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Motivation

Quantum Yang-Mills theory in 2 dimensions is an excellent toy
example to study in the GBF because

e it is non-linear, different from linear examples,

e its is solvable, making quantization tractable,

e exhibits non-abelian gauge symmetry, such as QCD,
e allows for quantization with corners.
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Overview

@ Review of TQFT axioms

@ The significance of corners

© TQFT in two dimensions

@ Schrodinger-Feynman quantization

© Quantization of Yang-Mills theory
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TQFT — manifolds

Fix dimension d. Manifolds are oriented and may carry additional
structure: differentiable, metric, complex, etc.

region M

d-manifold with boundary.

hypersurface ¥

d — 1-manifold with boundary,
with germ of d-manifold.

slice region X

d — 1-manifold with boundary,
with germ of d-manifold,
interpreted as “infinitely thin”
region.

Robert Oeckl (CCM-UNAM) 2d quantum Yang-Mills with corners 2018-09-12 4/25




TQFT — axioms I

Assignment of algebraic structures to geometric ones.

Hs; (T1) per hypersurface &
’\_/'\_/ A complex vector space Hs..
by Hani  (state space)

Hp = C.

M
(T4) per region M

OM A linear map Hypy — C.
(amplitude map)

Robert Oeckl (CCM-UNAM) 2d quantum Yang-Mills with corners 2018-09-12 5/25



TQFT — axioms II

Hs,
(T1b) per hypersurface ¥
® - 7‘{2
", g A conjugate linear involution tx, : Hy — Hs..
P ’

(T2) per hypersurface decomposition
Y =X1UX9y
A partial isometry 7 : Hy, ® Hy, — Hs.

4 (T3x) per hypersurface ¥

n The amplitude map gives rise to a
positive-definite inner product

((¥).ms = pg oty @n).

(R
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TQFT — axioms III

(T5a) per disjoint composition of regions M = M LI M
pm(T(¥1 @ ¥2)) = pa, (1) pm, (Y2). We write py = pm, © pM,-

(T5b) per self-composition of region M to M; along X

om, (W) - emy = 2k pm(T(Y ® & ® 12(&))). We write ppr, = opm.
okt (k)

21 E1

{&c}ker ON-basis of Hs:. cpry gluing anomaly.
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Why corners?
If we are serious about describing physics locally we need to allow
compact spacetime regions that may be considered arbitrarily small.

What is more, we need to study the interaction between small
neighboring regions. In the GBF this means we need to be able to glue
small regions together.
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Why corners?
If we are serious about describing physics locally we need to allow
compact spacetime regions that may be considered arbitrarily small.

What is more, we need to study the interaction between small
neighboring regions. In the GBF this means we need to be able to glue
small regions together.

The generic topology of a small region is that of a ball.

We need to be able to glue two

ball-shaped regions to a single
= ball-shaped region. This requires

gluing along parts of boundaries.

This introduces (virtual) corners where boundaries are split. These are
boundaries of boundaries.
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Why corners?
If we are serious about describing physics locally we need to allow
compact spacetime regions that may be considered arbitrarily small.

What is more, we need to study the interaction between small
neighboring regions. In the GBF this means we need to be able to glue
small regions together.

The generic topology of a small region is that of a ball.

We need to be able to glue two

ball-shaped regions to a single
= ball-shaped region. This requires

gluing along parts of boundaries.

This introduces (virtual) corners where boundaries are split. These are
boundaries of boundaries.

This is also crucial in renormalization. )
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Renormalization identities

Fopelogical

-?=
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renormo lization

ideutity

2d quantum Yang-Mills with corners

topological

Relates regions of the
same type. There is only
one elementary region.

differentiable

Relates regions of the
same type. Regions have
corners.

4

metric

Relates regions of
different sizes. Link to
coupling constant
renormalization.

v
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Corners

topological

Corners are

i i L homeomorphic to
4/// = @ a5 2 smooth hypersurfaces.
JiFFy o Liable differentiable
sass 77 .

7 7 Corners of different
</% = (@ :‘: (é angles are

diffeomorphic, but
: distinct from smooth

metric hypersurfaces.

e / ; y
</// i %/ (é metric
Corners of different
angles are all distinct.

