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Processes and interfaces
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the positive formalism

Operational approach:
Fundamental notions

@ experiment

@ measurement

@ observation

@ preparation

@ intervention
Subsume instance as:

@ process

Processes have
outcomes.

Represent processes as
boxes.
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Processes and interfaces
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Processes are not
isolated. Outcomes
depend on other
processes. We want to
predict correlations.
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Processes and interfaces

W

AB
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The outcome of a given
set of processes depends
generally on a large
number of other
processes.
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Processes and interfaces

We treat these external
processes collectively.
AB We call this a boundary

O condition.
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Processes and interfaces

Robert Oeckl (CCM-UNAM)

A

-

the positive formalism

We introduce the notion
of interface to model
interaction between
processes. An interface
encodes communication
or information exchange
between processes. we
depict this as a link.
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Processes and interfaces

Processes are of specific
TIL types. Interfaces are of
specific types.

Y93 _
S Types determine how
X processes and interfaces
AB can be connected. Only

o |— matching types can be

— Y12 connected.
21 M2

We indicate types with
labels.
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Processes and probes

Associated to each process of type M is a space # of probes with a
subset of primitive probes P;I C Pum. }

A probe provides a finer description of a process.
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Processes and probes

Associated to each process of type M is a space # of probes with a
subset of primitive probes P;" C Py

A probe provides a finer description of a process.
A primitive probe may specify,

e the presence of an apparatus

e specific apparatus settings

e the occurrence (or not) of a specific experimental outcome
A general probe may encode also

e measurement values
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Processes and probes

Associated to each process of type M is a space # of probes with a
subset of primitive probes P;" C Py

A probe provides a finer description of a process.
A primitive probe may specify,

e the presence of an apparatus

e specific apparatus settings

e the occurrence (or not) of a specific experimental outcome
A general probe may encode also

e measurement values

There is always a null-probe & € P/, representing the absence of any
apparatus, observation or intervention.
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Hierarchies of probes

Probes form hierarchies of generality. This induces a partial order on
the space of probes #. J
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Hierarchies of probes

Probes form hierarchies of generality. This induces a partial order on
the space of probes Py;. J

Consider an apparatus with one light that shows either red or green,
encoded in three different probes:

e P(r) for outcome red )
P(g) f t
e P(g) for outcome green re) | <
e P(x) for an unspecified outcome O
The unspecified state is more general < P(x)
than the others. Encode this in a @)
partial order on Py, setting P(g)

P(r) < P(x) and P(g) < P(x).
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Hierarchies of probes

@0 @O

-
P(r,r) P(r, *)

Hierarchies may become

more complex when the @O OO

apparatus allows for more P(r,8) P(g. *)

OO
P(x, %)

distinct readings.

For example: ce® O®
P(r,7) < P(r, %) < P(%,%). P(g.1r) P(x1)

QO OO
P(g8) P(x,g)

2 S
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Interfaces and boundary conditions

We associate to each interface > a
' + space of boundary conditions B .
' e +  This parametrizes possible
; . signals/information exchange
between adjacent processes.
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Interfaces and boundary conditions

We associate to each interface > a
+ space of boundary conditions B .
e +  This parametrizes possible
. signals/information exchange
between adjacent processes.

Interfaces between the same pair of processes can be combined
arbitrarily. Write: ¥ =3 UXoU---UX,.

Induces a map between spaces of
boundary conditions:
+ + + +
N R By, x By, x---x By — By,
21X Xy
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Interfaces and boundary conditions

We associate to each interface ¥ a
space of boundary conditions B .
This parametrizes possible
signals/information exchange
between adjacent processes.

Interfaces between the same pair of processes can be combined
arbitrarily. Write: ¥ =3 UXoU---UX,.

Induces a map between spaces of
boundary conditions:
+ + + +
N R By, x By, x---x By — By,
21X Xy

We denote the joint interface for a process of type M by oM.
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Hierarchies of boundary conditions

Boundary conditions also form )
hierarchies of generality. This gives rise

to a partial order on B . Here: <
o)

by <b <
ba <D 1 b

Robert Oeckl (CCM-UNAM) the positive formalism 2018-02-07 13/ 26



Values

Consider a process of type M.

