF theory with gauge group SU(2):
spinfoam is dual 2-skeleton of triangulated 4-manifold,
each dual face labeled by spin, each dual edge by intertwiner,
corresponds to labeling each triangle by spin
and each tetrahedron by 4-valent intertwiner (= connecting four spins)
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o recall facts of 4-dim. BF theory with gauge group SU(2):
spinfoam is dual 2-skeleton of triangulated 4-manifold,
each dual face labeled by spin, each dual edge by intertwiner,
corresponds to labeling each triangle by spin
and each tetrahedron by 4-valent intertwiner (= connecting four spins)

o general trivalent intertwiners: tensor product of any pair p1, p2 of irreps
can be written as direct sum of irreps py, pick one p3 € {pg},
projection from p1 ® p2 to p3 is trivalent intertwiner ¢
can be used to label trivalent vertices or edges, usually normalized: Tr (v %) = 1
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o recall facts of 4-dim. BF theory with gauge group SU(2):
spinfoam is dual 2-skeleton of triangulated 4-manifold,
each dual face labeled by spin, each dual edge by intertwiner,
corresponds to labeling each triangle by spin
and each tetrahedron by 4-valent intertwiner (= connecting four spins)

o general trivalent intertwiners: tensor product of any pair p1, p2 of irreps
can be written as direct sum of irreps py, pick one p3 € {pg},
projection from p1 ® p2 to p3 is trivalent intertwiner ¢
can be used to label trivalent vertices or edges, usually normalized: Tr (v %) = 1

o if irrep p3 appears more than once in direct sum decomposition (p1 ® p2)
then more than one intertwiner of above form,
can always choose ONB {¢x} of such intertwiners: Tr (¢ *1;) = g
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@ can break any 4-valent intertwiner into trivalent ones using skein relation:

»
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@ can break any 4-valent intertwiner into trivalent ones using skein relation:

o SU(2) irreps: j1 ® j2 = [j1 — j2| ® ... ® j1 + J2,
thus each basis of intertwiners ¢ :  (j1 ® j2) — J3
consists of exactly one (normalized) element iff |j1 — j2| < j3 < (j1 + j2)
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@ can break any 4-valent intertwiner into trivalent ones using skein relation:

..

e SU(2) irreps: j1 ®j2 = [j1 — j2| @ ... ® j1 + j2,
thus each basis of intertwiners ¢ : (j1 ® j2) — Js
consists of exactly one (normalized) element iff |j1 — j2| < j3 < (j1 + 72)
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@ can break any 4-valent intertwiner into trivalent ones using skein relation:

.,

hd *

@ 4-dim. triangulation with each tetrahedron labeled by a 4-valent intertwiner:
skein relation = chopping each tetrahedron in half by parallelogram
labeled by sum over spins j on right-hand side of skein relation,
thus all data encoded in spins labeling surfaces,
each spin describing integral of | E | over its surface
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o describe 4-dim. Riemannian QG as BF theory with gauge group Spin(4)
with extra constraint, since Spin(4)22SU(2)xSU(2),
irreps are of form 7 ® j for arbitrary spins 5+,
thus label triangles and parallelograms by pairs (j,j ) of spins,
describing integral of | EE || over surface

@ in order to on quantum level impose constraint | E¥ (v, w) | = | E~ (v, w) |,
restrict to labeling surfaces with equal spins
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@ label each triangle a by irrep of form j, ® ja

and each tetrahedron by intertwiner of form > cjv; ® ¢
J

. . . J . .
with 1 @ ja; ® Jas = Jaz @ Jau
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@ label each triangle a by irrep of form j, ® ja

and each tetrahedron by intertwiner of form > cjv; ® ¢
J

. . . J . .
with 1 @ ja; ® Jas = Jaz @ Jau

@ however exist three ways of splitting tetrahedron in half by parallelogram P,
want constraint [ | ET | = [| E~ | to hold for all three,
P P

thus must label tetrahedra by intertwiners Z cjLj ®uj

J
which maintain this form during switching to different splitting
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@ label each triangle a by irrep of form j, ® ja

and each tetrahedron by intertwiner of form > cjv; ® ¢
J

. . . J . .
with 1 @ ja; ® Jas = Jaz @ Jau

@ however exist three ways of splitting tetrahedron in half by parallelogram P,
want constraint [ | ET | = [| E~ | to hold for all three,
P P

thus must label tetrahedra by intertwiners Z cjLj ®uj

J
which maintain this form during switching to different splitting

@ unique solution: ¢ = (25 +1)¢; @ ¢

J
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© Conclusions
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@ state:
@ have proposal for spinfoam model of QG with quantized values for area and volume
@ quantum state of space is linear combination of spin networks
@ transition amplitudes computed as sum over spinfoams connecting spin networks
@ in g-deformed version of theory these sums are finite and explicitly computable
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@ state:
@ have proposal for spinfoam model of QG with quantized values for area and volume
@ quantum state of space is linear combination of spin networks
@ transition amplitudes computed as sum over spinfoams connecting spin networks
@ in g-deformed version of theory these sums are finite and explicitly computable

@ problems:
@ only Riemannian QG, no Lorentzian version
@ theory depends on fixed triangulation of spacetime
@ ability of computations with theory too poor to tell if large-scale limit is classical Riemannian GR
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@ state:
@ have proposal for spinfoam model of QG with quantized values for area and volume
@ quantum state of space is linear combination of spin networks
@ transition amplitudes computed as sum over spinfoams connecting spin networks
@ in g-deformed version of theory these sums are finite and explicitly computable

@ problems:
@ only Riemannian QG, no Lorentzian version
@ theory depends on fixed triangulation of spacetime
@ ability of computations with theory too poor to tell if large-scale limit is classical Riemannian GR

o tasks:
@ develop spinfoam models of Lorentzian QG
@ determine role which triangulations should play in spinfoam models with local d.o.f.
@ develop computational techniques for studying large-scale limit
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