V.
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Two dimensions (topological): hypersurfaces

There are two types of elementary hypersurfaces (T1):

an open string with a closed string with
state space Ho state space Hc

We also assign (o : Ho — Hg and «c : He — He (T1b).
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Two dimensions (topological): hypersurfaces

There are two types of elementary hypersurfaces (T1):

an open string with a closed string with
state space Ho state space Hc

We also assign (o : Ho — Hg and «c : He — He (T1b).

There are two types of elementary decompositions (12):

open string to two \ '
open strings — N 700 : Ho®Ho — Ho

closed string to an
pen string

Remarks: 1o0o must be associative, Toc o Too must be.commutative
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Two dimensions (topological): regions

Any connected region is a Riemann surface with holes. It is

characterized by two non-negative integers, the genus ¢ and the
number of holes 7.

There is only one type of elementary region, the disc
D with amplitude pp : Hc — C (T4).
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Two dimensions (topological): regions

Any connected region is a Riemann surface with holes. It is

characterized by two non-negative integers, the genus g and the
number of holes 7.

There is only one type of elementary region, the disc
D with amplitude pp : Hc — C (T4).

The slice region associated with an open string can be thought of as a
squeezed disc:

This gives rise to a bilinear pairing
Ho ® Ho — C defined by
=>

(~-)o = Pp = PD © TOC © TOO

By axiom (T3x) this is related to the inner
product on Ho via (-, -)o = (to(+),*)o
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Two dimensions (topological): gluing

Gluing two discs to a new disc imposes consistency conditions on the
disc amplitude via axiom (T5).

Let {{}ic; be an ON-basis of Ho.
Then:
p(Wen) = ) po(yed)po(to(&)®n)

This is the renormalization identity for topological manifolds
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Two dimensions (topological): gluing

Gluing two discs to a new disc imposes consistency conditions on the
disc amplitude via axiom (T5).

Let {{}ic; be an ON-basis of Ho.

Then:
p(y®n) = ZﬁD(éb@&)ﬁD(to({i)@U)

This is the renormalization identity for topological manifolds.

Any connected region can be obtained by gluing a disc with a suitably
subdivided boundary to itself. Consider the cylinder:

Peyl © (Toc ® Toc) (¥ ® )

= ZpDoTOCOTo(Too®TQQ)(l//®§i®U®LQ({i))
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Review of Schrédinger-Feynman quantization

Data of classical field theory
e A configuration space Ky per hypersurface X.
e A configuration space Ky per region M.
@ An action Sy : Ky — R per region M.
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Review of Schrédinger-Feynman quantization

Data of classical field theory
e A configuration space Ky per hypersurface X.
e A configuration space Ky per region M.
@ An action Sy : Ky — R per region M.

Data of quantum field theory

@ (T1) The state space Hy; = C(Ky) is the space of square integrable

functions on Ky, with (y,n) = /Kz Doy ()n(e).
e A field propagator Zy; : Ksgp — C per region M given by

Zu(e) = [ D eiSu(®).
Ky, ¢ lom=¢

o (T4) The amplitude pys : Ham — C per region M is

pm(y) = , Doy () Zm(ep).
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Classical Yang-Mills theory

The gauge group G is a compact connected and simply connected Lie

group. Consider trivial principal G-bundles over hypersurfaces and
regions. Regions carry a metric.

e Ky is the space of connection 1-forms A on the hypersurface .

@ Ky is the space of connection 1-forms A on the region M.
@ The action on a region M is:

» Fis the curvature 2-form of A
> v is the coupling constant

Gauge symmetry: Two connection 1-forms related by a gauge
transformation (change of trivialization) are physically equivalent. A
gauge transformation in M may be parametrized as a map M — G.
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Quantizing Yang-Mills theory

We restrict to two dimensions. Consider a disc-shaped region M with
boundary ¥ ~ S'. Let Ay, € Ks..

Zm(As) = / DASMA),
Ky, Als=As

e Due to gauge invariance, Z)(Asy;) only depends on the holonomy
g € G of Ay. Furthermore, it really only depends on the conjugacy
class of g.

e In two dimensions Sy;(A) depends not on the full metric, but only
on its area form. Moreover, by diffeomorphism invariance of DA,
Zm(As) depends only on the total area of M. What is more, the
differentiable structure of M does not play any role.
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Results — State spaces

e A region is a pair (M, s) of a compact topological 2-manifold M
and a non-negative real number s (the area).

o A hypersurface is a compact topological 1-manifold.

e The physical configuration space K{. for the closed string is the
space of conjugacy classes of G.

e The physical configuration space K{, for the open string is the
space of elements of G. (Gauge transformations must act
identically at endpoints.)