To a probe P € )1 and a boundary
condition b € B;FM we associate a

[P. blm = P =0 value [P, b] ;. We shall take this to be a
real number. Formally, there is a
pairing [, -]y : Py x 85, — R.
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Values

Consider a process of type M.

To a probe P € )1 and a boundary
condition b € B;FM we associate a

[P. blm = P =0 value [P, b] ;. We shall take this to be a
real number. Formally, there is a
pairing [, s : Py X B, — R.

M

[P,b]m € RT quantifies compatibility between the apparatus or
outcome represented by the primitive probe P ¢ PAZ and the
boundary condition b € B, .
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Values

Consider a process of type M.
To a probe P € )1 and a boundary

condition b € B, we associate a
[[P b]] — P | b oM
»PIM value [P, b] ;. We shall take this to be a
real number. Formally, there is a
M pairing [, s : Py X B, — R.

[P,b]m € RT quantifies compatibility between the apparatus or
outcome represented by the primitive probe P ¢ PAZ and the

boundary condition b € B, .

Pairing and partial order structures are compatible:

P<Q « [Pblm<[Qblu VbeB;,
b<sc < [Pblm<[P.cu VYPeP)
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From values to measurements

A measurement is encoded by at least two probes:

@ One non-selective probe O encodes the measurement apparatus.

@ One selective probe P encodes the measurement apparatus with a
selected outcome.
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From values to measurements

A measurement is encoded by at least two probes:
@ One non-selective probe Q encodes the measurement apparatus.

@ One selective probe P encodes the measurement apparatus with a
selected outcome.

[Q,b]m € RT quantifies compatibility of the boundary condition
b € B, , with the presence of the apparatus.

[P,b]p € RT quantifies compatibility of the boundary condition
b € B;,, with the presence of the apparatus with selected outcome.
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Measurement probabilities

In M consider the probe P(x) € PATI encoding a measurement device
and P(g) encoding in addition a selected outcome.

: e
Givenb € 8B o the

probability II for an
affirmative outcome is: O i O
_ [P(g). b]m «

1= )bl P(s)

v

Since 0 < P(g) < P(x) we have 0 < II < 1 (if [P(x), b]m # 0).
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Expectation values

Say we have an apparatus in M represented by a primitive probe

Q € ;. The measurement may have  different outcome represented
by primitive probes Py,..., P, € P};. We associate with each outcome a
pointer reading Ay, ..., 4, € R. The expectation value E for the pointer
reading is,

& [Poblv [Pl
E= 240 5 ~ 10 bl

where we define,
n
P =3 AP;
i=1

P € P is a general probe, not necessarily primitive.
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Convexity

In a probabilistic setting it makes sense to combine different probes
probabilistically, even when they correspond to different experimental
situations. Say we have probes P, ..., P, and probabilities p1, ..., p,
such that }}; px = 1. Then we can consider P := }; piPy as a probe.
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Convexity

In a probabilistic setting it makes sense to combine different probes
probabilistically, even when they correspond to different experimental
situations. Say we have probes P, ..., P, and probabilities p1, ..., p,
such that }}; px = 1. Then we can consider P := }; piPy as a probe.

Since an arbitrary real multiple of a probe is a probe, this equips the
space P of probes with the structure of a real vector space. The
subset of primitive probes P, C Py is a positive cone making #; into
a partially ordered vector space.
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Convexity

In a probabilistic setting it makes sense to combine different probes
probabilistically, even when they correspond to different experimental
situations. Say we have probes P, ..., P, and probabilities p1, ..., p,
such that }}; px = 1. Then we can consider P := }; piPy as a probe.

Since an arbitrary real multiple of a probe is a probe, this equips the
space P of probes with the structure of a real vector space. The
subset of primitive probes P, C Py is a positive cone making #; into
a partially ordered vector space.

Similarly, the set of boundary conditions 85, forms a positive cone in

the partially ordered vector space By, generated by it. We call this the
space of generalized boundary conditions.
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Convexity

In a probabilistic setting it makes sense to combine different probes
probabilistically, even when they correspond to different experimental
situations. Say we have probes P, ..., P, and probabilities p1, ..., p,
such that }}; px = 1. Then we can consider P := }; piPy as a probe.

Since an arbitrary real multiple of a probe is a probe, this equips the
space P of probes with the structure of a real vector space. The
subset of primitive probes P, C Py is a positive cone making #; into
a partially ordered vector space.

Similarly, the set of boundary conditions 85, forms a positive cone in
the partially ordered vector space By, generated by it. We call this the
space of generalized boundary conditions.

We extend the pairing, [, -]y : Pm X Bom — R
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Composition

A set of processes joined by interfaces may be considered itself a

process. Say we have a process of type M and one of type N. We say
the composite process has type M U N.

MUN
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Composition

A set of processes joined by interfaces may be considered itself a

process. Say we have a process of type M and one of type N. We say
the composite process has type M U N.

— P H QO I = —

PoQ —

M NI MUN I

This induces a composition of associated probes P € £y with Q € Py.
We write for the composite probe P ¢ Q € Pyun.

This yields a composition map o : Py X Py — Pumiun.
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Slice processes and inner product

For any type . of interface we postulate a type of slice process >:
0 0N =%UY
e the null probe “passes signals through”
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Slice processes and inner product

For any type . of interface we postulate a type of slice process >:
0 0N =%UY

e the null probe “passes signals through”

Z =

~

by

Putting boundary conditions on the two
sides allows evaluation. This yields an inner

product By, X By, — R on the space of
boundary conditions. b S v 5 ¢
(b, c)s = [@.b&c]s $

This should be symmetric and positive-definite.
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Composition of slices

Two processes of the same slice type compose to one process of this
slice type. Null probes then compose to a null probe.

A decomposition of the identity in terms of a basis yields a notion of
composition of slice probes. For the null probe,

b— g f—c = kb4 B8 |—& 4&— B |—c

~

)Y » by

by = >b&s @y

kel

Here, {&;}1e; is an ON-basis of Bs..
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Composition rule for probes

As a generalization we obtain the composition rule for probes.

b —

PoQ

e

MUN

2kb— P

— &k &k—

M

Q ¢

N

[PoQbecun = D [PboalmlQ&®dy

kel

Here, {&}1¢; is an ON-basis of Bs..
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(Abstract) Positive Formalism

Obtain an axiomatic framework for encoding physical theories with:

o types
» a collection of process types
» a collections of interface types
> a boundary map from process types to interface types M — dM
@ objects
> a partially ordered vector space of probes #); per process type M
> a partially ordered vector space of generalized boundary
conditions By, per interface type 2
@ compositions
> decomposition of interface types ¥ = ¥; U --- U X, with associated
positive isomorphism By, ® --- ® By, — By,
» composition of process types M and N to M U N and probes
o Ppm X PN — PmuN

e values: positive pairings [, |y : Pm X Boay — R
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Partially ordered vector space

A real vector space V with a partial order such that:
@a<b e atc<b+c VabceV
@a<b & <A VYabeV,Vi>0

Require generating cone, i.e,, V = V™ — V*. Require Archimedean
order, i.e., for any v € V have that if there exists w € V' such that
v < Aw for all A > 0 then v < 0.

Positive map

A linear map that maps positive elements to positive elements.

Sharply positive inner product

A symmetric bilinear form V x V' — R such thatifa,b € V+ then
(a,b) > 0 and if for some a € V we have (a,b) > 0 forall b € V* then
aeVt.
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classical

quantum
(lattices) (anti-lattices)
abstract abstract abstract
classical positive quantum
statistical formalism theory
theory
+ + spacetime + locality
general
spacetime spacetime boundary
statistical positive formulation
field theory formalism /
axiomatic
QFT
+ + time + causality
statistical convex fi stan(I:Iatrd
mechanics operational (;rmu atlon
framework o quantum
theory
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