The normalized invariant measure on G is the Haar measure dg.

e Ho = C(G) complex functions on G with inner product

(Wony = [ dgu(g)n(g)-

o He = Cuass(G) € C(G) is the space of class functions, i.e.,
functions invariant under conjugation.
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Basis

e An orthogonal basis for C(G) is given by matrix elements of
simple representations. Thus, for any simple representation V
choose a basis {v;}. Denote the dual basis of V* by {v}}. Then set

b (8) = (v}, 8> v))-

e An orthogonal basis for the subspace C,s5(G) is given by
characters, defined by

x'(8) = ) t(8)

e The inner product on C(G) is

oVox™y = svw.

1
v W
<tl‘]'s tmn) - 5V,W6i,m§j,n m7
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Decomposition maps (I)

Decomposition maps:

@ Open string to two open strings: 700 : Ho ® Ho — Ho

(ool @) () = | dgrdge v (g1n(g2)5(8152:8)
/ dhy(gh)n / dhy(h

o Closed string to open string: toc : Ho — Hc

(roc()) () = |  dhy(h / dhy (hgh™).
helg]

Integrals can be thought of as projections onto gauge invariant states.
As required, To0 is associative and 7oc o oo is commutative.
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Decomposition maps (II)

In terms of matrix elements we get:

1
tV

TOO(t;]( ® trvr\tln) 5VW6]md v lin

1
TOC(tV) 1] dim V)(
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Disc amplitude

Recall that the propagator for the disc D is a class function of the
holonomy. Hence it can be expanded in characters:

Z(ps(®) = ), dim Vay(s) x"(g).
|4

The sum runs over all simple representations V of G and ay : R — C

are functions depending on the area s. The amplitude p(p) : Hc — C
is thus:

poo ) = Y dimVay(s) [ dex’ ().
1%

In terms of matrix elements:

P(D,s) ()(V) = dim Va’v(S).
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Consistency conditions

© Applying axiom (T3x) to the squashed disc (with area s = 0) fixes
(up to a choice of sign) axiom (T1b) for the open string

(W)@ =v(g™).  wlty) =t].

@ At the same time this fixes ay(0) = 1, VV.
@ Consistency then yields for the closed string

(@)@ =v@g™. k) =x"

© Applying axioms (T5a), (T5b), gluing a disc of area s and a disc of
area f to a disc of area s + f yields ay(s)ay(t) = ay(s + t), VV.
@ 2+ 4 + continuity then yield for unknown Sy:

ay(s) = exp(s By).

@ Unitarity requires the Sy to be imaginary.
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General regions

Gluing a disc to itself after suitably decomposing its boundary yields
the amplitude for all Riemann surfaces with holes. Let ¢ be the genus,
n > 0 the number of holes and s the area. Then,

Pens(x" @@ xV") = oy, v, exp(s ;) (dim V1)* 77",

For the case of a closed Riemann surface we get

Pg0s = Z exp(s Bv) (dim V)2_2g.
v

This sum might be ill defined since generally there are infinitely many

inequivalent simple representations.

To have a well defined theory we might have to exclude certain gluings
and closed manifolds. Typically (depending on the coefficients Sy) this
sum is ill defined for g = 0 (sphere) g = 1 (torus).

Recovers results from [Witten, ...1990] obtained without corners.
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The constants By

A more detailed analysis of the action and the propagator shows that
By should take the form
By = 2y°C
V = 47 Vs

where Cy is the value of the quadratic Casimir operator on the
representation V.
For example:

o G = U(1): simplereps. k € Z, dim Vy = 1, C = k?

o G = SU(2): simple reps. j € 1Ny, dim V; = 2j+ 1, Cy = 2j(j + 1)
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Discussion [2006]

e Quantum Yang-Mills theory provides a successful realization of
the axioms in two dimensions, including infinite dimensional
state spaces and corners.

@ The Yang-Mills example provides insight into the role of gauge
symmetries in relation to the axioms.

@ The axioms provide strong consistency conditions, severely
constraining possible theories.

Outlook

e Apply axioms to more complicated theories in two dimensions,
e.g. to conformal field theory.

@ Are the axioms suitable in higher dimensions? Or should they be
extended or modified? Apply to higher dimensional theories to
find out.
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